


Lecture Notes in Computer Science 5191
Commenced Publication in 1973
Founding and Former Series Editors:
Gerhard Goos, Juris Hartmanis, and Jan van Leeuwen

Editorial Board

David Hutchison
Lancaster University, UK

Takeo Kanade
Carnegie Mellon University, Pittsburgh, PA, USA

Josef Kittler
University of Surrey, Guildford, UK

Jon M. Kleinberg
Cornell University, Ithaca, NY, USA

Alfred Kobsa
University of California, Irvine, CA, USA

Friedemann Mattern
ETH Zurich, Switzerland

John C. Mitchell
Stanford University, CA, USA

Moni Naor
Weizmann Institute of Science, Rehovot, Israel

Oscar Nierstrasz
University of Bern, Switzerland

C. Pandu Rangan
Indian Institute of Technology, Madras, India

Bernhard Steffen
University of Dortmund, Germany

Madhu Sudan
Massachusetts Institute of Technology, MA, USA

Demetri Terzopoulos
University of California, Los Angeles, CA, USA

Doug Tygar
University of California, Berkeley, CA, USA

Gerhard Weikum
Max-Planck Institute of Computer Science, Saarbruecken, Germany



Hiroshi Umeo Shin Morishita
Katsuhiro Nishinari Toshihiko Komatsuzaki
Stefania Bandini (Eds.)

Cellular Automata

8th International Conference on Cellular Automata
for Research and Industry, ACRI 2008
Yokohama, Japan, September 23-26, 2008
Proceedings

13



Volume Editors

Hiroshi Umeo
University of Osaka Electro-Communication
572-8530 Neyagawa, Osaka, Japan
E-mail: umeo@cyt.osakac.ac.jp

Shin Morishita
Yokohama National University
240-8501 Yokohama, Japan
E-mail: mshin@ynu.ac.jp

Katsuhiro Nishinari
University of Tokyo
Graduate School of Engineering
113-8656 Tokyo, Japan
E-mail: tknishi@mail.ecc.u-tokyo.ac.jp

Toshihiko Komatsuzaki
Kanazawa University
920-1192 Kanazawa, Japan
E-mail: toshi@t.kanazawa-u.ac.jp

Stefania Bandini
University of Milan–Bicocca
20126 Milano, Italy
E-mail: bandini@disco.unimib.it

Library of Congress Control Number: 2008932925

CR Subject Classification (1998): F.1.1, F.2.2, I.6, C.2

LNCS Sublibrary: SL 1 – Theoretical Computer Science and General Issues

ISSN 0302-9743
ISBN-10 3-540-79991-5 Springer Berlin Heidelberg New York
ISBN-13 978-3-540-79991-7 Springer Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting,
reproduction on microfilms or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer. Violations are liable
to prosecution under the German Copyright Law.

Springer is a part of Springer Science+Business Media

springer.com

© Springer-Verlag Berlin Heidelberg 2008
Printed in Germany

Typesetting: Camera-ready by author, data conversion by Scientific Publishing Services, Chennai, India
Printed on acid-free paper SPIN: 12447084 06/3180 5 4 3 2 1 0



Preface

This volume constitutes the proceedings of the 8th International Conference on
Cellular Automata for Research and Industry, ACRI 2008, which took place in
Yokohama, Japan, September 23-26, 2008. The conference, which was organized
by Yokohama National University, was the eighth in a series of conferences inau-
gurated in 1994 in Rende, Italy, and followed by ACRI 1996 in Milan, Italy, ACRI
1998 in Trieste, Italy, ACRI 2000 in Karlsruhe, Germany, ACRI 2002 in Geneva,
Switzerland, ACRI 2004 in Amsterdam, The Netherlands and ACRI 2006 in Per-
pignan, France.

The ACRI conference has been traditionally focused on challenging problems
and new research not only in theoretical but application aspects of cellular au-
tomata, including cellular automata tools and computational sciences. It is also
concerned with applications and solutions of problems from the fields of physics,
engineering, environment science, social science and life sciences. Its primary goal
is to discuss problems from a variety of scientific fields, to identify new issues and
to enlarge the research fields of cellular automata. Since its inception, the ACRI
conference has attracted an ever-growing community and has raised knowledge
and interest in the study of cellular automata for both new entrants into the field
as well as researchers already working on particular aspects of cellular automata.

First invented by von Neumann, cellular automata models have been popu-
larized and investigated in many areas during the last few decades. They provide
a mathematically rigorous framework for a class of discrete dynamical systems
that allow complex, unpredictable behavior to emerge from the deterministic lo-
cal interactions of many simple components operating in parallel and distributed
manner.

ACRI 2008 brought together over 100 distinguished mathematicians, com-
puter scientists, and other researchers working in the field of cellular automata
theory and its applications. A special interest was devoted to the general con-
cepts, theories, methods and techniques associated with modeling, analysis, and
implementation in various systems including biological, physical, ecological, so-
cial systems and so on. Cellular automata are classically modeled as a regular
grid with synchronicity and homogeneity. ACRI 2008 encouraged recent trends
which consider asynchronous, inhomogeneous cellular automata with unstruc-
tured environments. In order to highlight the multidisciplinary nature of the
cellular automata research area, the Second International Workshop on Crowds
and Cellular Automata C&CA 2008 and the Third International Workshop on
Natural Computing IWNC 2008 were organized as satellite workshops within
the scope of ACRI 2008.

The volume contains 65 refereed papers addressing various important topics
in cellular automata, covering theoretical results and highlighting potential ap-
plications. A total of 43 papers were presented as oral talks and 22 papers were
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presented as posters during the conference by speakers coming from about 23
different countries. These papers were selected among 78 submitted contribu-
tions. Each paper was reviewed by at least two members of the scientific com-
mittees. We are extremely grateful to these reviewers, who accepted the difficult
task of selecting papers. Their expertise and efficiency ensured the high quality
of the conference. The volume also contains 11 extended abstracts dealing with
crowds and cellular automata, which were presented during the C&CA 2008
workshop.

Four invited speakers of worldwide reputation presented the latest results
in the field of cellular automata. We would like to take this opportunity to
express our sincere thanks to Debashish Chowdhury from the Indian Institute
of Technology, Leon Chua from the University of California, Berkeley, Norio
Konno from Yokohama National University, and Andreas Schadschneider from
the Universität zu Köln, who kindly accepted our invitation to give plenary
lectures.

It should be stressed that this conference would have been impossible without
the help and continuous encouragements from a number of people, especially the
members of the Steering Committees who strongly supported the organization
of ACRI 2008 in Yokohama. First of all, we would like to thank the authors who
showed their interest in ACRI 2008 by submitting their papers for consideration.
We wish to extend our gratitude to Stefania Bandini, one of the organizers of the
C&CA 2008 workshop and Yasuhiro Suzuki, Andrew Adamatzky, and Masami
Hagiya, the organizers of IWNC 2008, who helped to introduce the ACRI con-
ference to related scientific communities. A special word of thanks goes to Sara
Manzoni for the assistance with C&CA 2008. It is a pleasure to express our
sincere thanks to our colleagues of the Organizing Committees. A special word
of thanks goes to Toshihiko Shiraishi for his work during the organization of
the conference and the assistance he provided to the participants. Finally, the
organization of ACRI 2008 was made possible thanks to financial and technical
support of the board and several departments of Yokohama National Univer-
sity, the University of Osaka Electro-Communication, the University of Tokyo,
Kanazawa University, Kozo Keikaku Engineering Inc., PTV (Germany), and the
City of Yokohama.

September 2008 Hiroshi Umeo
Shin Morishita

Katsuhiro Nishinari
Toshihiko Komatsuzaki

Stefania Bandini



Organization

ACRI 2008 Organization

Conference Chairs Hiroshi Umeo (Chair)
Shin Morishita (Co-chair)
Katsuhiro Nishinari (Co-chair)

Conference Secretary Toshihiko Komatsuzaki

Local Organizing Committees Shin Morishita, Toshihiko Shiraishi,
Toshihiko Komatsuzaki, Katsuhiro Nishinari,

Hiroshi Umeo

C&CA Workshop Chairs Stefania Bandini, Shin Morishita,
Katsuhiro Nishinari

Natural Computing
Workshop Chairs Yasuhiro Suzuki, Andrew Adamatzky,

Masami Hagiya, Hiroshi Umeo

International Steering Committee

Stefania Bandini University of Milano-Bicocca (Italy)
Bastien Chopard University of Geneva (Switzerland)
Giancarlo Mauri University of Milano-Bicocca (Italy)
Hiroshi Umeo University of Osaka

Electro-Communication (Japan)
Thomas Worsch University of Karlsruhe (Germany)

Referees

S. Adachi (Japan)
A. Adamatzky (UK)
F. Bagnoli (Italy)
S. Bandini (Italy)
O. Bandman (Russia)
B. Ben Youssef (Canada)
L. Berec (Czech Republic)
P. P. Chaudhuri (India)
B. Chopard (Switzerland)

A. Deutsch (Germany)
S. Di Gregorio (Italy)
M. Droz (Switzerland)
W. Dzwinel (Poland)
A. El Jai (France)
S. El Yacoubi (France)
G. Fujita (Japan)
S. Gourbiere (France)
A. Hoekstra (The Netherlands)



VIII Organization

K. Imai (Japan)
T. Isokawa (Japan)
J. Kaandorp (The Netherlands)
E. Kita (Japan)
A. Kitajima (Japan)
T. Komatsuzaki (Japan)
J. Kroc (Czech Republic)
A. T. Lawniczak (Canada)
J. Lee (Japan)
J.-Q. Liu (Japan)
P. Maji (India)
D. Makowiec (Poland)
N. Matsui (Japan)
G. Mauri (Italy)
M. Meyer-Hermann (Germany)
A. Mingarelli (Canada)
S. Morishita (Japan)
K. Nishinari (Japan)
H. Nishio (Japan)
F. Peper (Japan)

R. Serra (Italy)
T. Shiraishi (Japan)
M. C. Simon (France)
G. Sirakoulis (Greece)
P. Sloot (The Netherlands)
G. Spezzano (Italy)
D. Talia (Italy)
G. Tempesti (Switzerland)
M. Tomassini (Switzerland)
L. Torenvliet (The Netherlands)
A. Uejima (Japan)
H. Uoi (Japan)
H. Umeo (Japan)
R. Vollmar (Germany)
B. Voorhees (Canada)
J. Weimar (Germany)
T. Worsch (Germany)
A. Zomaya (Australia)

Sponsoring Institutions

Yokohama National University
University of Osaka Electro-Communication
University of Tokyo
Kanazawa University
Kozo Keikaku Engineering Inc.
PTV (Germany)
City of Yokohama



Table of Contents

Invited Papers

From CA to Gene Expression: Machines and Mechanisms . . . . . . . . . . . . . 1
Debashish Chowdhury, Ashok Garai, Philip Greulich,
Katsuhiro Nishinari, Andreas Schadschneider, Tripti Tripathi, and
Jian-Sheng Wang

What’s New in Wolfram’s New Kind of Science? . . . . . . . . . . . . . . . . . . . . . 11
Leon Chua

Quantum Walks and Quantum Cellular Automata . . . . . . . . . . . . . . . . . . . 12
Norio Konno

Modelling of Transport and Traffic Problems . . . . . . . . . . . . . . . . . . . . . . . . 22
Andreas Schadschneider

Contributed Papers

Part 1: Tools and Theory

CA Theory and Implementation

Occurrence of Gliders in an Infinite Class of Life-Like Cellular
Automata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

Susumu Adachi, Ferdinand Peper, Jia Lee, and Hiroshi Umeo

Cellular Automata-Based Structures to Compute the Solutions of
Linear Difference Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
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A CA Model of Spontaneous Formation of Concentration Gradients . . . . 385
Roberto Serra and Marco Villani

Applying a Cellular Automata Method for the Study of Transport and
Deposition of Volcanic Particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393

Kae Tsunematsu, Jean-Luc Falcone, Costanza Bonadonna, and
Bastien Chopard

Global and Local Processes in a Model of Innovation . . . . . . . . . . . . . . . . . 401
Marco Villani, Roberto Serra, Luca Ansaloni, and David Lane

Pedestrian and Traffic Flow Modeling

GP Generation of Pedestrian Behavioral Rules in an Evacuation Model
Based on SCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 409

Stefania Bandini, Sara Manzoni, Giancarlo Mauri,
Stefano Redaelli, and Leonardo Vanneschi



XIV Table of Contents

A Three-Dimensional Pedestrian-Flow Simulation for High-Rising
Buildings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 417

Tomoyuki Hamada, Takayuki Hagiwara, Takashi Teramoto,
Shin Morishita, Michiyuki Umetsu, and Michiyo Ohgama

Compartment Lines Forming Emergent Alternative Configurations of
Vehicles on Weaving Sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425

R. Nishi, H. Miki, A. Tomoeda, and K. Nishinari

Real-Time Railway Network Simulator “KUTTY” . . . . . . . . . . . . . . . . . . . . 433
A. Tomoeda, M. Komatsu, I.Y. Yoo, M. Uchida, R. Takayama, and
K. Nishinari

Cellular Automata Simulation of Traffic Jam in Sag Section . . . . . . . . . . . 441
Yukiko Wakita, Takuya Kuroda, and Eisuke Kita

Simulation of Fire Evacuation by Real-Coded Cellular Automata
(RCA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447

Kazuhiro Yamamoto, Satoshi Kokubo, Hiroshi Yamashita, and
Katsuhiro Nishinari

Walking-Distance Introduced Queueing Theory . . . . . . . . . . . . . . . . . . . . . . 455
Daichi Yanagisawa, Akiyasu Tomoeda, Ayako Kimura, and
Katsuhiro Nishinari

Crypto and Security

An Improved Double Byte Error Correcting Code Using Cellular
Automata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463

Jaydeb Bhaumik, Dipanwita Roy Chowdhury, and
Indrajit Chakrabarti

Nonlinear Pseudorandom Sequences Based on 90/150
LHGCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471

Un-Sook Choi, Sung-Jin Cho, Han-Doo Kim, Yoon-Hee Hwang, and
SeokTae Kim

Cryptographically Strong S-Boxes Based on Cellular Automata . . . . . . . . 478
Miroslaw Szaban and Franciszek Seredynski

System Biology

Computational Hematology in Systems Biology . . . . . . . . . . . . . . . . . . . . . . 486
Toru Horisawa, Toshihiko Komatsuzaki, and Yutaka Saikawa

Dynamically Reorganising Vascular Networks Modelled Using Cellular
Automata Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 494

Pawe�l Topa



Table of Contents XV

A Stochastic Multi-agent Model of Stem Cell Proliferation . . . . . . . . . . . . 500
Richard C. van der Wath and Pietro Liò
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Abstract. Molecular motors are proteins or macromolecular complexes
which use input energy to perform mechanical work. Some of these mo-
tors move on filamentous proteins whereas other move on DNA or RNA
strands. Often, many such motors move simultaneously on the same track
and their collective movement is similar to vehicular traffic on highways.
We have developed theoretical models of different types of molecular
motor traffic by appropriately extending the totally asymmetric simple
exclusion process (TASEP). Thus, our models of molecular motor traf-
fic belong to the broad class of driven-diffusive lattice gas models which
have close relations with cellular automata. By drawing analogy with ve-
hicular traffic, we have introduced novel quantities for characterizing the
nature of the spatio-temporal organization of molecular motors on their
tracks. We show how the mechano-chemistry of the individual motors
influence the traffic-like intracellular collective phenomena.

1 Introduction

Motility is the hallmark of life. Most of the motions of animals and plants arise
from movements at the molecular level which are driven by motor proteins. A
key feature of molecular motor transport is that the motor proteins move on
filamentous “tracks” [1,2,3,4]. The tracks for motor proteins are made of either
proteins or nucleic acids (e.g., DNA or RNA). A common feature of all these
motors is that these perform mechanical work by utilizing some other form of
input energy and hence the name “motor”. All the molecular motors we consider
in this paper directly convert chemical energy into mechanical work.

During several biological processes many motors move simultaneously on the
same track. The collective movement of the motors under such cicumstances
strongly resemble vehicular traffic flow [5,6]. Our aim is to analyze molecular
motor traffic from the perspective of vehicular traffic [7,8]. In the “particle-
hopping” models of vehicular traffic each vehicle is represented by a particle
and the dynamics of the system is formulated in terms of “rules” which are

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 1–10, 2008.
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reminiscent of the update rules of cellular automata (CA). To our knowledge,
the totally asymmetric simple exclusion process (TASEP) [9] is the simplest
model of a system of interacting self-propelled particles on a discrete lattice.
It has been extended in several ways to formulate “particle-hopping” models
for capturing various interesting aspects of vehicular traffic [7]. Our models of
molecular motor traffic may be regarded as biologically motivated extensions of
TASEP. In all the examples of molecular motor traffic considered in this paper,
the states of the system (both position and chemical states) are represented by
discrete variables. In the analytical formulation of our theories, time is treated
as a continuous variable, whereas discretization of time is needed not only for
the numerical integration of the equations of motion, but also for computer
simulations of these models.

2 Traffic of Kinesins on Microtubule Track: Change of
Lane?

The members of the kinesin superfamily of cytoskeletal motors move on micro-
tubules (MT). These motors run on chemical fuel in the sense that the mechani-
cal energy required for their movement is supplied from the energy released when
adenosine triphosphate (ATP) is hydrolyzed to adenosine diphosphate (ADP) [4].

We have focussed attention on a family of single-headed kinesins, called KIF1A.
Our original model (from now onwards, we shall refer to it as the NOSC model)
[10,11] captures the essential steps of the mechano-chemical cycle of individual
KIF1A motors as well as steric interactions on the same track. Normally, a single
microtubule consists of thirteen protofilaments each of which is analogous to a
“lane” for the molecular motors. Recently we have extended the NOSC model [12]
by allowing additional processes which correspond to lane changing, i.e., allowing
a motor to shift from one protofilament to a neighbouring one on the same MT.

The equispaced binding sites for KIF1A on a given protofilament of the MT are
labelled by the integer index i (i = 1, ..., L). We use the integer index j to label the
protofilaments; the position of each binding site is denoted completely by the pair
(i, j). We impose periodic boundary conditions along both the i- and j-directions.

A single biochemical cycle of a KIF1A motor consists of a sequence of four
states, namely, kinesin (K), kinesin bound with ATP (KT), kinesin bound with
ADP and phosphate (KDP) and, finally, kinesin bound with only ADP (KD).
The motor binds strongly to the MT track in both the states K and KT; the state
KDP has very short life time and KD binds weakly to the track. Therefore, at
each spatial location in our simplified model, a KIF1A is allowed to exist in one
of the two distinct “chemical” states depending on whether it is bound strongly
or weakly to the track; these two chemical states are denoted by the symbols S
and W , respectively.

The allowed transitions and the corresponding rate constants are shown in
fig.1. The rate constants ωa and ωd account for the attachments and detachments
of the motors. The rate constant ωb corresponds to the unbiased one-dimensional
Brownian motion of the motor in the state where it is weakly bound to the
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MT track. The rate constant ωh is associated with the process driven by ATP
hydrolysis which causes the transition of the motor from the state S to the
state W . The rate constants ωf and ωs, together, capture the Brownian ratchet
mechanism of movement of a KIF1A motor [10,11].

Fig. 1. A schematic description of the mechano-chemical cycle of a single-headed ki-
nesin motor KIF1A in our extended model where lane changings are allowed. The
equispaced sites labelled by the integers ..., i − 1, i, i + 1, ... denote the binding sites of
the motor on a given protofilament of the microtubule (MT) track while the integer
index j labels the protofilaments. The symbols S and W denote the two “chemical”
states of the motor in which it is, respectively, strongly and weakly bound to the track.
The allowed transitions are indicated by the arrows and the symbols accompanying
the arrows are the corresponding rate constants.

The rules of time evolution in the extended NOSC model proposed in ref.[12]
are identical to those in the NOSC model, except for the following additional
lane-changing rules (see fig.1):

A motor weakly-bound (i.e., in state W ) to the binding site i on the protofil-
ament j is allowed to move to the positions (i, j + 1) and (i, j − 1)

(i) without simultaneous change in its chemical state, both the corresponding
rates being ωbl;

(ii) with simultaneous transition to the chemical state S, the corresponding rate
constants being ωfl+ and ωfl−, respectively.

As in the earlier TASEP-type models of cytoskeletal motor traffic
[13,14,15,16,17,18], none of the lattice sites is allowed to be occupied by more
than one motor at a time.
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Let Si(j, t) and Wi(j, t) denote the probabilities for a motor to be in the
“chemical” states S and W , respectively, at site i on the protofilament j. In the
extended NOSC model, under mean-field approximation, the master equations
for the probabilities Si(j, t) and Wi(j, t) are given by

dSi(j, t)
dt

= ωa[1− Si(j, t)−Wi(j, t)]− ωhSi(j, t)− ωdSi(j, t) + ωsWi(j, t)

+ωfWi−1(j, t)[1− Si(j, t)−Wi(j, t)]
+ωfl+[Wi(j − 1, t)][1− Si(j)−Wi(j)]
+ωfl−[Wi(j + 1, t)][1− Si(j)−Wi(j)], (1)

dWi(j, t)
dt

= ωhSi(j, t) − ωsWi(j, t)− ωfWi(j, t)[1 − Si+1(j, t) −Wi+1(j, t)]

−ωbWi(j, t)[2 − Si+1(j, t)−Wi+1(j, t)− Si−1(j, t) −Wi−1(j, t)]
+ωb[Wi−1(j, t) +Wi+1(j, t)][1 − Si(j, t)−Wi(j, t)]
+ωbl[Wi(j − 1, t) +Wi(j + 1, t)][1− Si(j, t)−Wi(j, t)]
−ωblWi(j, t)[2 − Si(j + 1, t)−Wi(j + 1, t)− Si(j − 1, t)
−Wi(j − 1, t)− ωfl+Wi(j, t)[1− Si(j + 1, t)−Wi(j + 1, t)]
−ωfl−Wi(j, t)[1 − Si(j − 1, t)−Wi(j − 1, t)]. (2)

Solving these equations analytically, we address a fundamental question: does
lane changing increase or decrease flux per lane?

In the steady state under periodic boundary conditions, S̃ = Si(j, t) and W̃ =
Wi(j, t), independent of t and irrespective of i and j; from eqs.(1) and (2), we get

S̃ =
−Ω̃h − Ω̃s − (Ω̃s − 1)K +

√
D̃

2K(1 +K)
(3)

W̃ =
Ω̃h + Ω̃s + (Ω̃s + 1)K −

√
D̃

2K
, (4)

where K = ωd/ωa, Ω̃h = ωh/ω̃f , Ω̃s = ωs/ω̃f , with ω̃f = ωf + ωfl+ +ωfl−, and

D̃ = 4Ω̃sK(1 +K) + (Ω̃h + Ω̃s + (Ω̃s − 1)K)2. (5)

The average total density of the motors attached to each filament of the MT in
the steady state is given by

ρ = S̃ + W̃ =
Ω̃h + Ω̃s + (Ω̃s + 1)K −

√
D̃ + 2

2(1 +K)
. (6)

Using the expressions (3) and (4) for S̃ and W̃ , respectively, in the expression

J = ωfW̃ (1− S̃ − W̃ ) (7)

for the flux of KIF1A motors per lane of the MT highway, we get
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Fig. 2. (Color online) Flux per lane (and, in the inset, average density of the motors
on each lane) are plotted against ωfl/ωf for a few values of ωs/ωf . Our mean-field
predictions (labelled MF) are plotted by lines while the discrete data points (labelled
Sim) have been obtained from our computer simulations of the model.

J =
ωf

[
K2 −

(
Ω̃h + (1 +K)Ω̃s −

√
D̃

)2]

4K(1 +K)
. (8)

For graphical presentation of our main results, we use the estimates of the rate
constants which were extracted earlier [11] from empirical data on single KIF1A
(we use ωh = 125 s−1). Since no estimate of ωfl+ and ωfl− are available, we use
ωfl+ = ωfl− = ωfl and vary the single parameter ωfl/ωf over a wide range to
explore the consequences of different rates of lane changing. We have also carried
out computer simulations of the extended NOSC model and computed the flux
J of the motors per protofilament as well as the average density ρ; a comparison
of the predictions of our mean-field theory with these simulation data establishes
the level of accuracy of our mean-field theoretical predictions.

In Fig. 2 we plot J (obtained from eqn. (8)) and ρ (given by eqn.(6)) against
ωfl/ωf for several different values of ωs/ωf and compare with the corresponding
simulation data. When ωs/ωf is sufficiently high, the density ρ is small even
in the absence of lane changing (ωfl = 0); in that case, the motors feel hardly
any steric hindrance. In this regime, increasing ωfl/ωf of ωs/ωf has very little
effect on the average speed of the motors; it is the decrease of density that is
responsible for the monotonic decrease of J with ωfl.

In sharp contrast, at sufficiently lowvalues ofωs/ωf ,J varies non-monotonically
with ωfl/ωf . In this regime of ωs/ωf , at ωfl = 0, the high density of ρ causes steric
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hindrances which, in turn, leads to small J . When ωfl is “switched on”, ρ decreases
with increasing ωfl and J increases up to a maximum because of the weakening of
the hindrance effects. But, beyond a certain range of ωfl/ωf , the density of motors
becomes so low that the movement of the motors is practically free of mutual hin-
drance; the decrease of J beyond its maximum is caused by the further reduction
of density. Larger difference between the predictions of our approximate analytical
calculations and computer simulation data at lower values ofωs/ωf arises from the
fact that the mean-field approximation neglects correlations which increases with
increasing densitity of the motors.

3 Traffic of RNAP Motors on DNA Tracks

The motor RNA polymerase (RNAP) catalyzes the polymerization of a RNA
molecule from the corresponding DNA template [19] and the process is called
transcription. To our knowledge, almost all the models of transcription available
in the literature [20,21,22,23,24,25,26,27,28,29,30,31] capture only the stochastic
mechano-chemistry of the individual RNAP motors. The effects of steric inter-
actions of the RNAPs on the rate of RNA synthesis has been modelled only in
a recent work by two of us [32,33].

The model reported originally in ref.[32] is described schematically in fig.3.
Each lattice site corresponds to a nucleotide on the DNA template. The elon-
gation of the growing RNA by one nucleotide leads to a forward stepping of
the RNAP by one unit. A mechano-chemical cycle of the RNAP during elonga-
tion of RNA consists of the following major steps: (i) Nucleoside triphosphate
(NTP) binding to the active site of the RNAP, (ii) NTP hydrolysis, (iii) release
of pyrophosphate (PPi) (which is produced by the hydrolysis of NTP), and (iv)
simultaneous forward stepping of the RNAP. Since PPi-release is known to be
the rate-limiting step, we consider only two distinct chemical states μ of the
RNAP; μ = 1 refers to the state in which the RNAP is not bound to any PPi

whereas μ = 2 corresponds to the state with bound PPi.
The processes corresponding to the rate constants ω12 and ω21 correspond to

PPi-release and its reverse reaction. The symbol ωf
21 is the rate of addition of

one NTP to the elongating RNA whereas ωb
12 is that of the reverse reaction.

The remaining four rate constants, namely, ωf
11, ω

b
11, ω

f
22, and ωb

22 correspond
to polymerization/depolymerization of the RNA, by one monomer, unaided by
the RNAP. Normally, a single RNAP is large enough to cover r(> 1) successive
nucleotides on the track. Therefore, a lattice site is occupied by a RNAP if it
coincides with the leftmost of the r sites representing that RNAP while the next
r − 1 sites on its right are covered by the same RNAP. However, each RNAP
can move forward or backward by only one site in each time step, irrespective
of the numerical value of r. Moreover, forward or backward step of a RNAP is
implemented only if the target site is not already covered by any other RNAP.
Suppose, the total number of RNAPs on the DNA template is N . Then, ρ = N/L
is the number density of the RNAPs whereas the coverage density ρcov = Nr/L
is the total fraction of the nucleotides covered by all the RNAPs together.
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Fig. 3. A schematic representation of the mechano-chemical cycle of each RNAP in the
model. The equispaced sites labelled by the integers ..., i − 1, i, i + 1, ... denote the nu-
cleotides on the template DNAtrack.No PPi is bound to the RNAP in the state 1 whereas
the pyrophosphate (PPi)-bound state of theRNAP is labelled by the index 2.The allowed
transitions denoted by arrows and the corresponding rate constants are also shown.

Let Pμ(i, t) be the probability that there is a RNAP at the lattice site i and
in the chemical state μ at time t. Let Q(i|j) be the conditional probability that,
given a RNAP at site i, site j is empty. In the mean-field approximation, the
master equations for Pμ(i, t) are given by [32]

dP1(i, t)
dt

= ωf
11 P1(i− 1, t) Q(i− 1|i− 1 + r)

+ ωb
11 P1(i+ 1, t) Q(i+ 1− r|i + 1)

+ ωb
12 P2(i+ 1, t) Q(i+ 1− r|i + 1) (9)

+ ω12 P2(i, t)− ω21 P1(i, t)

− (ωf
11 + ωf

21) P1(i, t) Q(i|i+ r)
− ωb

11 P1(i, t) Q(i− r|i)

dP2(i, t)
dt

= ωf
22 P2(i− 1, t) Q(i− 1|i− 1 + r)

+ ωb
22 P2(i+ 1, t) Q(i+ 1− r|i + 1)

+ ωf
21 P1(i− 1, t) Q(i− 1|i− 1 + r) (10)

+ ω21P1(i, t)− ω12 P2(i, t)
− (ωb

22 + ωb
12) P2(i, t) Q(i− r|i)

− ωf
22 P2(i, t) Q(i|i+ r)
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In the steady state under periodic boundary conditions,

P1 =
(
ω12 + ωb

12Q

Ω� +Ω↔Q

)
ρ

P2 =
(
ω21 + ωf

21Q

Ω� +Ω↔Q

)
ρ (11)

where

Ω� = ω12 + ω21

Ω↔ = ωf
21 + ωb

12 (12)

and Q is given by

Q(i|i+ r) = Q(i|i+ r) =
1− ρr

1 + ρ− ρr
(13)

The corresponding steady-state flux is given by

J = Ω1 P1 Q+ Ω2 P2 Q

= ( Ω1 P1 + Ω2 P2)
(

1− ρcov

1 + ρ− ρcov

)
(14)

where

Ω1 = ωf
11 + ωf

21 − ωb
11

Ω2 = ωf
22 − ωb

12 − ωb
22, (15)

are two effective forward hopping rates from the states 1 and 2, respectively.
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Fig. 4. The steady-state flux of the RNAPs, under open boundary conditions, plotted
as a function of (a) ωα, for three sets of values of the pair of parameters [NTP],
[PPi]; (b) ωf

21 for three values of the parameter ωα. The lines correspond to our mean-
field theoretic predictions whereas the discrete data points have been obtained from
computer simulations.



From CA to Gene Expression: Machines and Mechanisms 9

However, for modeling transcription, open boundary conditions are more re-
alistic than periodic boundary conditions. It is not difficult to write down the
counterparts of the equations (10) and (11) under open boundary conditions, but
cannot be solved analytically. Solving these equations numerically in the steady
state, the numerical estimates of the flux and the average density profile were
predicted [32]. These mean-field theoretic estimates are plotted as functions of
ωα and ωf

21, respectively, in figs.4(a) and (b). In the same figure, the correspond-
ing simulation data are also plotted for comparison. The trends of variation of
the flux and the average density profile indicate a transition from the low-density
phase to the maximal current phase in fig.4(a) and from the high-density phase
to the maximal current phase in fig.4(b) [9].

4 Conclusion

In this article we have presented two examples of molecular motor traffic which
have been modelled using the language of driven-diffusive lattice gases. Histori-
cally, however, first attempt in this direction was made in the context of traffic
of ribosomes on a messenger RNA (mRNA) strand during translation of genetic
message was developed [34,35,36,37,38,39,40,41,42,43,44,45]. Very recently, such
models have been made more realistic by incorporating the mechano-chemistry
of individual ribosomes [46,47] in the same spirit in which the models of RNAP
traffic have been developed. It would be interesting to develop similar models
for traffic-like collective phenomena exhibited by unicellular organisms.

This work is supported (through DC) by a research grant from CSIR (India).
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Abstract. Wolframfs monumental best seller entitled gA new kind of
scienceh was based almost entirely on brute-force computer simulations.
In sharp contrast, this lecture presents a rigorous analytical theory based
on attractors from a nonlinear dynamics perspective. New results and
concepts to be presented include the partitioning (via Felix Kleinfs Vier-
ergruppe) of all 256 local Boolean rules studied empirically by Wolfram
into 88 global equivalence classes, one of which contains 4 topologically-
conjugate rules capable of universal computation, and endowed with a
1/f spectrum. Another major result is the rigorous characterization of the
time-asymptotic dynamics (attractors) of 112 local rules via an explicit
generalized Bernoulli shift formula. Even more surprising, we have dis-
covered the attractors of 170 local rules are blessed with the remarkable
property of time-reversality. For such rules, the past evolution in time can
be recovered from the future evolutions of a corresponding gtwinh rule.
Only 86 local rules exhibit an garrow of timeh. One of our most fascinat-
ing discoveries is a new phenomenon, dubbed an gIsle of Eden,h having
no counter part in hyperbolic differential equations, which has neither
a past, nor a future! In addition to providing a mathematical founda-
tion for brainlike dynamics, the discoveries cited above provide simple
dynamical mechanism for mimicking many exotic phenomena from brain
science, quantum physics, cosmology, etc.
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Abstract. The quantum walk is a generalization of classical random
walks. Considerable work has been recently investigated on quantum
walks in connection with quantum computing. The walk can be consid-
ered as a class of quantum cellular automata. There exists a one-to-one
correspondence between them in a more general setting. Moreover we
consider another class of quantum cellular automata which can be con-
sidered as a quantum version of stochastic cellular automata.

Keywords: quantum walk, quantum cellular automaton, stochastic
cellular automaton.

1 Introduction

In recent years, the study of the quantum walk (QW) has gained much interest
in the quantum information and computational research areas. The discrete-time
QW with coin space can be considered as a quantum version of the random walk
(RW). Ambainis et al. [1] studied intensively the behavior of the discrete-time
QW. Patel, Raghunathan, and Rungta [10] constructed a QW without the coin
space and analyzed the asymptotic behavior of the walk. In fact the QW can be
considered as a class of quantum cellular automata (QCA) on the line. There
exists a one-to-one correspondence between them in a more general setting.
Recent reviews on QWs are found in Kendon [6], Konno [8]. We present another
class of QCA which can be considered as a quantum version of stochastic cellular
automata (SCA). The SCA is sometimes called the Domany-Kinzel model [2].1

2 QW

The one-dimensional QW is given by the following unitary matrix:

U =
[
a b
c d

]
∈ U(2),

1 In this manuscript we do not discuss a QCA introduced and studied by [4]. This
QCA is a generalization of cellular automata.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 12–21, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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where a, b, c, d ∈ C. Here C is the set of complex numbers, and U(m) is the
set of m × m unitary matrices. So we have |a|2 + |c|2 = |b|2 + |d|2 = 1, ac +
bd = 0, c = −�b, d = �a, where z is a complex conjugate of z ∈ C and
� = detU = ad− bc. The QW is a quantum generalization of the RW with an
additional degree of freedom called the chirality. The chirality takes values left
and right, and means the direction of the motion of the particle. The evolution
of the QW is given by the following rule. At each time step, if the particle has
the left chirality, it moves one unit to the left, and if it has the right chirality, it
moves one unit to the right. More precisely, the unitary matrix U acts on two
chirality states |L〉 and |R〉: |L〉 → a|L〉 + c|R〉, |R〉 → b|L〉 + d|R〉, where
L and R refer to the right and left chirality state respectively. In fact, define
|L〉 = T [1, 0], |R〉 = T [0, 1], where T indicates the transposed operator, so we
have U |L〉 = a|L〉+ c|R〉, U |R〉 = b|L〉+ d|R〉. The study of the dependence of
some important quantities on initial qubit state is one of the essential parts, so
we define the set of initial qubit states as follows:

Φ =
{
ϕ =

[
α
β

]
∈ C

2 : |α|2 + |β|2 = 1
}
.

Let Xn be the QW at time n starting from initial qubit state ϕ ∈ Φ. It should
be noted that P (Xn = 0) = 1. To explain Xn briefly, we introduce the following
matrices P and Q:

P =
[
a b
0 0

]
, Q =

[
0 0
c d

]
.

Remark that U = P +Q. For fixed l and m with l +m = n and −l +m = x,

Ξn(l,m) =
∑

lj ,mj

P l1Qm1P l2Qm2 · · ·P lnQmn

summed over all lj ,mj ≥ 0 satisfying l1 + · · ·+ ln = l, m1 + · · ·+mn = m and
lj +mj = 1. The definition of Ξn(l,m) gives

P (Xn = x) = (Ξn(l,m)ϕ)∗(Ξn(l,m)ϕ) = ‖Ξn(l,m)ϕ‖2,

where n = l+m, x = −l+m and ∗ means the adjoint operator. The Hadamard
walk has been extensively investigated in the study of QWs (see Fig. 1). The
unitary matrix U of the walk is defined by the following Hadamard gate:

U =
1√
2

[
1 1
1 −1

]
.

In contrast with the central limit theorem for the RW, Konno [7] gave the
following new type of weak limit theorems in abcd 
= 0 case:

Theorem 1. If n → ∞, then Xn/n ⇒ Z, where Z has a density f(x) =
f(x;ϕ = T [α, β]):

f(x) =

√
1− |a|2

π(1 − x2)
√
|a|2 − x2

{
1−

(
|α|2 − |β|2 +

aαbβ + aαbβ

|a|2

)
x

}
,
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Fig. 1. Probability distributions of one-dimensional symmetric RW (dotted line) and
Hadamard walk (solid line)

for x ∈ (−|a|, |a|), and f(x) = 0 for |x| ≥ |a|, where Yn ⇒ Y means that Yn

converges weakly to a limit Y .

3 QCA and QW

We define the dynamics of a one-dimensional QCA including the model investi-
gated by Patel, Raghunathan, and Rungta [10]. Let η(m)

n (x)(∈ C) be the ampli-
tude of the QCA at time n ∈ Z+ and at location x ∈ Z starting from m ∈ Z, that
is, η(m)

0 (m) = 1 and η
(m)
0 (x) = 0 if x 
= m. Here Z (resp. Z+) is the set of (resp.

non-negative) integers. Moreover, let ζ(m:±)
n (x) = |αη(m)

n (x)+βη
(m±1)
n (x)|2, and

ζ
(m:±)
n = (ζ(m:±)

n (x) : x ∈ Z), where α, β ∈ C with |α|2 + |β|2 = 1. As we will
show later, the ζ(m:±)

n (x) is equivalent to a probability distribution of a QW at
time n, where the pair (α, β) corresponds to the initial qubit state of the QW.
The evolution of the QCA on the line is given by η

(m)
n+1 = Uη

(m)
n , where U is the

unitary matrix:

U =

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜
⎜⎜
⎜
⎝

. . . −3 −2 −1 0 +1 +2 +3 +4 . . .
...

. . . · · · · · · · · . . .
−3 . . . b a 0 0 0 0 0 0 . . .
−2 . . . a b c d 0 0 0 0 . . .
−1 . . . d c b a 0 0 0 0 . . .

0 . . . 0 0 a b c d 0 0 . . .
+1 . . . 0 0 d c b a 0 0 . . .
+2 . . . 0 0 0 0 a b c d . . .
+3 . . . 0 0 0 0 d c b a . . .
+4 . . . 0 0 0 0 0 0 a b . . .
... . . . · · · · · · · · . . .

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎟
⎠

,

with a, b, c, d ∈ C and η
(m)
n is the configuration

η(m)
n = T [. . . , η(m)

n (−1), η(m)
n (0), η(m)

n (+1), . . .],
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for any n ∈ Z+. Let ||u||2 =
∑∞

x=−∞ |u(x)|2. The unitarity of U ensures that if

||η(m)
0 || = 1, then ||η(m)

n || = 1 for any n ∈ Z+. Furthermore, if ||ζ(m:±)
0 || = 1, then

||ζ(m:±)
n || = 1 for any n ∈ Z+. A little algebra reveals that U is unitary if and only

if |a|2+|b|2+|c|2+|d|2 = 1, ad+ad+bc+bc = ac+bd = ab+ab = cd+cd = 0 (Con-
dition C). Here we consider a, b, c, d satisfying the above condition. Trivial cases
are “|a| = 1, b = c = d = 0”, “|b| = 1, a = c = d = 0”, “|c| = 1, a = b = d = 0”,
and “|d| = 1, a = b = c = 0”. For other cases, we have the following five types:

Type I: |b|2 + |c|2 = 1, bc+ bc = 0, bc 
= 0, a = d = 0.
Type II: |a|2 + |b|2 = 1, ab+ ab = 0, ab 
= 0, c = d = 0.
Type III: |c|2 + |d|2 = 1, cd+ cd = 0, cd 
= 0, a = b = 0.
Type IV: |a|2 + |d|2 = 1, ad+ ad = 0, ad 
= 0, b = c = 0.
Type V: a, b, c, d satisfying Condition C and abcd 
= 0.

Both Types I and II are also trivial cases. To investigate non-trivial Types III -
V, we consider two types of QWs. We see that a direct computation implies that
(a, b, c, d) satisfying Condition C has the following form:

(a, b, c, d) = eiδ(cos θ cosφ,−i cos θ sinφ, sin θ sinφ, i sin θ cosφ), (1)

where θ, φ, δ ∈ [0, 2π). From now on, we assume that (a, b, c, d) has the above
form. Remark that the case studied by [10] is δ = π/2 and θ = φ = π/4, that is,
(a, b, c, d) = (i/2, 1/2, i/2,−1/2), which belongs to Type V.

Both one-dimensional A-type and B-type QWs are given by the following
unitary matrix:

U =
[
a′ b′

c′ d′

]
∈ U(2).

For the j-type QW (j = A,B), let Ψj,n(x) denote the amplitude at time n at
location x, where

Ψj,n(x) =
[
ΨL

j,n(x)
ΨR

j,n(x)

]
∈ C

2,

with the chirality being left (upper component) or right (lower component).
For each j = A and B, the dynamics of Ψj,n(x) for the j-type QW starting
from the origin with an initial qubit state ϕ ∈ Φ is presented as the following
transformation:

Ψj,n+1(x) = PjΨj,n(x+ 1) +QjΨj,n(x− 1), (2)

where

PA =
[
a′ b′

0 0

]
, QA =

[
0 0
c′ d′

]
and PB =

[
a′ 0
c′ 0

]
, QB =

[
0 b′

0 d′

]
.
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It is noted that U = Pj + Qj (j = A,B). From (2), we see that the unitary
matrix of the system is described as

⎡

⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

. . .
...

...
...

...
...

...
. . . O Pj O O O . . .
. . . Qj O Pj O O . . .
. . . O Qj O Pj O . . .
. . . O O Qj O Pj . . .
. . . O O O Qj O . . .

. . .
...

...
...

...
...

. . .

⎤

⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

with O =
[

0 0
0 0

]
,

for j = A and B.
To begin with, we investigate a relation between the QCA and the A-type

QW. To do so, the unitary matrix of the QCA

U =

⎛

⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

. . . −3 −2 −1 0 +1 +2 +3 +4 . . .
...

. . . · · · · · · · · . . .
−3 . . . b a 0 0 0 0 0 0 . . .
−2 . . . a b c d 0 0 0 0 . . .
−1 . . . d c b a 0 0 0 0 . . .
0 . . . 0 0 a b c d 0 0 . . .

+1 . . . 0 0 d c b a 0 0 . . .
+2 . . . 0 0 0 0 a b c d . . .
+3 . . . 0 0 0 0 d c b a . . .
+4 . . . 0 0 0 0 0 0 a b . . .
... . . . · · · · · · · · . . .

⎞

⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

is rewritten as

U =

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

. . . −1 0 +1 +2 . . .
...

. . .
...

...
...

...
...

−1 . . . TA QA O O . . .
0 . . . PA TA QA O . . .

+1 . . . O PA TA QA . . .
+2 . . . O O PA TA . . .
... . . .

...
...

...
...

. . .

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

,

where

PA =
[
d c
0 0

]
, TA =

[
b a
a b

]
, QA =

[
0 0
c d

]
.

We consider a pair (2x−1, 2x) in the QCA as a site x in the A-type QW for any
x ∈ Z. Moreover we observe that 2x− 1 (resp. 2x) site in the QCA corresponds
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to right (resp. left) chirality at a site x in the A-type QW. We call the QCA a
generalized A-type QW. More precisely,

ΨA,n(x) =
[
ΨR

A,n(x)
ΨL

A,n(x)

]

and ΨA,n+1(x) = QAΨA,n(x+ 1) + TAΨA,n(x) +PAΨA,n(x− 1). From the above
observation, we see that “Type V QCA ←→ generalized A-type QW”, where
“X ←→ Y ” means that there is a one-to-one correspondence between X and Y ;
that is,

ΨR
A,n(x) = βη(−1)

n (2x− 1) + αη(0)
n (2x− 1), ΨL

A,n(x) = βη(−1)
n (2x) + αη(0)

n (2x),

ζ(0:−)
n (2x− 1) = |ΨR

A,n(x)|2, ζ(0:−)
n (2x) = |ΨL

A,n(x)|2.

We see that Type III is nothing but an A-type QW by interchanging PA and
QA, and the roles of left and right chiralities with c = b′ = c′, d = a′ = d′. That
is, “Type III QCA ←→ A-type QW”.

As in the case of the A-type QW, we study a relation between the QCA and
the B-type QW; that is, “Type V QCA ←→ generalized B-type QW”. To do
this, the unitary matrix of the QCA

U =

⎛

⎜⎜
⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎝

. . . −2 −1 0 +1 +2 +3 +4 +5 . . .
...

. . . · · · · · · · · . . .
−2 . . . b c d 0 0 0 0 0 . . .
−1 . . . c b a 0 0 0 0 0 . . .

0 . . . 0 a b c d 0 0 0 . . .
+1 . . . 0 d c b a 0 0 0 . . .
+2 . . . 0 0 0 a b c d 0 . . .
+3 . . . 0 0 0 d c b a 0 . . .
+4 . . . 0 0 0 0 0 a b c . . .
+5 . . . 0 0 0 0 0 d c b . . .
... . . . · · · · · · · · . . .

⎞

⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎠

is rewritten as

U =

⎛

⎜
⎜
⎜⎜
⎜
⎜
⎜
⎝

. . . −1 0 +1 +2 . . .
...

. . .
...

...
...

...
...

−1 . . . TB PB O O . . .
0 . . . QB TB PB O . . .

+1 . . . O QB TB PB . . .
+2 . . . O O QB TB . . .
... . . .

...
...

...
...

. . .

⎞

⎟
⎟
⎟⎟
⎟
⎟
⎟
⎠

,

where

PB =
[
d 0
a 0

]
, TB =

[
b c
c b

]
, QB =

[
0 a
0 d

]
.
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We consider a pair (2x, 2x+1) in the QCA as a site x in the B-type QW for any
x ∈ Z. Moreover we observe that 2x (resp. 2x+ 1) site in the QCA corresponds
to left (resp. right) chirality at site x in the B-type QW. We call the QCA a
generalized B-type QW. As in the case of the A-type QW, it is shown that “Type
V QCA ←→ generalized B-type QW”, that is,

ΨL
B,n(x) = αη(0)

x (2x) + βη(1)
n (2x), ΨR

B,n(x) = αη(0)
n (2x+ 1) + βη(1)

n (2x+ 1),

ζ(0:+)
n (2x) = |ΨL

B,n(x)|2, ζ(0:+)
n (2x+ 1) = |ΨR

B,n(x)|2.

We see that Type IV becomes a B-type QW with d = a′ = d′, a = b′ = c′; that
is, “Type IV QCA ←→ B-type QW”.

Meyer [9] has investigated the B-type QW, which was called a quantum lattice
gas automaton. His case (for example, (24) in his paper [9]) can be obtained by
δ → 3π/2, φ→ ρ, and θ → π/2 + θ in (1).

From now on we consider a relation between Type V QCA and two-step QW.
The meaning of the “two-step” is that we identify the one-step transition of
Type V QCA with the two-step transition of the QW.

First “Type V QCA ←→ two-step A-type QW” is given. Next “Type V QCA
←→ two-step B-type QW” is also presented. Combining them all, we finally
obtain the following relations:
“Type V QCA ←→ generalized A-type QW ←→ two-step A-type QW”
“Type V QCA ←→ generalized B-type QW ←→ two-step B-type QW”

Now we present “generalized A-type QW ←→ two-step A-type QW” in the
following way. A direct computation implies that a generalized A-type QW with

PA =
[
d c
0 0

]
, TA =

[
b a
a b

]
, QA =

[
0 0
c d

]

is equivalent to a two-step A-type QW with

PA(1) =
[
i cosφ eiθ2 sinφ eiθ2

0 0

]
, PA(2) = eiδ

[
sin θ e−iθ2 −i cos θ eiθ1

0 0

]
,

and

QA(1) =
[

0 0
sinφ eiθ1 i cosφ eiθ1

]
, QA(2) = eiδ

[
0 0

−i cos θ e−iθ2 sin θ e−iθ1

]
,

for any θ1, θ2 ∈ [0, 2π) such that PA = PA(2)PA(1), QA = QA(2)QA(1), TA =
PA(2)QA(1) + QA(2)PA(1). Note that (a, b, c, d) has the form given in (1) and
U(n) ≡ PA(n) +QA(n) is unitary for n = 1, 2.

In a similar fashion, we show that “generalized B-type QW ←→ two-step
B-type QW”; that is, a generalized B-type QW with

PB =
[
d 0
a 0

]
, TB =

[
b c
c b

]
, QB =

[
0 a
0 d

]

corresponds to a two-step B-type QW with

PB(1) =
[
i cosφ eiθ2 0
sinφ eiθ1 0

]
, PB(2) = eiδ

[
sin θ e−iθ2 0
−i cos θ e−iθ2 0

]
,
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and

QB(1) =
[
0 sinφ eiθ2

0 i cosφ eiθ1

]
, QB(2) = eiδ

[
0 −i cos θ eiθ1

0 sin θ e−iθ1

]
,

for any θ1, θ2 ∈ [0, 2π) such that PB = PB(2)PB(1), QB = QB(2)QB(1), TB =
PB(2)QB(1) +QB(2)PB(1). Remark that PB(n) +QB(n) = PA(n) +QA(n) for
n = 1, 2.

The asymptotic result by [10] can be easily derived from Theorem 1 and the
connection between the QCA and the two-step QW. The detailed discussion can
be found in [3].

4 QCA and SCA

The Domany-Kinzel model is a class of SCA in one dimension with two parame-
ters (p, q) ∈ [0, 1]2. The model can be identified with the mixed site-bond oriented
percolation model on a square lattice for a special case. When p = 1, q = 0, it
becomes Wolfram’s rule 90.

In this section, we consider another class of QCA which can be considered as a
quantum version of the Domany-Kinzel model. First we introduce the following
unitary matrix as in Katori et al. [5]:

Q4 =

⎡

⎢
⎢
⎣

a . c .
. c . e
b . d .
. d . f

⎤

⎥
⎥
⎦ ∈ U(4),

where we represent 0 by “·”. The unitarity gives |a|2 + |b|2 = |c|2 + |d|2 =
|e|2 + |f |2 = 1, ac+ bd = ce+ df = 0.

For examples,

Q
(1)
4 =

1√
2

⎡

⎢
⎢
⎣

1 . 1 .
. 1 . 1
−1 . 1 .
. 1 . −1

⎤

⎥
⎥
⎦ , Q

(2)
4 =

1√
2

⎡

⎢
⎢
⎣

1 . 1 .
. 1 . 1
1 . −1 .
. −1 . 1

⎤

⎥
⎥
⎦ , Q

(3)
4 =

⎡

⎢
⎢
⎣

. . 1 .

. 1 . .
1 . . .
. . . 1

⎤

⎥
⎥
⎦ .

Note that Q(3)
4 is equivalent to Wolfram’s rule 90.

The local update rule is given by 11 → 11 with amplitude a or 01 with
amplitude b, 10 → 10 with amplitude c or 00 with amplitude d, 01 → 11 with
amplitude c or 01 with amplitude d, 00 → 10 with amplitude e or 00 with
amplitude f . The Domany-Kinzel model corresponds to a = q, b = 1 − q, c =
p, d = 1 − p, e = 0, f = 1. However, in the case of the Domany-Kinzel model,
the amplitude is considered as the probability.

The dynamics of the QCA on {1, 2, . . . , N,N + 1} is determined by Q:

Q = QN+1,N QN,N−1 QN−1,N−2 · · · Q2,1,
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where Qx+1,x is the operator which defines the amplitude that a site x is occupied
at time n + 1 given the state of QCA at sites x, x + 1 at time n. Qx+1,x is a
2(N+1) × 2(N+1) unitary matrix, however we may also represent it as a 4 × 4
unitary matrix Q4.

Next we consider the N = 4 case. Then

Q2,1 = Q4 ⊗ I2 ⊗ I2 ⊗ I2, Q3,2 = I2 ⊗Q4 ⊗ I2 ⊗ I2,

Q4,3 = I2 ⊗ I2 ⊗Q4 ⊗ I2, Q5,4 = I2 ⊗ I2 ⊗ I2 ⊗Q4,

where In is the n× n identity matrix.
We apply Q = Q5,4 Q4,3 Q3,2 Q2,1 to a configuration η = (0, 0, 1, 0, 0), where

we impose a fixed boundary condition:“0” at site N + 1 = 5.

Q (0, 0, 1, 0, 0)
=(I2 ⊗ I2 ⊗ I2 ⊗Q4)(I2 ⊗ I2 ⊗Q4 ⊗ I2)(I2 ⊗Q4 ⊗ I2 ⊗ I2)(Q4 ⊗ I2 ⊗ I2 ⊗ I2)([

0
1

]
⊗
[
0
1

]
⊗
[
1
0

]
⊗
[

0
1

]
⊗
[

0
1

])

= (I2 ⊗ I2 ⊗ I2 ⊗Q4) (I2 ⊗ I2 ⊗Q4 ⊗ I2) (I2 ⊗Q4 ⊗ I2 ⊗ I2){(
e

[
1
0

]
⊗
[

0
1

]
+ f

[
0
1

]
⊗
[
0
1

])
⊗
[
1
0

]
⊗
[

0
1

]
⊗
[

0
1

]}

= (I2 ⊗ I2 ⊗ I2 ⊗Q4) (I2 ⊗ I2 ⊗Q4 ⊗ I2) (I2 ⊗Q4 ⊗ I2 ⊗ I2)(
e

[
1
0

]
⊗
[
0
1

]
⊗
[
1
0

]
⊗
[
0
1

]
⊗
[

0
1

]
+ f

[
0
1

]
⊗
[
0
1

]
⊗
[

1
0

]
⊗
[

0
1

]
⊗
[

0
1

])

= (I2 ⊗ I2 ⊗ I2 ⊗Q4) (I2 ⊗ I2 ⊗Q4 ⊗ I2)(
ce

[
1
0

]
⊗
[
1
0

]
⊗
[
1
0

]
⊗
[

0
1

]
⊗
[

0
1

]
+ de

[
1
0

]
⊗
[
0
1

]
⊗
[
1
0

]
⊗
[

0
1

]
⊗
[

0
1

])

(
cf

[
0
1

]
⊗
[
1
0

]
⊗
[
1
0

]
⊗
[

0
1

]
⊗
[

0
1

]
+ df

[
0
1

]
⊗
[
0
1

]
⊗
[
1
0

]
⊗
[
0
1

]
⊗
[

0
1

])
.

Therefore we obtain

Q (0, 0, 1, 0, 0)
= c2e2 (1, 1, 1, 1, 0) + c2ef (1, 1, 1, 0, 0) + cde2 (1, 1, 0, 1, 0) + cdef (1, 1, 0, 0, 0)
+ cde2 (1, 0, 1, 1, 0) + cdef (1, 0, 1, 0, 0) + d2e2 (1, 0, 0, 1, 0) + d2ef (1, 0, 0, 0, 0)
+ c2ef (0, 1, 1, 1, 0) + c2f2 (0, 1, 1, 0, 0) + cdef (0, 1, 0, 1, 0) + cdf2 (0, 1, 0, 0, 0)
+ cdef (0, 0, 1, 1, 0) + cdf2 (0, 0, 1, 0, 0) + d2ef (0, 0, 0, 1, 0) + d2f2 (0, 0, 0, 0, 0).

The probability that a configuration (1, 1, 1, 1, 0) exists is |c2e2|2. Moreover, the
probability that site 1 is occupied is |c2e2|2 + |c2ef |2 + 2|cde2|2 + 2|cdef |2 +
|d2e2|2 + |d2ef |2 (Fig. 2 shows an example for rule Q(1)

4 with a fixed boundary
condition: “0” at N + 1 = 8 site).
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Fig. 2. The initial configuration is (0,0,0,0,0,0,1,0). Dark regions denote high proba-
bilities and bright regions denote low probabilities.

References

1. Ambainis, A., Bach, E., Nayak, A., Vishwanath, A., Watrous, J.: One-Dimensional
Quantum Walks. In: Proc. of the 33rd Annual ACM Symposium on Theory of
Computing, pp. 37–49 (2001)

2. Domany, E., Kinzel, W.: Equivalence of Cellular Automata to Ising Models and
Directed Percolation. Phys. Rev. Lett. 53, 311–314 (1984)

3. Hamada, M., Konno, N., Segawa, E.: Relation between Coined Quantum Walks
and Quantum Cellular Automata, RIMS Kokyuroku. No. 1422, 1–11 (2005) quant-
ph/0408100

4. Inokuchi, S., Mizoguchi, Y.: Generalized Partitioned Quantum Cellular Automata
and Quantization of Classical CA. Int. J. Unconv. Comput. 1, 149–160 (2005); Inui,
N., Inokuchi, S., Mizoguchi, Y., Konno, N.: Statistical Properties for a Quantum
Cellular Automaton, Phys. Rev. A, 72, 032323 (2005); Inui, N., Nakamura, K., Ide,
Y., Konno, N.: Effect of Successive Observation on Quantum Cellular Automaton.
J. Phys. Soc. Jpn. 76, 084001 (2007)

5. Katori, M., Konno, N., Sudbury, A., Tanemura, H.: Dualities for the Domany-
Kinzel Model. J. Theor. Prob. 17, 131–144 (2004)

6. Kendon, V.: Decoherence in Quantum Walks - A Review. Math. Struct. in Comp.
Sci. 17, 1169–1220 (2007)

7. Konno, N.: Quantum Random Walks in One Dimension. Quantum Inf. Pro-
cess 1, 345–354 (2002); Konno, N.: A New Type of Limit Theorems for the One-
Dimensional Quantum Random Walk. J. Math. Soc. Jpn. 57, 1179–1195 (2005)

8. Konno, N.: Quantum Walks, Lecture at the School, Quantum Potential Theory:
Structure and Applications to Physics, held at the Alfreid Krupp Wissenschaft-
skolleg, Greifswald, 26 February - 9 March 2007 (Reihe Mathematik, Ernst-Moritz-
Arndt-Universitat Greifswald, Preprint, No.2, 2007). Lecture Notes in Mathemat-
ics. Springer, Heidelberg (2007),
http://www.math-inf.uni-greifswald.de/algebra/qpt/konno-26june07.pdf

9. Meyer, D.A.: From Quantum Cellular Automata to Quantum Lattice Gases. J.
Statist. Phys. 85, 551–574 (1996)

10. Patel, A., Raghunathan, K.S., Rungta, P.: Quantum Random Walks do not need
a Coin Toss. Phys. Rev. A. 71, 032347 (2005)

http://www.math-inf.uni-greifswald.de/algebra/qpt/konno-26june07.pdf


Modelling of Transport and Traffic Problems

Andreas Schadschneider

Institut für Theoretische Physik, Universität zu Köln, 50937 Köln, Germany
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Abstract. The Asymmetric Simple Exclusion Process (ASEP) is the
simplest cellular automaton which captures the essential aspects of most
transport and traffic phenomena. It describes the directed motion of par-
ticles obeying an exclusion principle. For specific applications, however,
various generalizations of the ASEP are necessary. These are discussed
for the case of highway traffic, ant trails, pedestrian dynamics and intra-
cellular transport.

Keywords: traffic flow, jam, ASEP, ant trails, pedestrian dynamics,
intracellular transport.

1 Introduction

Cellular automata (CA) have become an important tool for the investigation
of traffic systems from both the theoretical as well as practical point of view
[1,2,3,4]. The discreteness of all relevant variables (space, time, state) makes
them ideally suited for high-performance computer simulations. However, with
increasing computer power this advantage will become less important in the
future. Instead the fact that the dynamics of CA models is usually based on
intuitive rules is an important advantage. Especially in interdisciplinary appli-
cations, where the interactions between agents are not based on the fundamental
physical forces, rule-based models allow to take into account e.g. psychological
aspects in a natural and efficient way.

Here we first discuss the most fundamental CA model which describes traffic
and transport problems, the ASEP (Sec. 2). We will see that already this ex-
tremely simple model is able to capture the basic properties of such system, but
not all. Specific system require specific modifications to improve the realism of
the model. This will be discussed for highway traffic (Sec. 3), traffic on ant trails
(Sec. 4), pedestrian dynamics (Sec. 5) and intracellular transport (Sec. 6).

2 Asymmetric Simple Exclusion Process (ASEP)

Generically all traffic and transport systems belong to the class of nonequilib-
rium systems in which many fascinating effects can be observed [2,5,6,7]. The
simplest model which captures the main features of such systems is the so-called
Asymmetric Simple Exclusion Process (ASEP). It is not only the ”mother of all
traffic models”, but also a paradigmatic example of driven diffusive systems.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 22–31, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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The ASEP describes the motion of particles which obey an exclusion principle,
i.e. the space occupied by a particle is not available for others, on a discrete
lattice. The dynamics is rather simple: A particle (•) moves to its empty right
neighbour site (◦) with probability q (... • ◦... q→ ... ◦ •...). In all other cases
the particle will not move (... • ◦... 1−q→ ... • ◦... and ... • •... 1→ ... • •...). In
physics usually a random-sequential update is used corresponding to continuous
time dynamics. Then the hopping probability becomes a hopping rate. For most
applications, discrete updates like synchronous (parallel) or sequential ones are
more realistic because they provide a timescale for calibration. However, the
qualitative behaviour does not change for the different updates [8].

For periodic boundary conditions the exact solution for the stationary state
can be derived using various methods (see [1] and references therein). For random-
sequential dynamics a site-oriented mean-field theory becomes exact, i.e. the occu-
pations of neighbouring sites are uncorrelated. For parallel dynamics correlations
are generated by Garden-of-Eden states that can not be reached by the dynamics
[9]. In this case the interparticle distribution function factorizes and the stationary
state is described exactly by a car-oriented mean-field theory.

The most important quantitative characterization of traffic systems is the
fundamental diagram defined as the density-dependence of the flow, J(ρ). For
the ASEP the fundamental diagram can be given explicitly (Fig. 1) Due to the
particle-hole symmetry of the rules it is symmetric around ρ = 1/2.

From a physics as well as a practical point of view open boundary conditions
are more interesting. These are usually realized by “reservoirs” at both ends of
the chain where particles can enter and exit with probabilities (or rates) α and
β, respectively. This case has been studied extensively in recent years and is now
well understood (see e.g. [6,7]). As in the periodic case, the stationary state can
be obtained exactly [10,11], e.g. using the matrix-product Ansatz [7].

Fig. 1 shows the phase diagram obtained by varying the boundary rates α
and β. The origin of the three phases can easily be understood. In the low-
density phase (A) the current depends only on the input rate α. The input is
less efficient than the transport in the bulk or the output and therefore dominates
the behaviour of the whole system. In the high-density phase (B) the output is
the least efficient part. Therefore the current depends only on β. In the maximal
current phase (C), input and output are more efficient than the transport in the
bulk. Here the current has reached the largest possible value corresponding to
the maximum of the fundamental diagram of the periodic system.

Quantitative predictions for the phase diagram and the boundary-induced
phase transitions can be made using a coarse-grained description [12] which re-
mains correct for the more sophisticated models discussed later. It relates the
phase boundaries to properties of the periodic system which can be derived from
the fundamental diagram, namely the so-called shock velocity vs and the col-
lective velocity vc. vs is the velocity of a ’domain-wall’ which in nonequilibrium
systems denotes an object connecting two possible stationary states. The collec-
tive velocity vc describes the velocity of the center-of-mass of a local perturbation
in a homogeneous, stationary background of density ρ.
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Fig. 1. Left: Fundamental diagram of the ASEP for two different hopping probabilities
Q > q. Right: Phase diagram with low-density (A), high-density (B) and maximal-
current phase (C). The insets show the typical shape of the density profiles.

The results for the ASEP show that boundary conditions play an important
role in nonequilibrium systems. For most traffic applications periodic boundary
conditions are not very realistic, e.g. since the number of vehicles fluctuates
strongly due to on- and off-ramps.

3 Highway Traffic

3.1 Empirical Results

Theoretical results have to be compared with empirical observations on a quali-
tative or quantitative level. Qualitative results are usually related to the occur-
rence of spatio-temporal structures among like jams. Quantitative results like
fundamental diagrams can be used for calibration of model parameters.

Two types of jams can be distinguished. Bottleneck-induced jams occur at
locations of reduced capacity (bottlenecks) when the inflow is larger than this
capacity. For spontaneous jams or phantom jams this is not true, at least not
in an obvious way. Both empirical observations [13] as well as controlled ex-
periments [14] indicate that growing instabilities can lead to jams even in the
absence of bottlenecks. At intermediate densities the imperfect driving of human
drivers can create a chain reaction where drivers overreact in braking manoevers
which become necessary to avoid accidents when approaching the preceding car
with large velocity.

In [15] it is argued that all jams are created by bottlenecks which are just
sometimes not easy to identify. Often jams occur at the same location every
day, especially close to ramps, sharp bends etc. However, these jams are not
necessarily bottleneck-induced and might occur even though the local capacity
has not yet been reached. Probably both mechanisms are relevant in the sense
that inhomogeneities increase the probability of spontaneous jamming.

Quantitative results are obtained at many highway locations where empirical
data are collected automatically by stationary inductive loops. Flow (current)
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Fig. 2. Left: Schematic form of the fundamental diagram. F denotes the free flow
branch and J the jam line. Right: Empirical cross-correlation function. Different periods
of free-flow and congested traffic are labeled by I through VIII.

J and velocity v can be derived easily but density can not be measured locally
and is usually determined using the hydrodynamic relation J = ρv.

Nowadays three different phases of traffic flow are distinguished [16,17]: In
free flow interactions between vehicles are rare. Cars move with their desired
velocity and flow increases linearly with density (Fig. 2). States with flows larger
than Jout form the metastable branch. All states not of free flow type are called
congested states. They are characterized by an average velocity smaller than the
desired velocity of the drivers. Two congested phases can be distinguished. Wide
jams are regions of high density and negligible average velocity and flow. The
jam front moves upstream (opposite to the driving direction) at typical velocity
vJam ≈ 15 km/h. In synchronized flow [16] the average velocity is significantly
lower than in free flow, but the flow can be much larger than in wide jams.
Characteristic is the absence of a functional flow-density relation and data points
are spread irregularly over a 2d area (Fig. 2). This leads to a vanishing cross-
correlation function [18] between density ρ and flow J (Fig. 2).

Modern detectors provide detailed information about the microscopic struc-
ture of traffic flow, e.g. through the distribution of time-headways, optimal-
velocity functions, correlation functions, cluster distributions etc. [18,19].

3.2 NaSch Model

The ASEP does neither reproduce spontaneous jam formation, which requires a
mechanism that creates chain reactions of braking manoevers, nor the observed
asymmetry of the fundamental diagram. To obtain a more realistic model an
extension of the ASEP to higher velocities is necessary.

The Nagel-Schreckenberg (NaSch) model [20,21] is a probabilistic CA. The
state of each car n is characterized by its velocity vn = 0, 1, ..., vmax. The position
of the n-th vehicle is denoted by xn. Then dn = xn+1 − xn − 1 is its headway,
i.e. the number of empty cells in front of it. At each time step t→ t+ 1, all cars
are updated in parallel according to the following “rules”:
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Step 1: Acceleration.
If vn < vmax, velocity is increased by 1, i.e. v(1)

n = min(vn + 1, vmax).

Step 2: Deceleration (due to other cars).
If dn < v

(1)
n , velocity is reduced to dn, i.e. v(2)

n = min(v(1)
n , dn).

Step 3: Randomization.
If v(2)

n > 0, velocity is decreased randomly by 1 with probability p, i.e.

v(3)
n =

{
max(v(2)

n − 1, 0) with probability p,

v
(2)
n with probability 1− p.

Step 4: Vehicle movement.
Each car is moved forward according to its new velocity vn = v

(3)
n deter-

mined in Steps 1–3, i.e. xn → xn + vn.

Step 1 expresses the desire of the drivers to move as fast as possible (or
allowed). Step 2 reflects the interactions between vehicles and guarantees the
absence of collisions in the model. Step 3 incorporates many effects, e.g. natu-
ral fluctuations in the driving behaviour. It is responsible for spontaneous jam
formation since it can lead to the chain reactions described above. Finally, in
Step 4 all cars will move with their new velocity as determined in the first three
steps. This set of rules is minimal in the sense that every subset or change in
the order will no longer produce realistic behaviour, e.g. spontaneous jams.

The timescale corresponding to one update step can be estimated in different
ways [20]. Typical parameter values lead to timesteps which correspond to ap-
proximately 1 sec in real time which is of the same order of magnitude as the
smallest relevant timescale in real traffic, the reaction time of the drivers.

The fundamental diagram of the NaSch model consists of a free flow and a
congested branch (lines F and J in Fig. 2). However, it does not reproduce
neither metastable states nor the synchronized phase.

3.3 Extensions of the NaSch Model

A simple modification of the NaSch model which reproduce the metastable states
of high flow is the so-called Velocity-Dependent-Randomization (VDR) model [22]
where the randomization parameter depends on the velocity of the car, p = p(v):

Step 0: Determination of the randomization parameter.
The randomization parameter for the n-th car is given by p = p(vn(t)).

This step is carried out before the acceleration Step 1. Metastable states occur
for slow-to-start rules [22] where

p(v) =
{
p0 for v = 0,
p for v > 0, (1)

with p0 > p, i.e. cars which have been standing in the previous timestep brake
with higher probability p0 than moving cars. This leads to fundamental diagrams
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Fig. 3. Typical space-time diagrams of the NaSch model (left) and the VDR model
for p � p0 (right). One can clearly see the spontaneous jam formation in the NaSch
model and different structure of the jams in both models.

which consist of the two branches F and J in Fig. 2, including the states with
J > Jout. However, no synchronized traffic is found in this simple modification.

The macroscopic structure of the congested states is very different from that
of the NaSch model [22]. It exhibits phase separation into a free flow region and
a large jam which is almost compact for p � 1 (see Fig. 3). In contrast, in the
NaSch model stop-and-go waves are found (Fig. 3). The structure of the free
flow branch is very similar to that of the NaSch model. However, for J > Jout

the homogeneous free flow states are not stable, but can decay to a congested
state through fluctuations or small perturbations.

The dynamics of the NaSch and VDR model is mainly based on the avoid-
ance of accidents. This does not reproduce the synchronized phase and also the
agreement with empirical data on a microscopic level is not very satisfactory [23].
Therefore it has been suggested that the desire of the drivers for smooth and
comfortable driving is responsible for the occurrence of synchronized traffic [24].
This is realized through “anticipation” of the behaviour of preceding cars which
reduces the risk of braking abruptly and allows for smoother driving. Thus the
three observed traffic phases correspond to different driving strategies. In free
flow, drivers drive as fast as possible and interactions are rare. In the jammed
phase, the avoidence of accidents determines the behaviour and in synchronized
traffic it is the desire to drive in a smooth and comfortable way.

These aspects are incorporated in the brake light model [25] which is able
to reproduce all three phases and shows good agreement with detailed empiri-
cal single-vehicle data [23]. Anticipation is realized through brake lights which
indicate (within an interaction horizon) velocity changes of the preceding car.

Similar ideas are used in the KKW model [26]. Drivers change their behaviour
within a synchronization distance to the preceding vehicle where they try to move
at the same velocity as the preceding car instead of maximizing their speed.
Another approach [27] emphasizes the conflict between human overreaction and
limited acceleration and deceleration capabilities as possible origin of congested
traffic states. However, this model is no longer intrinsically accident free.
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Fig. 4. Definition of the ant trail model (left): The symbols correspond to ants (�) and
pheromone marks (•). Fundamental diagrams from empirical observations (right).

4 Ant Trails

Ants form transport networks that have many similarities with human highway
systems [28]. Essential for the formation and maintainance of these trails is a
special form of chemical communication called chemotaxis. Ants mark their path
by a chemical called pheromone that can be ”smelled” by other ants which follow
the trace to find food sources etc.

Chemotaxis can be incorporated into an ASEP-based model [29,30,31,32].
Now particles, corresponding to ants, move with two different hopping probabil-
ities Q and q depending whether or not a pheromone is present at the target cell
(Fig. 4). To model the trail following, Q in the presence of pheromone should
be larger than q in the absence of pheromones. In order to model evaporation of
the trace free pheromones (at sites without ant) are removed with probability f .

Surprisingly for small evaporation rates f the fundamental diagram is quali-
tatively different from that of highway traffic. The average velocity is no longer
a monotonically decreasing function of the density. Instead in the presence of
chemotaxis [29,30,31,32] it can exhibit a maximum at a finite value of the density.
This is related to the formation of platoons of ants.

Empirical observations show the absence of a jammed regime in natural trails
of the species Leptogenys processionalis [33]. The average velocity is almost inde-
pendent of the density and flow always increases with increasing density (Fig. 4).
Also no overtaking was observed. Qualitative observations confirm the platoon
formation predicted by the ASEP-based ant trail model [33].

5 Pedestrian Dynamics

Due to its generically 2d nature pedestrian motion is more difficult to describe
in terms of simple models, but it exhibits many interesting collective effects and
self-organization phenomena [34,17]: At large densities various kinds of jamming
phenomena occur, e.g. when many people try to leave a large room at the same
time. In counterflow, when two groups of people move in opposite directions, lane
formation can occur. Pedestrians self-organize such that (dynamically varying)
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lanes of unidirectional flow are formed. This reduces interactions with oncoming
pedestrians and allows higher walking speeds. At bottlenecks, e.g. doors, coun-
terflow can lead to oscillations of the flow direction. At intersections various
collective patterns of motion like short-lived roundabouts can be formed which
make the motion more efficient.

Several models for the description of pedestrian dynamics have been suggested
[34,17]. The social force model [35,17] treats pedestrians as particles subject to
long-ranged forces induced by the social behaviour of the individuals. This leads
to (coupled) equations of motion similar to Newtonian mechanics.

In [36,37,38] a CA model has been introduced which takes its inspiration from
the process of chemotaxis. It is in many respects a two-dimensional variant of
the ant trail model of Sec. 4. Moving pedestrians create a “trace” which is, in
contrast to chemotaxis, only virtual. Its main purpose is to transform effects
of long-ranged interactions (e.g. following people walking some distance ahead)
into a local interaction (with the “trace”). This allows for efficient simulations
on a computer, especially in complex geometries.

This basic idea is realized through so-called floor fields. In one time step each
pedestrian can move to one of the nine neighbouring cells in direction (i, j) of a
2d lattice. The transition probabilities now depend on the strength of the floor
field in the target cell. A motion in the direction of large fields is preferred.

In fact two different floor fields are used. The static floor field S is constant
and takes into account the geometry of the system (building). In order to model
people leaving a room one uses a static floor which increases with decreasing
distance to the exit. The second field, called dynamic floor field D, is just the
virtual trace left by the pedestrians. In contrast to the ant trail model, where
only the presence or absence was distinguished, the dynamic floor field can have
different strengths. This allows to incorporate diffusion to neighbouring cells
which corresponds to the broadening and dilution of the trace.

Finally the transition probabilities depend on the preferred walking direction
and speed of each individual. This is encoded in the matrix of preferences M .
Its entries are related to the preferred velocity vector and its longitudinal and
transversal standard deviations [36].

The transition probability pij in direction (i, j) is then determined by

pij = NMijDijSij(1 − nij). (2)

N is a normalization factor to ensure
∑

(i,j) pij = 1 where the sum is over the
nine possible target cells. The factor 1−nij, where nij is the occupation number
of cell (i, j), takes into account that transitions to occupied cells are forbidden.

The details of the update rules can be found in [36,37,38]. There it is also
shown that the floor-field model - despite its simplicity - allows to reproduce the
empirically observed phenomena.

6 Molecular Motors

Intracellular transport is carried by molecular motors which are proteins that can
directly convert chemical into mechanical energy required for their movement
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along filaments constituting what is known as the cytoskeleton [39]. The cy-
toskeleton has many similarities with human-built road networks. Microtubules
which are the tracks for long-range transport can be considered the analogues of
highways. But in contrast to the latter, motors can enter and leave the micro-
tubule at any location, not just at the ends or at on- or off-ramps. This so-called
Langmuir kinetics can be incorporated into the ASEP by allowing particle cre-
ation and annihilation at any site of the lattice [40,41] not only the first an
last one. This leads to the existence of novel phases, e.g. the coexistence of low
and high density regimes, separated from each other by domain walls. Empirical
evidence for such a phase has been found in [42].

For a more detailed discussion of intracellular transport we refer to [43].

7 Discussion

The ASEP is the most basic CA model for the description of transport and traffic
problems. It captures only two vary basic features, namely the directionality of
motion and the exclusion principle. This is already sufficient to reproduce many
aspects at least qualitatively.

ASEP-based approaches are flexible enough to allow for simple and intuitive
extensions that are able to provide a quantitive description in many situations.
This has lead to interesting applications, e.g. traffic forecasting [44].
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Abstract. The Game of Life (GL), Larger Than Life (LtL), and the
Kaleidoscope of Life (KL) are cellular automaton (CA) models with a
rich palette of configurations, some of which facilitate universal compu-
tation. Common to all these models is that the transition rules by which
they are governed are outer-totalistic. The KL distinguishes itself by the
striking simplicity of its transition rule, which does not even take into
account a cell’s state itself for its update. This paper investigates an infi-
nite class of CA, all of which are similar to KL except for their differently
sized neighborhoods. Characterized by a discrete parameter d, a neigh-
borhood in such a CA consists of the cells at Moore distances 1, 2,..., or
d of a cell. We show that signal-carrying configurations (“gliders”) occur
in infinitely many of these CA models. We also show that the probability
of convergence of a random configuration toward a dead cellular space in-
creases with the increase in parameter d. These seemingly contradictory
results suggest that the presence of gliders are not necessarily a reliable
benchmark for the sustainability of Life in cellular space.

1 Introduction

Life in CA refers to a class of outer-totalistic models able to sustain compu-
tational universality through autonomously behaving configurations in cellular
space. Some of these configurations—usually called gliders—propagate in cellu-
lar space as part of a cyclical metamorphosis process and interact with other
gliders or with other more or less stable configurations in well-defined and well-
understood ways. The Game of Life (GL) [1,2] is at the root of a class of Life-like
models, which has extended into the Larger Than Life (LtL) class of CA [3,4]
and recently has also given birth to the Kaleidoscope of Life (KL) [5,3]. The KL
is based on a transition rule that uses a very simple decision criterion on whether
a cell will be alive in the next generation or not: if the number of living cells at
Moore-distance 1 or 2 from a cell equals the number 4, the cell will be alive in
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the next generation. Remarkably, the state of the cell itself is irrelevant in this
criterion. The independence of a cell’s state from its previous state is shown in
[5] to be closely connected to the properties of classical spin systems.

LtL covers a large class of models, part of which has been characterized in
[4] by configurations called bugs. The KL, on the other hand, sports configu-
rations more closely resembling those in the GL. While the dynamics of KL
and GL are similar, the KL appears to be more “long-lived”: it takes longer
to reach convergence to stable or periodic configurations, probably due to the
larger neighborhood used in comparison with the GL. This invites the question
of whether models can be constructed that have similar characteristics to the
KL and differ only in the size of their cells’ neighborhoods.

This paper explores an infinite class of such models, and shows that each
member of this class contains gliders. Yet, in most of these models, Life is hard
to sustain, since random initial configurations will rapidly converge to a dead
cell space, as will be shown. This puts KL at the boundary of a class of CA,
which are increasingly unlikely to contain configurations capable of computation
as the size of the cell neighborhood increases.

This research may result in novel CA models that are characterized by an
extremely simple transition rule, to the extent that physical implementations
in terms of magnetic spin systems are within the realm of possibilities. Such
implementations may be at the basis of nanocomputer architectures, which have
attracted increasingly attention in recent years due to their promise to extend
the life time of Moore’s law for another couple of decades beyond the decade or
so it is still expected to last.

This paper is organized as follows. In Section 2 we define the basic model,
followed by some prominent cell configurations in the KL in Section 3. Section 4
describes variations of the KL that have larger neighborhood diameters, and
shows the presence of gliders in such models. Simulation results on the conver-
gence of some of these models as well as a probabilistic analysis of the models
are shown in Section 5. The paper finishes with conclusions and a discussion.

2 An Infinite Class of Life-Like Cellular Automata

The model consists of a 2-dimensional square array of cells, each of which can
be in either of the states, 0 (dead) and 1 (alive). We assume that each cell
in the cell space is identified by a unique integer, and that σi(t) is the state
of cell i at time t and N(i) is the neighborhood of cell i. This neighborhood
consists of the cells at orthogonal or diagonal distances 1, 2, ..., d from cell i
(Moore neighborhood), giving a total of 4d2 + 4d neighbors, with d denoting the
radius of the neighborhood. Fig. 1 shows such a neighborhood for d = 2, which
corresponds to the basic KL model in [5]. The transition rule of the model is
defined in terms of the states of the cells in the neighborhood of cell i:

σi(t + 1) =

⎧
⎨

⎩

1 if
∑

j∈N(i)

σj(t) = k

0 otherwise
(1)
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Fig. 1. Neighborhood of a cell (center) in the Kaleidoscope of Life (gray cells). The
radius of the neighborhood is d = 2.

In other words, a cell becomes or stays alive if the number of living cells in its
neighborhood is k; otherwise the cell dies or remains dead. It is assumed that k =
2d. All cells in the cell space undergo transitions simultaneously. Transition rules
in which a cell’s next state depends on the sum of the states in its neighborhood.
are called outer-totalistic. If a cell’s next state does not depend on the state of
the cell itself, the rule is called inner-independent. The rule proposed in this
paper is thus inner-independent outer-totalistic. A member of the infinite class
of these CA is denoted by KL(d). The traditional Kaleidoscope of Life in [5] is
KL(2).

3 Useful Configurations in the Kaleidoscope of Life

The basic model of KL(2) supports a wide variety of configurations, of which
only a few are used for computation. Signals are encoded in this model by con-
figurations (called gliders) that dynamically propagate along cellular space. Two
types of gliders used in computation in KL(2) are shown in Figs. 2 and 3, the
first being only of peripheral use and the second type being the main mechanism
to encode signals.

t = 0 t = 1 t = 2

Fig. 2. A glider with period of 2 in KL(2). This glider appears in some configurations
as an intermediate form, but it is not actively used for computation.

The Hanabi (meaning ‘fireworks’ in Japanese) is a periodical configuration
that finds wide use in KL(2) to turn gliders to the left, to convert between the
two types of gliders and to eliminate superfluous gliders (Fig. 4). It assumes a
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t = 0 t = 2 t = 5

t = 8 t = 11 t = 12

Fig. 3. A glider in KL(2) with a period of 12. This glider is used to encode signals on
the cellular space.

Fig. 4. The Hanabi pattern is used for a wide variety of tasks in KL(2), such as turning
gliders to the left or right, conversion between glider types, and the elimination of
gliders. It has a period of 8.

period of eight generations, and this period as well as the phase of the period is
left undisturbed in most cases when the Hanabi interacts with a glider.

A good impression can be obtained from the nature of a Life-like CA by
starting it with a random configuration, and let it run for a few hundred genera-
tions. This will usually result in some of the standard configurations to emerge,
such as gliders and the Hanabi in the case of KL(2). Snapshots of the first 100
generations of KL(2) initialized randomly are shown in Fig. 5.

4 Gliders in the Infinite Class of Cellular Automata

The abundance of patterns in the KL(2) model invites the question whether
the models in KL(d) for different d can sustain similar patterns. This section
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(a) t = 0 (b) t = 50 (c) t = 100

Fig. 5. Evolution from a random initial configuration in KL(2) at times (a) t = 0, (b)
t = 50, and (c) t = 100. The probability of a cell being alive in the initial configuration
is 0.2.

gives a preliminary (positive) answer by showing that gliders are a very common
phenomenon in KL(d). In fact, we prove that infinitely many models in KL(d)
contain gliders. We focus on the model KL(d) with the values d = 4r for r =
2, 3, 4, .... It turns out that all these models contain gliders. Examples of gliders
in the KL(8) and KL(16) models are given in Figs. 6 and 7. These gliders have
period 2 and they have very similar shapes, at time t = 0 as well as at time
t = 1.

It turns out that this shape can be generalized for the case d = 4r with
r = 2, 3, 4, ... (Fig. 8). The basic principle is that the glider at t = 0 generates
two vertical bars and six isolated living cells at t = 1. The bar at the front of
the signal (right side of the signal) is just sufficient in size to generate a new
head of the glider at the right of it at t = 2, but a similar structure will not be
created at the left of the front bar because of the six isolated cells. Instead a
tail is generated at t = 2 that slightly bifurcates toward the isolated cells. The
vertical bar at the tail at t = 1 (left side of the signal) is sufficiently short to
have no influence on successive generations, as it dies out. The result is a glider
at t = 2 that has advanced by d cells in comparison with the glider at t = 0.

5 Probabilistic Analysis

Since the presence of gliders in all models of the form KL(4r) suggests the
occurence of Life, it makes sense to investigate the characteristics of these models
in more detail. If we take a look at a simulation for the case KL(1), we see that an
initial random configuration results in configurations that appear just as random
as the initial one, and that appear to have an increase in the density of living
cells (Fig. 9). Indeed, this model fails to show convergence to a set of standard
patterns, as simulations have shown.

The situation is quite different for the KL(3) model. After less than 100 gen-
erations the cellular space is virtually dead in most cases (Fig. 10).

Simulations to measure the density of living cells in the cellular space show a
very different behavior of KL(d) in the cases d = 1, d = 2, and d = 3 (Fig. 11).
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(a)

(b)

(c)

Fig. 6. Glider in KL(8) with pe-
riod 2. (a) t = 0, (b) t = 1, and (c)
t = 2.

(a)

(b)

Fig. 7. Glider in KL(16) with period 2. (a)
t = 0 and (b) t = 1.

d/2-1

d+1

d/2

2
d

2
d
-6 d+1

dd/2

(a) t = 0 (b) t = 1

Fig. 8. Glider in KL(d) with period 2 at (a) t = 0 and (b) t = 1. The gray cells denote
the configuration at the indicated time t and the cells containing circles denote the
configuration as it would appear at t + 1.

KL(1) appears to have a density of living cells that stays at a high level over
time, confirming the behavior observed in Fig. 9. KL(2) appears to have a gradual
decrease in density to an asymptotic positive value, which indicates a gradual
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(a) t = 0 (b) t = 50 (c) t = 100

Fig. 9. Evolution from a random initial configuration in KL(1) at times (a) t = 0, (b)
t = 50, and (c) t = 100. The probability of a cell being alive in the initial configuration
is 0.2.

(a) t = 0 (b) t = 20 (c) t = 40

Fig. 10. Evolution from a random initial configuration in KL(3) at times (a) t = 0, (b)
t = 20, and (c) t = 40. The probability of a cell being alive in the initial configuration
is 0.2.

convergence to a certain set of patterns. KL(3) sees the density of living cells
decrease rapidly to 0, which indicates infertile grounds to sustain Life.

How will the behavior of KL(d) be for higher values of d? To obtain a rough
estimate of this, we adopt the mean-field approach in [6] and calculate the proba-
bility that a cell is alive at time t = x+1 given a certain probability of living cells
at time t = x, which will be denoted by p(x). We emphasize that this estimate
has its limitations, since it assumes a random initial state of the cellular space
as well as negligible correlations between neighboring cells. Especially the latter
assumption fails to hold for CA in general, but the mean-field approximation
still gives a useful first impression when comparing the CA models KL(d) for
different values of d. The probability p(x) can be expressed as:

p(x+ 1) = f(p(x)),

with

f(p) =
(
n
m

)
pm(1 − p)n−m,
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Fig. 11. Density of living cells in KL(d) for d = 1, d = 2, and d = 3 over time. In the
KL(1) model the density of living cells remains at a quite high level, which suggests either
Life-like behavior or a lack of convergence. For the KL(2) model the density converges to
a positive value, confirming the Life-like behavior of the model. In the KL(3) model the
density converges rapidly to zero, suggesting that few configurations survive over time.
As reference, the density curve of the Game of Life (GL) is also given.
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Fig. 12. Mean-field approximations of (a) KL(1), (b) KL(2), and (c) KL(3). The hori-
zontal axis denotes p(x) and the vertical axis p(x + 1). The area indicated by the text
Life corresponds to the probability interval between which living cells are unlikely to die.

and n = 4d2 + 4d and m = 2d. Fig. 12 gives the graphs of p(x + 1) (vertical)
against p(x) (horizontal) for the values d = 1, d = 2, and d = 3. The probability
interval in which cells are unlikely to die—indicated by the phrase “Life”—is
quite large for d = 1, smaller for d = 2, and much smaller for d = 3. This
indicates that cells have a smaller probability of being alive for the higher values
of d than for the smaller values. To show that this trend holds in general, we
investigate function f in more detail. Its derivative is:

f ′(p) =
(
n
m

)
pm−1(1 − p)n−m−1(m− np)
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This function has an (m− 1)-fold root in p = 0, an (n−m− 1)-fold root in p = 1,
and a single root in p = m/n = 1/(2d+ 2). This implies that the local maximum
of the function lies always between 0 and 1, and that this maximum moves to the
left as d increases, and will eventually converge to 0 as d goes to infinity.

What is the length of the interval in which cells are likely to be alive? It is hard
to derive an analytical solution of this length, so we give an approximation. The
two points between 0 and 1 at which f ′′(p) = 0 serve as a reasonable estimate
for the start- and end-points of this interval, so to give an approximation of the
interval’s length we calculate the difference of their x-coordinates. It is easy to
derive that

f ′′(p) =
(
n
m

)
pm−2(1− p)n−m−2

(
(n2 − n)p2 − 2m(n− 1)p+m2 −m

)

so the roots of this function are, apart from the ones at p = 0 and p = 1:

p12 =
m(n− 1)±

√
m(n− 1)(n−m)

n(n− 1)

It is easily verified that these roots lie between 0 and 1. The difference of these
two roots, expressed in terms of d, is:

p2 − p1 =

√
2d+ 1

(d+ 1)2(4d2 + 4d− 1)

Obviously, this value decreases monotonously with increasing d, converging to 0
as d goes to infinity. Though the mean-field approximation differs from the actual
behavior of a CA, we can still draw meaningful conclusions from its asymptotic
behavior. The convergence to 0 of the probability interval that sustains life,
makes it extremely unlikely that the cellular space as a whole will be a fertile
ground for patterns to emerge from initial random configurations. This is of
course a probabilistic analysis. In reality, there can be patterns that survive, even
in the models with higher values of d. Indeed, the previous section shows that
gliders are among such patterns. These gliders grow in size, however, as a linear
function of d, making their emergence from random configurations increasingly
unlikely for high values of d.

6 Conclusions and Discussion

This paper presents an infinite class of inner-dependent outer-totalistic CA that
all have gliders among their possible configurations. The discrete-valued param-
eter d = 4r for r = 2, 3, 4..., which corresponds to the cell neighborhood’s radius,
serves as an index for the members KL(d) of this class. Gliders in KL(d) have
a length of O(d), which makes their occurrence extremely unlikely in randomly
initialized configurations or configurations emerging from them. The proven pres-
ence of gliders in KL(d), however, shows that this probability will never be 0.
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In the light of the convergence of the probability of living cells in KL(d) to
0 as d approaches infinity, we conclude that interesting phenomena may occur
in a cellular space that is at first sight—when doing trial-and-error computer
simulations—virtually dead. A next logical step in this research would be to
identify other living configurations in the infinite class of CA, and to find ways
to make these configurations interact in possibly useful ways (such as to support
computation).

Our results seem to confirm an observation on the web site [7] that the pres-
ence of gliders in CA is more common than expected, and that it appears to
be hardly correlated with the classification of CA dynamics in the four classes
proposed by Wolfram in [8]. In other words, Life may be more common than
expected, yet it may be in unexpected places and spaces!
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Abstract. A cellular automata-based linear model that computes all
the solutions of linear binary difference equations has been developed.
Such a model is based on successive concatenations of a basic linear
automaton. Different sequential solutions are obtained from different au-
tomaton initial states. Many of these solutions are binary sequences of
cryptographic utility. In this way, a linear structure based on cellular au-
tomata realizes not only difference equation solutions but also generates
sequences currently used in cryptography. The model is simple, linear
and can be applied in a range of practical cryptographic applications.

Keywords: cellular automata, natural computing, difference equation,
cryptography.

1 Introduction

Cellular Automata (CA) are particular forms of finite state machines that can
be investigated by usual analytic techniques ([3], [11], [14]). CA are defined as
uniform arrays of identical cells in an n-dimensional space. They are character-
ized by different parameters [14] (cellular geometry, neighborhood specifications,
number of states per cell, transition rules, etc). In this work, our interest is con-
centrated on one-dimensional binary CA with three site neighborhood and linear
transition rules. In addition, CA here considered will be hybrid (different cells
evolve under different transition rules) and null (cells with null content are ad-
jacent to the automaton extreme cells).

On the other hand, stream ciphers are the fastest among the encryption pro-
cedures so they are implemented in many practical applications e.g. the algo-
rithms A5 in GSM communications [9] or the encryption system E0 in Bluetooth
specifications [2]. From a short secret key (known only by the two interested
parties) and a public algorithm (the sequence generator), stream cipher proce-
dure consists in generating a long sequence of seemingly random bits, that is a
� This work has been developed in the frame of the project HESPERIA (http://www.
proyecto-hesperia.org) under programme CENIT and supported by Centro para
el Desarrollo Tecnológico Industrial (CDTI) as well as by the companies: Soluziona,
Unión Fenosa, Tecnobit, Visual-Tools, BrainStorm, SAC and TechnoSafe.
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pseudo-random sequence. In cryptographic terms, such a sequence is called the
keystream sequence.

In the literature, there are different families of pseudo-random sequences cur-
rently based on Linear Feedback Shift Registers (LFSRs) [8]. The output se-
quences of such linear registers are combined by means of nonlinear functions
in order to produce keystream sequences of cryptographic application. They can
be generated in different ways:

1. By a LFSR controlled by another LFSR (which may be the same one)
e.g. multiplexed sequences [10], clock-controlled sequences [1], cascaded se-
quences [7], shrinking generator sequences [4] etc.

2. By one or more than one LFSR and a feed-forward nonlinear function e.g.
Gold-sequence family, Kasami (small and large set) sequence families, GMW
sequences, Klapper sequences, No sequences etc. See [8] and the references
cited therein.

In the present work, it is showed that one-dimensional linear CA based on
rules 90/150 generate all the solutions of linear difference equations with binary
constant coefficients. Some of these solutions correspond to the sequences pro-
duced by the previous keystream generators. In this way, we have simple CA
that not only generate all the solutions of a kind of difference equations but also
they are linear models of nonlinear cryptographic sequence generators. Due to
the linearity of the CA transition rules, modelling these CA-based structures is
simple and efficient.

2 Fundamentals and Basic Notation

In this section, the two basic structures considered within this paper (linear dif-
ference equations and one-dimensional linear hybrid CA) are briefly introduced.

2.1 Linear Difference Equations with Binary Coefficients

Troughout this work, the following kind of linear difference equations with binary
coefficients will be considered:

(Er ⊕
r∑

j=1

cj E
r−j) an = 0, n ≥ 0 (1)

where an ∈ GF (2) is the n-th term of a binary sequence {an} that satisfies the
previous equation. E is the shifting operator that operates on the terms an of
a solution sequence (i.e. Ejan = an+j). The coefficients cj are constant binary
coefficients cj ∈ GF (2), r is an integer and the symbol ⊕ represents the XOR
logic operation. The r-degree characteristic polynomial of the equation (1) is:

P (x) = xr +
r∑

j=1

cj x
r−j (2)
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and specifies the linear recurrence relationship of the sequence {an}. This means
that its n-th term, an, can be written as a linear combination of the previous
terms:

an ⊕
r∑

j=1

cj an−j = 0, n ≥ r. (3)

If P (x) is a primitive polynomial [12] and α one of its roots, then

α, α2, α22
, . . . , α2(r−1) ∈ GF (2r) (4)

are the r different roots of such a polynomial, see [13]. In this case, it can be
proved [12] that the solutions of the equation (1) are sequences of the form:

an =
r−1∑

j=0

A2j

α2jn, n ≥ 0 (5)

where A is an arbitrary element in GF (2r). That is to say, {an} is a Pseudo-
Noise sequence (PN -sequence) [8] of characteristic polynomial P (x) and period
2r − 1 whose starting point is determined by the value of A. If A = 0, then the
solution of the equation (1) is the identically null sequence.

2.2 One-Dimensional Linear Hybrid CA

Now, our attention is focussed on one-dimensional binary linear hybrid CA with
three site neighborhood. In fact, there are eight of such transition rules among
which only two (rule 90 and rule 150) lead to non trivial structures. Both rules
are defined as follows [11]:

Rule 90 Rule 150
bkn+1 = bk−1

n ⊕ bk+1
n bkn+1 = bk−1

n ⊕ bkn ⊕ bk+1
n

Indeed, at time n + 1 the content of the k-th cell, bkn+1 ∈ GF (2), depends on
the content at time n of either two different cells (rule 90) or three different cells
(rule 150), with k = 1, ..., L, where L is the length of the automaton. Moreover,
the state of the automaton at time n is the binary content of the L cells at such
an instant. A natural form of representation for this kind of automata is given
by an L-tuple ΔL = (d1, d2, ..., dL) where dk = 0 if the k-th cell verifies rule 90
while dk = 1 if the k-th cell verifies rule 150. In addition, Δk = (d1, d2, ..., dk)
for k = 1, ..., L denotes the corresponding sub-automaton of length k.

Given a primitive polynomial Q(x), the Cattell and Muzio synthesis algorithm
[3] provides us with a pair of reversal linear 90/150 CA whose characteristic
polynomial is Q(x). Therefore, a one-dimensional binary linear 90/150 cellular
automaton of primitive characteristic polynomial P (x) given by (2) will generate
the PN-sequence defined by equation (5), see [6]. As an example, Table 1 depicts
in bold the PN-sequence obtained either:

1. As a solution of the equation (1) with characteristic polynomial P (x) =
x3 + x2 + 1, r = 3 and A = 1 (A ∈ GF (23))

an = 1 αn ⊕ 1 α2n ⊕ 1 α4n, n ≥ 0 (6)
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Table 1. The same PN-sequence obtained either as a difference equation solution or
as a sequence generated by two reversal linear CA

Differen. eq. sol. CA: 150 90 90 90 90 150

1 1 0 1 1 1 0
1 1 0 0 1 1 1
1 1 1 0 1 0 0
0 0 1 1 0 1 0
1 1 1 1 1 0 1
0 0 0 1 0 0 1
0 0 1 0 0 1 1

2. As the sequence generated by the pair of reverse CA, e.g. (150 90 90) and (90
90 150), starting at the initial states (1,0,1) and (1,1,0), respectively. At the
remaining CA cells, shifted versions of the same PN-sequence are generated.

3 Generalization to More Complex Difference Equations

Let us generalize the difference equations of the subsection 2.1 to a more complex
kind of linear difference equations whose roots have a multiplicity greater than
1. In fact, we are going to consider equations of the form:

(Er +
r∑

j=1

cj E
r−j)p an = 0. n ≥ 0 (7)

p being an integer > 1. The characteristic polynomial PM (x) of this kind of
equations is:

PM (x) = P (x)p = (xr +
r∑

j=1

cj x
r−j)p (8)

In this case, the roots of PM (x) are the same as those of the polynomial P (x),
that is (α, α2, α22

, . . . , α2(r−1)
), but with multiplicity p. Now the solutions of (7)

are:

an =
p−1∑

i=0

(
(
n

i

) r−1∑

j=0

A2j

i α2jn) (9)

where Ai ∈ GF (2r) and the
(

n
i

)
are binomial coefficients modulo 2. According to

(5), the term
r−1∑

j=0

A2j

i α2jn represents the n-th element of the same PN-sequence

as before whose starting point is determined by Ai. Thus, {an} is just the bitwise
sum of p times the same PN-sequence starting at different points and weighted
by different binomial coefficients. In fact, each binomial coefficient defines a
succession of binary values with a constant period pi. Table 2 shows the sequences
and values of pi for the first coefficients

(
n
i

)
.
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Table 2. Binomial coefficients, binary values and periods pi

Binomial coeff. Binary values pi

(
n
0

)
1,1,1,1,1,1,1,1,1,1, . . . p0 = 1(

n
1

)
0,1,0,1,0,1,0,1,0,1, . . . p1 = 2(

n
2

)
0,0,1,1,0,0,1,1,0,0, . . . p2 = 4(

n
3

)
0,0,0,1,0,0,0,1,0,0, . . . p3 = 4(

n
4

)
0,0,0,0,1,1,1,1,0,0, . . . p4 = 8(

n
5

)
0,0,0,0,0,1,0,1,0,0, . . . p5 = 8(

n
6

)
0,0,0,0,0,0,1,1,0,0, . . . p6 = 8(

n
7

)
0,0,0,0,0,0,0,1,0,0, . . . p7 = 8

Remark that the choice of Ai determines the characteristics of the sequences
{an} that are solutions of the equation (7). Indeed, the period T of {an} depends
on the periods Ti = pi · (2r − 1) of the p sequences that are summed in (9). The
linear complexity LC of {an} is related with the number of roots with their
corresponding multiplicities weighted by Ai that appear in (9). The number N
of different sequences {an} is related with the number of different p-tuples of
values of Ai.

This kind of difference equations given by (7) is crucial because many binary
sequences of cryptographic application (those ones referred in the introduction)
have characteristic polynomials given by the equation (8). Consequently, many
cryptographic sequences are solutions of linear difference equations. In this way,
it would be very convenient to have a simple CA-based linear model able to
compute all the solutions of these difference equations, among them we could
find a great variety of cryptographic sequences. Next section tackles this problem.

4 Realization of the Linear Difference Equation Solutions
by Means of CA

Since the characteristic polynomial of the considered equations is PM (x) =
P (x)p, it seems quite natural to construct the solutions of such equations by
concatenating p times the basic automaton of characteristic polynomial P (x).
The following result is a concrete formalization of this idea.

Theorem 1. Let C be a linear 90/150 cellular automaton of length L, binary
codification (d1, d2, . . . , dL−1, dL) and characteristic polynomial P (x). Let C̃ be
the reversal version of C, with binary codification (dL, dL−1, . . . , d2, d1), and
the same length and polynomial as those of C. Then, the 2L-tuple defined by
(d1, d2, . . . , dL, dL, . . . , d2, d1) represents the linear 90/150 cellular automaton of
length 2L and characteristic polynomial P (x)2.



Cellular Automata-Based Structures to Compute the Solutions 47

The proof of this theorem is based on the recurrence relationship for the char-
acteristic polynomials of the successive sub-automata of a given automaton [3].

The result can be iterated a number of times for successive polynomials and
rule vectors:

P (x) ←→ ΔL = (d1, d2, ..., dL)
P (x)2 ←→ Δ2L = (d1, d2, ..., dL, dL, ..., d2, d1)
P (x)2

2 ←→ Δ22L = (d1, d2, ..., dL, dL, ..., d2, d1, d1, d2, ..., dL, dL, ..., d2, d1)
... ←→

...
...

Notice that the basic automaton is concatenated with its reversal version after
the complementation of the last rule. Successive applications of this result pro-
vide us with CA whose characteristic polynomials are: P (x)2, P (x)2

2
, P (x)2

3
,

. . . , P (x)2
q

of lengths 2L, 22L, 23L, . . . , 2qL, respectively. Remark that for every
P (x) there are two reverse basic automata that may be used in the concatena-
tion procedure. Consequently, for 2q−1 < p ≤ 2q the two automata built as in
Theorem 1 will produce for different CA initial states all the sequences {an}
with characteristic polynomial P (x)p that satisfy the difference equation.

4.1 Illustrative Example

Let us see a simple example illustrating the previous sections. Consider a pair of
reverse CA Δ5 = (1, 0, 0, 0, 0) and Δ∗

5 = (0, 0, 0, 0, 1) of length L = 5 associated
to the characteristic polynomial P (x) = x5 + x4 + x2 + x+ 1. If PM (x) = P (x)p

with p = 4, then one of the CA obtained by concatenation will be: Δ20 =
(1, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1). Now different choices of Ai (not
all null) will allow us to generate all the solutions of the difference equation (7)
with the previous parameters.

1. If A0 
= 0 and Ai = 0 ∀ i > 0, then the cellular automaton will produce
N0 = 1 sequences, that is a unique PN-sequence of period T0 = 31, linear
complexity LC0 = 5 and characteristic polynomial P (x). In addition, the
automaton cycles through doubly symmetric states of the form:

(a0, a1, a2, a3, a4, a4, a3, a2, a1, a0, a0, a1, a2, a3, a4, a4, a3, a2, a1, a0)

with ai ∈ GF (2). The 31 doubly symmetric states are concentrated into the
same cycle.

2. If A0 ∈ GF (25), A1 
= 0 and Ai = 0 ∀ i > 1, then the cellular automaton will
produce N1 = 16 different sequences of period T1 = 62, linear complexity
LC1 = 10 and characteristic polynomial P (x)2. Moreover, the automaton
cycles through symmetric states of the form:

(a0, a1, a2, a3, a4, a5, a6, a7, a8, a9, a9, a8, a7, a6, a5, a4, a3, a2, a1, a0)

with ai ∈ GF (2). In fact, there are 210 − 32 = 992 symmetric states dis-
tributed in 16 cycles of 62 states each of them.
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3. If A0, A1 ∈ GF (25), A2 
= 0 and Ai = 0 ∀ i > 2, then the cellular automa-
ton will produce N2 = 256 different sequences of period T2 = 124, linear
complexity LC2 = 15 and characteristic polynomial P (x)3. Moreover, the
automaton cycles through several repetitive states of the form:

(a0, a1, a2, a3, a4, a5, a6, a7, a8, a9, a0, a1, a2, a3, a4, a5, a6, a7, a8, a9)

with ai ∈ GF (2).
4. If A0, A1, A2 ∈ GF (25), A3 
= 0, then the cellular automaton will produce

N3 = 8192 different sequences of period T3 = 124, linear complexity LC3 =
20 and characteristic polynomial P (x)4. In addition, the automaton cycles
through the states not included in the previous cycles.

In brief, a simple linear structure based on CA allows us by successive concate-
nations to compute in a natural way all the sequences that are the solutions of
linear binary difference equations.

5 Conclusions

All the sequential solutions of linear binary coefficient difference equations can be
realized by means of linear models based on 90/150 cellular automata. Different
sequential solutions come from different automaton initial states. Some of these
solutions have a straight cryptographic application in stream ciphers. In this
way, very popular cryptographic sequence generators conceived and designed
as nonlinear generators can be linearized in terms of cellular automata. The
linearization procedure is simple and can be applied to cryptographic examples
in a range of practical application. The implementation of these 90/150 linear
models is easy and very adequate for FPGA logic. This characteristic makes it
suitable for developments where time execution is relevant as in stream ciphers
and in communication systems with high transmission rates.
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Abstract. Though the regular and fixed structure of cellular automata
greatly contributes to their simplicity, it imposes a strict limitation on the
applications that can be modeled by them. This paper proposes swarm
networks, a model in which cells, unlike in cellular automata, have ir-
regular neighborhoods. Timed asynchronously, a cell in this model acts
like an agent that can dynamically interact with a varying set of other
cells under the control of transition rules. The configurations in which
cells are organized according to their neighborhoods can move around in
space, following simple mechanical laws. We prove computational univer-
sality of this model by simulating a circuit consisting of asynchronously
timed circuit modules. The proposed model may find applications in
nanorobotic systems and artifical biological systems.

1 Introduction

Nanorobots, Artificial Cells, Smart Dust—all these models have in common a
large number of distributed units that interact with each other to conduct cer-
tain tasks. Like in Cellular Automata (CA), the underlying units are relatively
simple—usually being nothing more than Finite State Machines—but unlike in
CA the units are more dynamic in the way they interact. They form swarms
of agents that communicate with each other through dynamic networks of in-
terconnections. How can we characterize the functionality of such swarms? Will
their less-rigid communication structures cause a loss of functionality relative
to CA models with comparable complexity? Or will swarm networks be more
powerful through their more flexible way of interaction?

A useful measure of power—useful at least in the world of computer scientists–
is whether a model is computationally universal. This measure basically sepa-
rates “interesting” models from the “uninteresting” ones, forming the major
motivation in the last century to characterize models in terms of computability.
Universal Turing Machines [1] are well-known in this context, but other models
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have been proposed too [2]. In the context of CA, computational universality is
often proved by embedding logic circuits on cellular space. This requires a CA
to simulate a universal set of primitives, like the AND-gate and the NOT-gate,
as well as to simulate signals being propagated between these primitives. Some
well-known computationally universal CA are found in [3,4,5,6] when the tim-
ing model is synchronous—implying the simultaneous update of all cells at each
step. In an asynchronous model, on the other hand, update of cells is randomly
timed. Universality of asynchronous CA is proven in a similar way as with syn-
chronous CA, i.e., by laying out circuits on cellular space, be it that different sets
of primitives are used to compensate for the lack of clock signals [7,8,9,10,11].

Swarms have been researched in contexts varying from insects [12] to swarm
robotics [13], and from distributed sensor networks [14] to groupware systems
[15]. Stevens [16] has proposed a swarm-based system that is able to replicate
itself. Simulated on a computer, the agents in this model are divided in different
types, each with a different functionality. There are agents that conduct boolean
operations, but also agents that exert forces in certain directions, and so on, and
the agents move in 2-dimensional continuous space according to Newton-like
laws. Each agent has four terminals through which it can be connected to and
exchange integer values with other agents. Through these connections, agents
can be organized in certain configurations, that act like a kind of “organisms”,
which have more complicated functionalities than individual agents.

In this paper we present a swarm network model in which all agents are
identical, like the cells in CA but unlike in Stevens’ model. The functionalities
of the agents are determined by their states as well as by the patterns by which
they are mutually interconnected. Based on these agents, we construct two circuit
elements that form a universal set of primitives in the class of delay-insensitive
circuits [17], i.e. circuits robust to delays in their wires and primitives. This result
implies that any arbitrary delay-insensitive circuit can be constructed from the
agents, proving the computational universality of the model.

This research promises applications in which simplicity of agents is important,
while the cooperative actions of the agents are sufficiently powerful to result in
interesting behavior. Nanorobotics is one particular application that comes to
mind: the tiny robots in such an application face severe restrictions in their
complexity; yet, combined in swarms of nanorobots, they should have a certain
minimal functionality to be of use. Sensor networks may be another application,
in which sensor agents derive added functionality from the mutual cooperation
in their sensing behavior, for example to measure gradients in certain physical
observables.

2 Computational Elements

A fewdecades agoPriese [17]proposed circuit elements fromwhich arbitrarydelay-
insensitive circuits can be constructed. Called the E-element and K-element [17],
these elements—schematically shown in Figs. 1 and 2—are universal, forming a
base for the construction of a sequential automaton. The circuits constructed from
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Fig. 3. Operations of an E-element: (a) when in the ‘up’ state, (b) when in the ‘down’
state, and (c) changing state upon receiving an input signal on wire S. A token (blob)
on a wire denotes a signal.

E-elements and K-elements have in common that they employ only one signal at a
time. Though inefficient, this is sufficient to guarantee universality.

The K-element has two input wires and one output wire and it accepts a
signal coming from either input wire and outputs it to the output wire.

The E-element is an element with two input wires (S and T) and three output
wires (S′, Tu, and Td), as well as two internal states (‘up’ or ‘down’). Input from
wire T will be redirected to either of the output wires Tu or Td, depending on
the internal state of the element: when this state is ‘up’ (resp. ‘down’), a signal
on the input wire T flows to the output wire Tu (resp. Td) as in Fig. 3(a) (resp.
Fig. 3(b)). By accepting a signal from input wire S, an E-element changes its
internal state from ‘up’ to ‘down’ or from ‘down’ to ‘up’, after which it outputs
a signal to output wire S′, as shown in Fig. 3(c).

3 Model of the Agents

Contained in two-dimensional space, agents in the proposed swarm networks
model have a circular shape, the outside of which has six terminals attached
at identical distances from each other (Fig. 4). Agents are connected to each
other via these terminals, which are used to exchange input and output between
agents. The terminal colored black in Fig. 4 indicates that it forms a connection
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with another agent. Each agent is assumed to be a Mealy-type finite automaton,
with an internal state denoted by a symbol in it (Fig. 4). The functionality of an
agent is determined—apart from the agent’s state—by the connection pattern of
the agent to other agents. So, an agent being connected to two agents at opposite
terminals, for example, has a different functionality than an agent connected to
three agents via adjacent terminals.

An agent’s functionality is mostly expressed in terms of logical transitions,
but it may also contain a physical component. For certain patterns at which an
agent is connected to other agents, the agent may experience a force exerted
from a certain terminal, pulling it in a certain direction. The space containing
the agents satisfies simple mechanical laws. Apart from the abovementioned
forces, there are forces between terminals interconnected to each other. Modeled
as springs, the connections between terminals exert a repulsive force between
terminals very near to each other, and an attractive force between terminals
more remote from each other. So, connections are elastic. Communication is
not only limited to terminals connected to each other, but may also take place
between two terminals that are unconnected but very near to each other, to the
extent that the two terminals are at a distance that is less than the distance
between two adjacent terminals within an agent. The states and output of the
agent are determined by a transition function. This function has as its domain
the agent’s internal state, the input values from the I/O terminals, and the
connection pattern of the I/O terminals. The output domain of the transition
function covers the agent’s internal state, the output values to the I/O terminals,
and whether a force is exerted to the agent. Formally, the transition function f
is defined as:

f(q, i, c) → (q′,o,m) (1)

where q and q′ are the internal states before and after the transition, respec-
tively, i = {i0, · · · , i5} is the set of the input values on the I/O terminals,
o = {o0, · · · , o5} is the set of values output to the I/O terminals. The con-
nection pattern is denoted by c = {c0, · · · , c5}. The value of m in the output of
the transition function determines whether a force is exerted upon the agent. We
assume that the transition rules are rotation symmetric, i.e., one transition rule
exists in six varieties, which are rotated analogues of each other. An illustrative
transition rule is depicted in Fig. 5, where the direction of the exerted force is
indicated by the dotted arrow.

4 Building Circuits by Swarm Networks

To establish the computational universality of the model, we show how the K-
and E-elements can be constructed by groups of agents. An agent in the model
has one of two states (q1 or q2) and each of its I/O terminals inputs and outputs a
number from the set {1, 2}. There is also another type of agent, called wall agent,
that is passive. Wall agents are lined up into structures that form boundaries
between which configurations of the normal agents may move around. Repre-
sented as black circles in the figures, wall agents constitute the isolating walls
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Fig. 6. Transition rules for a signal: rule 1 facilitates the movement of a signal, rule
2 provides a constant source of 1-values driving the processes in the signal, and rule
3 provides 1-outputs at the tail of the signal to be sensed by the switching bar in the
E-element.

of the wires in the circuits to be constructed. Signals travel in the circuit along
these wires.

The behavior of agents is governed by transition rules, which are applied to
the agents according to an asynchronous updating mode (random timing). Fig. 6
shows three transition rules that are used in the operation of a signal, the con-
figuration of which is shown in Fig. 7. The symbol x in rule (1) denotes an input
and output value being either 1 or 2. When, for example, the input value at
terminal 3 of an agent is 1, the same value 1 is output at terminals 0, 1, and
5. This rule also facilitates the exertion of a force such that the agent moves to
the north. There is one agent in a signal that is governed by rule (1): it is at
the inner part of the signal, and denoted by the symbol (b) in the configura-
tion constituting the signal (Fig. 7). Transition rule (2) applies to another agent
in the inner part of the signal, which is labeled by the symbol (a) in Fig. 7.
This agent provides a constant stream of 1-values output to other agents in
the signal, such as the above agent labeled by (b). These 1-values being output
are also received by agents that behave according to rule (3), and these agents
respond with a 1-value output to their opposite terminal. This 1-value being
output will in its turn be transmitted to the E-element when the signal passes
through it, as a result of which the E-element’s state will be flipped, as we will
see later.

The turn of a wire resp. crossing of two wires can be implemented in a straight-
forward way, i.e., by appropriate configurations of wall agents, which guide the
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Fig. 7. A configuration of a signal. The big arrow right of the configuration denotes
the direction of the signal.
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Fig. 8. Configurations of circuit element by wall agents
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Fig. 9. Transition rules for operating an E-element

signals in accordance with the wall’s shape (Figs. 8(a) resp. 8(b)). The tempo-
rary absence of wall structures at the time of a signal’s crossing does not affect
the proper passing of the signal through the crossing, since the force exerted on
a signal pulls it across this momentary lapse of the walls. The K-element can be
constructed by wall agents in a similar way as the turn and crossing elements
(Fig. 8(c)): a signal from either input wire will be guided to the output wire by
the wall agents.

For the construction of an E-element six more transition rules are required,
which are shown in Fig. 9. The agents to which rules (4), (5), (6), and (7) apply
all have the same connection patterns, but each of these rules applies to different
patterns of input and output values from other agents. The symbol 0 at terminal
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Fig. 10. A configuration of agents representing an E-element

Fig. 11. Flow of a signal in an E-element in the state ‘up’
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(C)

(F)

Fig. 12. Switching of an E-element from the state ‘up’ to the state ‘down’ as the result
of a signal being input from terminal S

3 in rule (6) denotes the condition that no values from another agent are input
to this terminal.

Fig. 10 shows a realization of an E-element by agents. Signals in this element
flow according to the direction of the arrows. The rotation bar in this configu-
ration, which hinges around a fixed post of wall agents, indicates the state of
the E-element by its position. In Fig. 10 the state is ‘up’. A signal from input
wire T exits from either output wire Tu or Td, depending on the direction of
the rotation bar, without changing the state of the E-element. A signal input to
wire S also passes through the E-element and leaves from either output wire S′

1

or S′
2, before eventually being merged into one output wire S′. In this case, the

state of the E-element changes as the 1-outputs emanating from a signal’s tail
result in the rotation bar being flipped.

Fig. 11 shows a signal passing through an E-element in state ‘up’ in more
detail, with the directions of the forces exerted on the agents inside of the rotation
bar indicated by gray arrows. Though the signal passing through the E-element
touches the rotation bar, and thus exerts yet another force on it, the integrity
of the rotation bar (and thus its shape) is maintained as a result of the pulling
forces inside the bar. Switching of the E-element takes only place if the signal’s
tail touches the tip of the rotation bar, but in this case this will not happen,
since there is a wall in between to prevent this.

When a signal enters the E-element from input terminal S, like in Fig. 12,
its tail will touch the tip of the rotation bar on the signal’s exit. This results
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in the transmission of a 1-value from the signal to agent (C) in the bar’s tip in
Fig. 12. The chain of reactions caused by this between agents in the rotation bar
will then effectuate state changes in some of these agents. Accompanying the
state changes is an increase in the number of agents on which downward forces
are exerted. To be exact, three agents will experience a downward force, and
these agents are indicated by the symbol (F) in Fig. 12. The rotation bar will
then rotate downward as a result of these forces. The opposite of this process—
switching the E-element’s state back to state ‘up’—is accomplished in a similar
way, by inputing a signal to S, which will then pass S′

2 in Fig. 10, in the process
touching the rotation bar’s tip. The opposite will then happen: the downward
forces will be switched off and the bar will move upwards again.

5 Conclusions and Discussion

This paper presents a model of swarm networks and shows how to conduct uni-
versal computation by groups of agents in these networks. An agent is a two-state
Mealy-type finite automaton with six input/output terminals, some of which are
connected to other agents’ terminals. The state of an agent, the output values
of its terminals, and the connectivity of each agent determine the functionality
of the agent; these variables are thus directly reflected by the transition rules in
the model. Agents are similar to cells in cellular automaton models, except that
the interconnection structure between agents is irregular. Universal computation
is achieved in this model by nine transition rules, through the simulation of the
asynchronously timed K and E circuit elements, as well as through the simulation
of signal propagation between these elements. Simulations on a computer reveal
that the proposed model behaves in a way that somehow resembles biological
phenomena. The elastic nature of the connections between the agents appears
an important ingredient in this context, as it results in an efficient distribution
of the pulling forces among agents connected to each other.

The proposed model may be useful for the realization of computational devices
based on biological mechanisms or other physical nanometer-scale interactions.
The agents could for example be implemented in terms of proteins. This includes
motor proteins, i.e., proteins that facilitate the transport of certain chemical
substances inside organisms. It is well-known that proteins can be bound to other
proteins, like with our agents, and that such bindings result in new properties
and behavior of the formed components [18,19]. A protein can be thought of as
being in a certain state through the addition of a phosphorus molecule: when
such a molecule is present, we speak of a phosphorylated protein, otherwise of a
dephosphorylated protein. The state of a protein can be influenced by the state
of other proteins in its vicinity, according to so-called domain-specific reactions,
a domain in a protein corresponding to a terminal in an agent. These reactions
tend to be strongly dependent on the bindings of the protein to other proteins,
in a similar way as the interconnection pattern of an agent with other agents
influences the agent’s functionality. Though space does not allow us to give
specific biological implementations of the agents, the richness of interactions
between proteins provide ample inspiration toward the realization of this.
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Abstract. A spatio-temporal generalization involves not only conven-
tional temporal strategies that determine the player’s action based on
the opponent past actions but also spatial strategies based on the neigh-
bor players’ current actions and configurations. This framework allows
the model to be dealt as a second order cellular automaton. With this
involvement of the spatial strategies, we have observed a membrane for-
mation which protects the cooperating clusters from being corroded by
defecting intruders.

Keywords: spatial prisoner’s dilemma, generalized prisoner’s dilemma,
second order cellular automata, membrane formation, maintenance of
cooperating clusters.

1 Introduction

It has been long debated and discussed that the core mechanism that allows
cooperation to evolve in social, biological, or ecological systems in spite of seem-
ingly more advantageous strategy of the defection [1,2,3,4]. After a genius work
of spatial framework by Nowak and May [5,6], the maintenance and protection of
cooperators’ cluster can be regarded as a problem of cellular automaton. Many
possible mechanisms for the maintenance and protection of cooperators’ clus-
ter have been proposed [7,8,9]. In a spatio-temporal generalization of Prisoner’s
Dilemma (PD) [10], we observed a membranous phenomenon where a membrane
in a perimeter of cooperators’ cluster and protect the cluster from the invasion
by defectors where the cooperators’ cluster would be invaded otherwise.

Prisoner’s Dilemma has been providing motivations in many fields not only
international politics but evolutionary biology since a seminal work by Axelrod.
Spatial prisoner’s dilemma invented by Nowak and May also provides another
dimension that these originally game theoretic studies can be related to the field
of cellular automata. In the spatio-temporal generalization of dilemmaDcomes
even more obvious that the generalized model is a sort of CA (cellular automata):
a second order CA where the strategy first determines the rule based on the
neighbors’ configuration and the then rule in turn determines the next action.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 60–66, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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One could point out that the involvement of player’s benefit (expressed by a
payoff matrix as in Table 1) is crucial but it is still mathematically (with a
language of Mappings) regarded as a second order CA.

Section 2 states definitions and notations used in this note. Section 3 presents
the main results of conditions for the membrane formation. Conditions are stated
without proof. Formal discussions will be presented elsewhere.

2 Definitions and Notations of Generalized Prisoner’s
Dilemma

We have studied a spatial version of PD, and proposed a generalized TFT (Tit-for-
Tat; it would defect only when the adversary defects, and would cooperate other-
wise) such as k1C, k2D and their combination k1C-k2D, where k1 is a parameter
indicating generosity and k2 contrariness. Dynamics of these spatial strategies in
a two-dimensional lattice has been also studied in a noisy environment.

The PD is a game played just once by two players with two actions (co-
operation, C, or defect, D). Each player receives a payoff (R, T, S, P) where
T > R > P > S.

In IPD (Iterated PD), each player (and hence the strategy) is evaluated with
further constraint: 2R > T + S. In Spatial Prisoner’s Dilemma (SPD), each site
in a two-dimensional lattice corresponds to a player. Each player plays PD with
the neighbors (8 adjacent players as in Fig.1), and changes its action by the total
score it received.

Our model generalized SPD by introducing spatial strategy. Each player placed
at each lattice of the two-dimensional lattice. Each player has an action and a
strategy, and receives a score. Spatial strategy determines the next action depen-
dent upon the spatial pattern of actions in the neighbors. Each player plays PD
with the neighbors, and changes its strategy to the strategy that earns the high-
est total score among the neighbors. Table 1 is the Payoff matrix of PD. In our
simulations, R, S, T, and P are respectively set to 1, 0, b (1 < b < 2, a bias for
defectors) and 0 in simulations below following the Nowak-May’s simulations [6].

Table 1. The Payoff Matrix of the
Prisoner’s Dilemma Game. R, S, T, P
are payoff to the player 1. (1 < b < 2)

Other
C D

Player C R(1) S(0)
D T (b) P (0)

Fig. 1. A Strategy Code for Spatial
Strategies
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Our SPD is done with spatial strategies: the next action will be determined
based on the pattern of neighbors’ actions. Score is calculated by summing up all
the scores received from PD with 8 neighbor players and itself. After q (strategy
update cycle) steps of interactions with neighbors and self, the strategy will be
chosen from the strategy with the highest score among the neighbors including
the self. Thus, the strategy will be updated at every q (set to be 1 throughout
this paper) steps. In an evolutionary framework, strategy will be also changed by
a mutation rate (set to be 0 throughout this paper) where mutation is operated
on the string of the strategy code below.

To specify a spatial strategy, actions of the eight neighbors in the neighbor-
hood radius r = 1 (i.e., the Moore neighbors as in Fig.1. When r = 2, it would be
24 neighbors.) and the player itself must be specified (Fig.1), hence 29 rules are
required. For simplicity, we restrict ourselves on a “totalistic spatial strategy”
that depend on the number of D (defect) action of the neighbor, not on their
positions.

This k-D can be regarded as a spatial version of TFT where k indicates the
spatial version of the generosity [11] (how many D actions in the neighbor are
tolerated.).

3 Membrane Formation

In studying a mechanism that allows cooperators clusters to be preserved, we are
studying a spatial version of generosity: how many defections in the neighbor-
hood are tolerated rather than how many previous defections of the opponent in
the spatio-temporal generalized context. In interactions between All-D v.s. k-D
instead of All-D v.s. All-C (as in Nowak-May’s SPD), we found that clusters of
k-D form membrane of action D protecting the inner cluster of action C (Note
that k-D can take both C or D depending on the number of Ds in the neighbor-
hood). We observed that this membrane formation occurs as in Fig. 2 when a
certain parameter scope of k (spatial generosity), r (neighborhood radius) and b
(bias for defectors). We will focus on the condition of the membrane formation
with respect to these parameters. Throughout this note, simulations are con-
ducted in a square lattice with periodic boundary condition with the following
parameters listed in Table 2.

Table 2. List of Parameters for Simulations

Name Description Value

L × L Size of the space 1,500 × 1,500

N Number of the players 2,250,000

T Number of steps 2,500

Nk−D(0) Initial number of the All-D and k-D are randomly assigned with
k-D with C state equal probability. Similarly to C/D.

r Neighborhood radius 1, 2, 3
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Fig. 2. Membrane formation in a generalized PD. Black cells are All-D; white and gray
cells are C and D state of k-D, respectively. In this snapshot, k = 6 and 6-D strategy
players are allocated in a random positions initially.

The parameter b is set to be a minimal value that allows All-D to expand.
Fig. 3 shows a part of the square lattice where C and D players are indicated
white and black cells respectively. For All-D in the corner (indicated by a red
circle) to gain the profit higher than the cooperators, b must satisfy 5b > 9 since
the highest profit of the cooperators is 9 when r = 1 (similarly, 16b > 25 when
r = 2, and 33b > 49 when r = 3).

After the membranes are formed, the following three phenomena are observed
depending on the k value.

1. k is too small: The membrane will grow toward the center of k-D cluster and
will corrode the C state of k-D.

2. k is small: The k-D cluster covered by the membrane will stay stable.
3. k is large: The k-D cluster covered by the connected membrane will expand.
4. k is too large: The k-D cluster covered by the broken membrane will expand

and the cluster will eventually collapse.

Since we are interested in conditions for cooperators to be preserved, we focus
on the conditions on the cases 2 and 3 above. The spatial generosity k increases
as the case proceeds downward from 1 to 4.

For the membrane formation, the spatial generosity k must exceed a certain
value formulated by the neighborhood radius r:

k ≥ (2r + 1)(r + 1)− r.

Otherwise, the membrane will grow inside toward the center of the k-D cluster
as in case 1.

For the cluster protected by the membrane to expand, the spatial generosity
k must further exceed a larger threshold:

k ≥ (2r + 1)(r + 1).

Otherwise, the cluster does not expand although it is indeed protected by the
membrane.
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In the case 4, membrane is broken if k exceeds a threshold (Fig. 4)

k ≥ (2r + 1)2 −
i< −1+

√
8r+17
2∑

i=0

P ({− i(i+ 1)
2

+ (2 + r)}),

where P (x) = x when x > 0 and P (x) = 0 otherwise, and the k-D clusters with
the broken membrane will collapse when they contact with each other in the
expansion.

Fig. 3. C and D players are indicated
white and black cells respectively. For
All-D in the corner (indicated by the
circle) to gain the profit higher than the
cooperators, b must satisfy 5b > 9 since
the highest profit of the cooperators is
9 when r = 1 (similarly, 16b > 25 when
r = 2, and 33b > 49 when r = 3).

Fig. 4. Broken membrane indicated by
the oval. The minimal cluster of 7-D is
set in the center of the sea of All-D.
All-D is indicated by black cell, while
C state and D state of 7-D is indicated
by white and gray cell, respectively. The
figure shows a snapshot after 16 steps
starting from 3 × 3 square of k-D in the
center.

Fig. 5 plots the time evolution the fraction of k-D when the simulation starts
from a random configuration stated with parameters as stated in Table 2. The
fraction of 6-D is highest among other k-Ds, since the membrane protects the
expanding 6-D clusters. The fractions of 7-D and 8-D are lower than 6-D because
the membranes are broken in these k-Ds. The fraction of 5-D is the lowest,
since the 5-D cluster does not expand although the cluster is protected by the
membrane.

4 Discussions

We proposed yet another mechanism for preserving and protecting the cluster of
cooperation in the spatio-temporally generalized Prisoner’s Dilemma. After the
membrane is formed, it can protect the cluster of cooperators from being invaded
by the defectors. The condition for the membrane formation can be formulated
by the parameter indicating spatial generosity. If the spatial generosity is too
large, the membrane will be broken, while the membrane will develop into inside
the cluster eradicating the cooperators if the spatial generosity is too small.

We also observed that several different polygons will form depending on the
parameters and lattice topology. This phenomenon will be related to crystal



On a Membrane Formation in a Spatio-temporally Generalized PD 65

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  50  100  150  200  250

F
re

qu
en

cy
 o

f e
ac

h 
ac

tio
n

Step

Action (1500 x 1500 square lattice)

5-D
6-D
7-D
8-D

Fig. 5. Time evolution of the fraction of k-D when r = 1 and b = 1.800010. The fraction
of 6-D is highest among other k-Ds, since the membrane protects the expanding 6-D
clusters. The fractions of 7-D and 8-D are lower than 6-D because the membranes are
broken in these k-Ds. The fraction of 5-D is the lowest, since the 5-D cluster does not
expand although the cluster is protected by the membrane.

formation of different shapes in physical phenomena, while the membrane for-
mation is related to biological phenomena where clusters of cells and chemical
substances must be preserved for a certain amount of time and space.
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Abstract. Reversible computers usually work in a synchronous mode,
i.e., in the presence of clock signals, but in the light of the asynchronous
nature of microscopic physical phenomena this may be an anomaly. The
alternative, an asynchronous mode of operation, has therefore attracted
attention from researchers, witness the proposal of a reversible circuit
element in (Morita 2001) that works in such a mode. Simplicity of cir-
cuit elements like this is an important design objective since it correlates
positively with the efficiency by which they may be realized physically. In
this paper, we present two mutually inverse logic elements that compare
favorably to other circuit elements in terms of their number of states and
their number of input and output lines. We show that the proposed cir-
cuit elements can perform universal computation by embedding circuits
made of them in asynchronous cellular automata.

1 Introduction

Reversible logic has its origins in computing schemes that achieve near-zero
power consumption by preventing entropy loss in computations. It has been ex-
tensively studied [1,2,3,4,5,6], but always under the assumption that timing is
synchronous, i.e., that all logic elements switch simultaneously in accordance
with a central clock. For example, the Fredkin gate [4], a well-known reversible
gate, fails to work correctly if all its input signals would arrive at different times.
Asynchronous systems have virtually been unexplored for reversible computing,
probably since the randomness by which events in them are timed appears in-
compatible with the backward determinism of reversible computing. This lack of
interest may be hard to defend in the light of the existence of microscopic physi-
cal interactions that are both asynchronous and reversible. As with reversibility,
asynchrony tends to reduce power consumption, be it for different reasons: logic
elements in an asynchronous system need not be active in the absence of sig-
nals, unlike in synchronous systems, in which idle logic elements may engage in
dummy switching events triggered by the continuous arrival of clock signals [7].
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To achieve low-power computing in practice, it makes sense to investigate
the combination of asynchrony and reversibility and particularly to find asyn-
chronous reversible logic elements to be used as the basic building blocks to
construct universal circuits. Intuitively, the less complex a logic element is, the
easier it can be implemented physically—a reason to look for elements with as
few input lines, output lines, and internal states as possible. Unsuitable for use
in an asynchronous framework are the reversible logic elements typically em-
ployed in synchronous circuits, since they lack the timing functionality to make
up for the absence of a clock. A straightforward measure of a circuit element’s
complexity is the ease by which it can be implemented in cellular automata: for,
a complex functionality usually translates in an increased number of cell states
and transition rules.

Patra and Fussell [8] has studied asynchronous reversible systems in the con-
text of Delay-Insensitive (DI) circuits. A delay-insensitive circuit (e.g. see [7])
is an asynchronous circuit in which signals may be subject to arbitrary delays
without this being an obstacle to the circuit’s correct operation. The circuits
constructed in [8] are not reversible in the strict sense, since his constructions
require a Merge-element—an irreversible element that merges two input streams
of signals into a single output stream of indistinguishable signals.

Morita [9], has proposed a DI reversible logic element, called a Rotary Ele-
ment (RE), from which computationally universal models can be constructed,
including a reversible Turing machine. The RE has four input lines, four output
lines, and two internal states. An improved element with three input lines, three
output lines, and two internal states is proposed in [10], and more such elements
are investigated in [11]. In both references [10,11] it is proven that each of the
proposed elements can be used as a basis into which the RE can be decomposed,
which implies that the elements are universal. In [12] an asynchronous reversible
cellular automaton is proposed that implements the RE. The construction of the
reversible Turing machine from REs in [9] implies the universality of this cellular
automaton.

This paper proposes a pair of DI reversible logic elements each of which has
two input lines, two output lines, and two internal states. These elements are each
other’s functional reverses, i.e., running signals backwards through one element
produces the equivalent of the other element. We prove that the two elements
as a set are universal by constructing an RE from them. The asynchronicity of
these two elements combined with their mutually reversed functionalities enable
efficient implementation in a special type of asynchronous cellular automata,
called Self-Timed Cellular Automata (STCA) [13], such that merely five transi-
tion rules are required.

Section 2 defines the proposed reversible elements in detail. In section 3 an RE
is constructed from the proposed elements; this result implies the universality of
the elements, since a universal reversible Turing machine can be constructed from
RE elements [9]. Implementation of these two elements and circuits based on
them in terms of an asynchronous cellular automaton are described in section 4.
The paper finishes with conclusions and a short discussion.
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2 Reversible Logic Elements

A reversible sequential machine [9] is a system defined as N = (Q,Σ,Δ, δ),
where Q is a finite set of states (Q 
= ∅), Σ and Δ are sets of input and output
symbols, respectively. The transition function δ : Q×Σ → Q×Δ is bijective.
A reversible sequential machine is a special type of Mealy machine [14].

A reversible serial module is a system defined as M = (I,O,N), where I andO
are two sets of input and output lines, respectively (I∩O = ∅). N = (Q,Σ,Δ, δ)
is a reversible sequential machine with I in one-to-one correspondence with Σ,
and O in one-to-one correspondence with Δ.

Signals used for inputs and outputs of a reversible serial module are considered
particles. The binary signals 1 and 0 are encoded by the presence or absence,
respectively, of a particle on a line. Let μ : I → Σ be the bijective function
between I and Σ, and ν : O → Δ be the bijective function between O and
Δ. A reversible serial module M is said to be in state q(∈ Q) if the reversible
sequential machine N of M is in state q. Assume a ∈ I, b ∈ O and q, q′ ∈ Q
such that δ(q, μ(a)) = (q′, ν−1(b)). Then if a particle arriving on input line a is
received by M in state q, M operates on this particle such as to transfer it from
a to output line b, and to change M ’s state from q to q′. The operation of M
is undefined for simultaneous input signals on its input lines. In other words, a
reversible serial module can only process at most one input particle at any time.
The operation of M is reversible, in that from the current state and output,
the previous state and input can be uniquely determined due to the bijective
transition function δ.

We present two reversible serial modules, which have inverse functionali-
ties. One of the modules, called the Reading Toggle (RT) element, is defined
as ({S, T }, {TA, TB}, NRT ), where NRT = ({A,B}, ΣRT , ΔRT , δRT ) (see
Fig. 1). Let μ : {S, T } → ΣRT be the bijective function between {S, T } and

(a) (b)
T

S
T

S

(a’) (b’)
T

S

TBTA

T
S

TBTATBTA TBTA

RT IRT

Fig. 1. RT element in (a) state A, and (b) state B. IRT element in (a’) state A, and
(b’) state B.

ΣRT , and ν : {TA, TB} → ΔRT be the bijective function between {TA, TB} and
ΔRT . The RT element operates such that a particle arriving on input line T is
transferred to output line TA(TB) if the RT is in state A(B); in this case, the
state changes to B(A) (upper row of Fig. 2(a)). A particle arriving on input line
S is merely transferred to output line TA(TB) if the RT is in state A(B), without
the state being changed (lower row of Fig. 2(a)).
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(a) (b)

Fig. 2. (a) RT and (b) IRT operating on a particle arriving on one of its input lines.
The particle is denoted by a token on a line. The two transition rules of (a) in the
upper resp. lower row describe the RT’s operation in case of a particle arriving on line
T resp. S. In addition, the two transition rules of (b) in the upper resp. lower row
describe the IRT’s operation in case of a particle being output to line T resp. S.

The other reversible serial module, the Inverse Reading Toggle (IRT) ele-
ment, is defined as ({TA, TB}, {S, T }, NIRT ) where NIRT is defined as NIRT =
({A,B}, ΣIRT , ΔIRT , δIRT ). Let μ′ : {S, T } → ΣIRT be the bijective function
between {TA, TB} and ΣIRT , and ν′ : {TA, TB} → ΔRT be the bijective func-
tion between {S, T } and ΔIRT . The IRT element operates such that a particle
arriving on input line TA(TB) is transferred to output line T if the IRT is in state
B(A); in this case, the state changes to A(B) (upper row of Fig. 2(b)). A particle
arriving on input line TA(TB) is merely transferred to output line S if the IRT
is in state A(B), without the state being changed (lower row of Fig. 2(b)). Si-
multaneous particles on the input lines of RT or IRT are not allowed. Obviously,
both RT and IRT are reversible, and they are each other’s inverse.

3 Construction of RE by the Reversible Elements

Any reversible Turing machine (for more details on such machines see [1,15]) can
be constructed by using a network of REs, in which at most one particle moves
around at any time [9]. Since delays in any of the REs or lines do not affect
the correctness of the computing process in the circuit, this circuit is DI. Such
reversible computers consisting of REs need no central clock signal to drive the
operations of each RE [9], i.e., they are asynchronous.

We construct an RE from RT and IRT elements to show the universality of
the RT and IRT elements in an asynchronous mode of operation. An RE is a
reversible serial module that is defined as ({n, e, s, w}, {n′, e′, s′, w′}, NRE) with
NRE = ({H,V }, ΣRE , ΔRE , δRE) (see Fig. 3). Let μ̂ : {n, e, s, w} → ΣRE be
the bijective function between {n, e, s, w} and ΣRE , and ν̂ : {n′, e′, s′, w′} →
ΔRE be the bijective function between {n′, e′, s′, w′} and ΔRE . The RE operates
such that if a particle comes from a direction parallel to the rotating bar of an
RE, it passes straight through to the opposite output line, without changing the
direction of the bar (the state of the RE), as in Fig. 4(a); if the particle comes
from a direction orthogonal to the rotating bar, it is deflected to the right, and
the bar rotates by 90 degrees (Fig. 4(b)). An RE remains in its state if no particle
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Fig. 3. An RE in (a) the H-state, and (b) the V -state, displayed as respectively hori-
zontal and vertical bars in the RE

 (a) (b)

Fig. 4. REs operating on an input particle in (a) the parallel case, and (b) the orthog-
onal case
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(c)

Fig. 5. (a) A C-D module. (b) The realization of a C-D module in state 0 from RT and
IRT elements. (c) Construction of C-D module in the STCA (see Section 4 for details).

arrives on any of its input lines. Simultaneous particles on any pair of input lines
of an RE are not allowed.

In [9] is was shown that the RE element is universal by composing a circuit
of RE modules that can simulate a universal Turing machine. To show that any
reversible Turing machine can be realized from RT and IRT elements, it suffices
to construct an RE out of these elements. We first construct an intermediate
module from the RT and IRT elements to simplify the construction of the RE.
This module, called a Coding-Decoding (C-D) module [10] (see Fig. 5), has four
input lines {C0, C1, C2, D}, four output lines {D0, D1, D2, C}, and three states
{0, 1, 2}. If the C-D module is in state 0, an input particle arriving on input
line Ci (i ∈ {0, 1, 2}) changes the state of the C-D module from 0 to i, and
the particle is transferred to output line C. Then, a subsequent particle coming
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T S

TB TA

(a) (b) (c) (c’)
T S

TB TA

Fig. 6. (a) A signal. A subcell in state 1 is denoted by a filled triangle, while a subcell
in state 0 is denoted by a blank. (b) A left or right turn element. (c) The configuration
representing an RT or IRT element in state A. The direction of the input and output
signals can be both ways: one way, indicated by the solid arrows, makes the config-
uration work as an RT element, whereas the other way, indicated by dashed arrows,
corresponds to an IRT element. (c’) Configuration representing an RT or IRT element
in state B. The arrows indicate the directions of signal propagation for the RT and the
IRT elements.

r1 r2 r3 r4 r5

(b)

(a)

r4 r2 r1 r4 r1

r2 r5 r1
r3 r1

i) ii)

iii) iv)

Fig. 7. (a) Transitions rules of STCA. The rotational and reflective equivalents of the
rules are omitted. (b) RT and IRT elements operating on input signals: An RT element
receiving a signal from input path T when it is in state i) A or ii) B. iii) The RT
receiving an input signal from path S when it is in state A. iv) An IRT receiving a
signal from input path TA when it is in state B. Each arrow indicates one transition
step of cells, whereby its label refers to the corresponding transition rule. It can be
verified that the RT (or IRT) element here will fail to work on a signal arriving on its
input path S (resp. TB) when it is in state B. Implementation of the full functionalities
of RT and IRT elements is possible, but this tends to increase the number of rules and
result in more complicated cellular configurations as compared to those in Fig. 6.

from input line D is transferred to output line Di if the C-D module is in state
i, and the state is reset to 0. The C-D module is unable to receive input from
lines C0, C1, or C2 if it is in states 1 or 2. We apply the C-D module in the
construction of the RE such that an input particle arriving on an input line
of the C-D module is always followed by an output particle on an output line,
before a new particle is input to an input line.
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Fig. 8. (a) Realization of an RE in state V from RT and IRT elements, in which all
C-D modules are in state 0 initially. (b) Construction of this RE in the STCA. Dashed
boxes are put around the areas in (b) in which C-D modules adjacent to the elements
Hs and Is are placed according to the construction in (a).
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Figure 8(a) shows in detail the realization of an RE from RT and IRT el-
ements, whereby the four subcircuits of RT and IRT elements, indicated by
(Hs, Is), (He, Ie), (Hn, In), and (Hw, Iw), are in states (A,A), (B,B), (A,A),
and (B,B), respectively; this represents the RE being in the V -state. The same
subcircuits being in states (B,B), (A,A), (B,B), and (A,A), respectively, rep-
resent the RE being in the H-state. This result implies that we can construct a
circuit from RT and IRT elements that simulates a reversible Turing machine,
in which at most one particle moves around the entire circuit [9]. Thus, the RT
and IRT elements are logically universal, and can work in asynchronous mode,
i.e. without their operations having to be driven by a central clock.

Finally, from the constructions in Figs. 5(b) and 8(a), it can be observed that
each RT (or IRT) element never receives a signal from input line S (resp. TB)
when it is in state B. This implies that the functionalities of the RT and IRT
can be further simplified, which tends to benefit their implementations, of these
two elements on asynchronous cellular automata, as the next section shows.

4 Embedding Reversible Elements in STCA

A Self-Timed Cellular Automaton is a two-dimensional array of identical cells.
Each cell is partitioned into four subcells in one-to-one correspondence with its
four nearest neighboring cells, and each subcell takes only one of two states: 0 or
1. Each cell undergoes state transitions via transition rules that operate on the
cell itself along with the nearest subcells of each of its four neighbors. Moreover,
the update of cells are timed randomly and independently of each other, and
hence, are asynchronous.

Figure 6 shows some fundamental patterns used in the STCA. In particular,
the pattern in Fig. 6(a) represents a signal that will be transferred to the right;
whereas the pattern in Fig. 6(b) is used to change the direction of a signal to
the left or right. Moreover, both the local configurations in Fig. 6(c) and (c’)
represent an RT or an IRT element. Their difference corresponds to the two
internal states: A and B, of an RT or IRT element, respectively. The update
of all the patterns in Fig. 6 are controlled by the five transition rules given in
Fig. 7(a), for example, as demonstrated in Fig. 7(b).

Following the construction in Fig. 5(b), we are able to lay out an C-D mod-
ule in our asynchronous cellular automaton by the configuration illustrated in
Fig. 5(c). Furthermore, in accordance with the circuit scheme in Fig. 8(a), we
lay out the configuration of an RE on the STCA in Fig. 8(b). This implies that
a Turing machine can be constructed on the cellular automaton, provided the
cellular space is sufficiently large.

5 Conclusions and Discussion

This paper proposes two asynchronous reversible logic elements that are each
others’ mutually reverse. Called RT and IRT, the elements have two input lines,
two output lines, and two states. The elements are universal, because they can
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be used to construct Morita’s RE element [9], which is universal. Moreover, the
elements are less complex than the RE. Following the line of thought in [9],
we can construct a universal reversible computer from RTs and IRTs, in which
at most one particle moves around at any time. This allows the RT and IRT
elements to conduct their computational tasks asynchronously without needing
a central clock signal to drive their operations.

The implementation of the proposed circuit elements on the cellular automa-
ton requires five transition rules, which is one rule more than the implementation
of the RE [12]. This indicates that the circuit elements may be slightly more
complex in functionality than the RE, even though they require less input and
output lines. A reason for the greater complexity could be the symmetry of the
RE, as opposed of the lack thereof of the proposed elements, as well as the fact
that all functionality of the RE is concentrated in one module, as opposed to the
two modules required in this paper. Still, the number of five rules required here
lies closely to the four rules for the RE model, implying that both models are on
par with each other. Other implementations—possibly physical—may lead to a
different outcome, favoring the proposed elements over the RE.

We have seen that the circuits constructed from the proposed elements allow
merely one particle to be present at a time. To realize circuits with multiple
particles, we need to combine the elements with a so-called Join element [8]—an
element with two input lines and one output line, which requires input particles
to be present on both input lines in order to produce output, whereas a single
input to the Join is just kept pending until a second input arrives. Further re-
search is needed, however, to rigorously define such multiple-signal asynchronous
reversible circuits, as pointed out in [10]. The implementation of the Join on an
STCA is likely to require at least one more transition rule.
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Abstract. Mechanisms of endowing cellular automata (CA) models with an-
ticipation property are considered. As a background for investigation a widely 
known Conway’s game of ‘Life’ was chosen. Even within this simple model, 
introduction of anticipation has a crucial impact on the behavior of the system, 
resulting in emergence of multiple co-existing solutions. The inherent behav-
ioral templates of classical ‘Life’ (fixed point, cycle, chaos) are valid for its an-
ticipatory version; however, they develop at a level of sets of configurations. 
Extensive computational simulations were held and the most eloquent results 
are presented. 

Keywords: Cellular automata, anticipation, game ‘Life’. 

1   Introduction 

Nowadays, perhaps, all those dealing with computers are familiar with Conway’s 
computer game ‘Life’ [1]. In its simplest variant this game may be considered as a 
computer implementation of algorithms from a class of so-called cellular automata 
(CA) (see, for example, [2], [3], [4]). A very brief description of the simplest algo-
rithm for a two-dimension case (numerous modifications may be found in literature 
on cellular automata) is given below in order to make subsequent material more clear. 

Let Z2 be a 2D grid; S is a finite set of states of elements (cells) of the grid, si from 
S is a state of i-th cell from Z2. A set of all the cells states at a given moment of time 
will be denoted as a configuration upon a grid Z2. All the possible configurations 
make up a configuration space C on Z2. Let t є {0, 1, 2, …} – discrete moments of 
time and C(t) – configuration at time t. 

Local rule updating the state of a cell k from Z2 is a predefined transform Tk, that 
turns the present state of a cell to the state at next moment of time. 
The rules of state change are local. This means that the state of k-th cell depends on 
the states of cells from its local neighborhood Nk. 

In “classical” Conway’s game ‘Life’ [1] every cell has only two states (denoted as 
0 and 1, S={0,1}); a neighbourhood used in local rules is a Moore’s neighbourhood 
consisting of 8 immediate neighbours. 
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In a majority of ‘Life’ descriptions cell states of 0 and 1 are treated according to 
the biological interpretation as “dead” and “living” cell. Thus, cells state change may 
be defined by the following rules: 

1. If a living cell has two or three living neighbours then it stays alive at the next 
moment of time; otherwise it dies. 

2. If a dead cell has exactly three living neighbors then it turns to a “living” state at 
the next moment of time. 

3. All the births and deaths occur almost simultaneously. 

It should be noted, that both game ‘Life’ and cellular automata in general were 
studied by a number of researchers involving various approaches: analytical, quantita-
tive and qualitative. Development of theory and applications resulted in what is now 
called a “CA approach”. In order to illustrate modeling capacity of CA one may men-
tion car and pedestrian traffic, spread of epidemics, applications in hydrodynamics, 
biology, quantum mechanics and astrophysics. Moreover, several hypotheses suggest-
ing that cellular automata may be considered as a separate paradigm clarifying the 
structure of the Universe have emerged recently (see, for example, [4]). 

However, as far as the origins of CA approach are considered, one should mention 
research on living organisms, especially their collective activity in human brain (see, 
for example, McCulloc, Pitts et al.) and, in parallel, cybernetics in the form of theory 
of automata and Turing machines [5], logical investigations and attempts to simulate 
intelligent behavior; historical survey on CA [6] is especially interesting. Thus, the 
very origins of emergence and development of cellular automata are strongly related 
to research on living systems. Besides, understanding that individual behavior ac-
counting in large social systems and, especially, accounting of their mental character-
istics may bring about a revelation of unexpected properties (at least in models [7]) 
have appeared recently. 

A set of these characteristics is enormous [8] and they are being gradually engaged 
in research on CA [9]. However, there is a mental characteristic that may have far-
reaching consequences if being taken into account – anticipation property. The former 
implies that, while evolving to the next time step, cells take into account their pre-
dicted data about the future state of their neighborhood [10]. 

One way in development of CA theory is based on an attempt to adequately map 
mental properties, especially anticipation, within the CA framework. So, further part 
of the paper presents some results of corresponding research and illustrates to what a 
substantial change in behavior of a CA taking this property into account may lead. In 
particular, results on the game ‘Life’ endowed with anticipation property (we have 
called this model ‘LifeA’, ‘Life’ with anticipation) are given. 

2   ‘LifeA’ Model: A Brief Description 

2.1   Next State Function 

Let’s consider rules driving the classical ‘Life’. To formalize them, we have intro-
duced two auxiliary functions f0(x) and f1(x), their values are given below. 
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Table 1. Auxiliary functions f0(x) and f1(x) 

x 0 1 2 3 4 5 6 7 8 
f0(x) 0 0 0 1 0 0 0 0 0 
f1(x) 0 0 1 1 0 0 0 0 0 

 
Suppose that out of the interval [0;8] both these functions are zero-valued. More-

over, if the argument is not an integer value, it is rounded to the nearest integer. 
Under the introduced notions next state function for k-th cell will be as follows: 
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where Sk – number of (non-zero) neighbors of k-th cell, Ck є {0;1} (0 if k-th cell is 
dead, 1 - otherwise). 

Thus, the evolution of an automaton with N cells may be denoted as: 
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2.2   Anticipation 

To endow a model with anticipation property one has to design a next step function 
that depends on the next (expected) cell states [10]. In this case, next state function of 
classical ‘Life’ defined as: 
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was replaced by the following two functions: 

]1;0[),)1(( 1 ∈⋅+⋅−= + ααα t
k

t
k

t
k SSFF  (4)

IRSSFF t
k

t
k

t
k ∈⋅+= + αα ),( 1  (5)

Further, these variants of a next state function will be referred to as weighted and 
additive, correspondingly. Cellular automata driven by either of these functions were 
implemented. 

2.3   Topology of the Example 

Like that of classical ‘Life’, neighborhood of a cell consists of its 8 neighbors, i.e. this 
is a Moore’s neighborhood with “punctured” center. The value of this center cell (Ск) 
is taken into account immediately in the next state function. 

In order to avoid irregularities related to boundary conditions, a widely used peri-
odic boundary was involved: if cells are enumerated as it given in Fig. 2 (see below), 
then cell #2 has the following eight neighbors: 1,3, 5,6,7, 13,14,15. 
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Fig. 1. Numeration of a 16-cell automaton used in simulations 

3   Simulation Results 

In order to perform preliminary study of model’s properties, special software was cre-
ated. It was used in computational experiments for different values of α parameter and 
different initial configurations. Test results are presented in the graphs embedding two 
types of data representation. 

The first one is a tree of solutions obtained from step to step. This type of data rep-
resentation has discrete time (steps) along the X-axis and numbers corresponding to 
automaton configurations along the Y-axis (automaton grid has 16 cells, each of them 
may contain 0 or 1, therefore, each automaton configuration is unambiguously de-
fined by a 16-bit number in a range of 0000..FFFF). 

a)    b) 

Fig. 2. Emergence of several configurations in a ‘LifeA’ model (additive next state function, α 
= 1.0, initial state is 0007) 

From the figure it can be seen that at the first step 3 solutions (i.e. 3 coexistent con-
figurations) are obtained. At the second step two of them bifurcate while the third ap-
pears to deadlock; and so on. This type of data representation has a drawback: the 
scale along the Y-axis is ranged between 0 and FFFF (decimal 65535), thus making 
some solutions to merge. Figure 3b represents the same data as 3a but without the 
generating links between configurations. 

Second type of data representation reflects the evolution of number of living cells 
from step to step. It has, like the previous case, steps along the X-axis and a number 
of living cells along the Y-axis. A corresponding example graph is given below. 
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a)    b) 

Fig. 3. Two coexisting configurations. Input data are the same as for Fig. 3. 

Here it can be seen that at every step solutions with 3 and 6 living cells are gener-
ated, however, the one with 6 living cells deadlocks. Taking into account the previous 
graph (Fig. 3) depicting the periodicity of solutions, one may conclude that the num-
ber of living cells remains constant with time and only their mutual disposition in the 
grid is evolving. 

The common for all the experiments held was that after several steps the number of 
solutions reaches its maximum value (depending on input data) and remains constant 
(see Fig 5). So, a cellular automaton reaches its steady state, but stationarity here 
proves at a level of sets of solutions that either change periodically (see Fig. 3) or re-
main constant from step to step. 

a)    b) 

Fig. 4. Evolution of number of solutions with time for different initial configurations (additive 
next state function, а) α = 0.5, b) α = 1.0 ) 

Remark: data presented in the graphs were obtained using an additive next state function. 
Weighted function gives similar results, so function choice for a particular problem is de-
fined by a specific application (sometimes it is better to have a bounded parametric set). 

4   Discussion 

The major peculiarity that was discovered during the simulations of game ‘LifeA’ is 
emergence and performance of state multivaluedness in the system. This new behavior 
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lets to re-consider already studied problems for game ‘Life’ (and for cellular automata 
in general), though, if being studied in-depth, this is the subject for further research and 
separate reports. In fact, even well-established concepts of the CA theory may be sub-
jected to generalization and reconsideration (especially those related to interpretation 
of solutions). 

Here we would like to outline only few possible prospects. Firstly, certain objects 
that may be referred to (analogously to the classical case) as “cycles of a definite pe-
riod”, “chaos”, “complex behavior”, etc. can be marked out. For example, this sole 
aspect demands broadening of mathematical definitions. On the other hand, this will 
help to formulate relevant problems in self-organization theory. Moreover, these 
models involving CA may be useful for a variety of applications (first of all for simu-
lation of drivers and pedestrians behavior [9] and for economics). However, one may 
suppose the main stream of such a research to deal with possible impacts of these 
phenomena in biology. 
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Abstract. Rule 54, in Wolfram’s notation, is one of elementary yet com-
plexly behaving one-dimensional cellular automata. The automaton sup-
ports gliders, glider guns and other non-trivial long transients. We show
how to characterize gliders in Rule 54 by diagram representations as
de Bruijn and cycle diagrams; offering a way to present each glider in
Rule 54 with particular characteristics. This allows a compact encod-
ing of initial conditions which can be used in implementing non-trivial
collision-based computing in one-dimensional cellular automata.

1 Preliminaries

Amongst one-dimensional cellular automata (CA) studied by Wolfram in [15,16],
one can find a few evolution rules supporting gliders (particles or mobile self-
localizations); rules 110 and 54 exhibit particularly rich and somewhat complex
behaviour.1 Interaction between gliders can be employed to execute logical oper-
ations, and thus ultimately to perform universal computation [1]. Collision-based
computing schemes are very sensitive to initial configurations of gliders, even a
shift in a glider phase can completely destroy a cascade of logical gates. There
is a need for a compact and uniform description of glider types and glider inter-
actions. In the present paper, taking Rule 54 as example, we discuss how such a
description can be reached by de Bruijn and cycle diagrams.

Following, Wolfram’s notation — a one-dimensional elementary CA has two
parameters (k, r), number of states k and cell neighborhood radius r – Rule 54
is a CA with parameters (2, 1), i.e. two cell-states and three cell neighborhood
(a central cell, its left and right neighbors). The local transition function f is
determinated as follows: 111 → 0, 110 → 0, 101 → 1, 100 → 1, 011 → 0,
010 → 1, 001 → 1 and 000 → 0. The binary sequence 00110110 in decimal
notation represents the evolution rule 54.
1 http://uncomp.uwe.ac.uk/genaro/Rule54.html

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 83–91, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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A detailed study of Rule 54 was initiated in [2], and some basic characteristics
of gliders, or particles, were initially derived by Hanson and Crutchfield in [4].
They constructed a subset diagram capable of identifying sequences of gliders in
Rule 54. No complete characterization of gliders was provided however. This is
a reason why we became interested in representing each glider in Rule 54 by a
well-defined way as de Bruijn and cycle diagrams [8,12,14,17].

In a previous paper [5] we demonstrated self-organization in Rule 54 devel-
oping a ‘genealogical tree’ of gliders, where every glider can be derived from
collisions between other ones, and also classifying all possible scenarios of binary
and ternary collisions between gliders. In the present paper we advance our un-
derstanding of glider dynamics by de Bruijn and cycle diagram representations.

Results of the present paper are based on de Bruijn diagrams [8,11,12,13],
cycle diagrams [14,9] and computing based on interaction between gliders [1].

2 Gliders in Rule 54

A glider is a compact group of non-quiescent states traveling along cellular au-
tomata lattice. Rule 54 automaton exhibits relatively a small number of glider
types, which makes it particularly attractive for discretization and formal repre-
sentation. Thus we look tools to characterize these gliders and control collisions
in Rule 54 from its initial condition.2

go gew→ glider gun←w

Fig. 1. Gliders in Rule 54 (time goes down). Cell-state 1 is shown by black pixels, also
a filter is represented for clarity.

To represent gliders in Rule 54 we follow Boccara’s et al. notation [2]. Thus we
can display every glider together with a list of its properties (dynamic, names,
speed and periodic width), see examples in Fig. 1 and Tab. 1.

We study automata with periodic boundary conditions, let e1 and e2 represent
glider phases in the periodic background. Thus we have four primitive gliders —
w→, w←, go, ge — and a compound glider — the glider gun. Speed vg of a glider

2 Single gliders in Rule 54 or packages and extensions of them also can be consulted
in http://uncomp.uwe.ac.uk/genaro/rule54/glidersRule54.html

http://uncomp.uwe.ac.uk/genaro/rule54/glidersRule54.html
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Table 1. Properties of gliders in Rule 54

structure (glider) vg periodic width

e1 2/2 = 1 4

e2 2/2 = 1 4

w→ 2/2 = 1 2

w← -2/2 = -1 0-4

go 0/4 = 0 6-2

ge 0/4 = 0 7-3

glider gun 0/32 = 0 14-4

is evaluated using the period between displacements. Therefore w→ glider moves
with positive slope, w← glider moves with negative slope and go, ge and the glider
gun move with velocity zero (as still live configurations in one dimension).

2.1 De Bruijn Diagrams Calculating Gliders in Rule 54

For a one-dimensional cellular automaton of order (k, r) and a given finite al-
phabet K, its de Bruijn diagram is defined as a directed graph with k2r vertexes
and k2r+1 edges. The vertexes are labeled with the elements of the alphabet of
length 2r. An edge is directed from vertex i to vertex j, if and only if, the 2r−1
final symbols of i are the same as 2r − 1 initial symbols in j forming a neigh-
borhood of 2r + 1 states represented by i � j. In this case, the edge connecting
i to j is labeled by f(i � j) (the value of the neighborhood defined by the local
function f) [12,13].

Thus deBruijndiagram of any one-dimensionalCA canbe constructed as follow:

Mi,j =
{

1 if j = ki, ki+ 1, . . . , ki+ k − 1 (mod k2r)
0 in other case (1)

Modulo k2r = 22 = 4 represents the number of vertexes in the de Bruijn
diagram and j takes values from k ∗ i = 2i to (k ∗ i) + k − 1 = (2 ∗ i) + 2− 1 =
2i + 1. The vertexes (indexes of M) are labeled by fractions of neighborhoods
originated by 00, 01, 10 and 11, the overlap determines each connection. This
way Fig. 2 displays Rule 54’s matrix evolution and de Bruijn diagram of Rule
54 respectively.

Paths in the de Bruijn diagram may represent chains, configurations or classes
of configurations in the evolution space. Also fragments of the diagram itself
are useful in discovering periodic blocks of strings, pre-images, codes, and cy-
cles [11,13].

After the de Bruijn diagram is completed, we can calculate an extended de
Bruijn diagram [11,7]. An extended de Bruijn diagram takes into account more
significant overlapping of neighborhoods. Thus, we represent M (2)

R54 by indexes
i = j = 2r ∗ n, where n ∈ Z+. Moreover the de Bruijn diagram grows expo-
nentially, order k2rn

, for each M
(n)
R54; consequently basic de Bruijn diagram is

obtained for n = 1.
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MR54 =
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0 1 . .
. . 1 0
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. . 0 0
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0 3

1 2

0

1

1

1

0

00

1

Fig. 2. de Bruijn diagram for Rule 54

Let us calculate de Bruijn diagrams for gliders w→ and w← with periodic
background. Tab. 1 shows that the gliders translate two cells in a time. Hence
the extended de Bruijn diagram of order M (2)

R54 can be used to extract a cyclic
structure of gliders.3 The constructed diagrams show all possible relations but,
we will focus on cycles, or periodic strings generated by local-transition functions.

Fig. 3. de Bruijn diagrams corresponding to gliders w→ (up) and w← (down)

Fig. 3 demonstrates the de Bruijn diagram when strings are translated two
sites to the right (+) or to the left (−). In this case, Rule 54 offers an easy
case to extract gliders from their cyclic representation in de Bruijn diagrams. A
glider can be identified as a cycle and the glider interactions with regard or their
phase changes are reflected in bigger cycles containing two or more cycles. The

3 Extended de Bruijn diagrams are calculated with NXLCAU21 software developed
by Harold McIntosh. Application and source code are available at http://delta.
cs.cinvestav.mx/∼mcintosh/oldweb/software.html

http://delta.cs.cinvestav.mx/~mcintosh/oldweb/software.html
http://delta.cs.cinvestav.mx/~mcintosh/oldweb/software.html
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first diagram displays periodic strings moving two cells to the right in two times,
i.e., period and displacement in the periodic background defining the glider w→.
This diagram has a positive orientation of cycles and also shows that relations
of vertexes (1, 2, 4, 6) and (13, 11, 7, 14) representing all possible phases where
glider w→ can be placed. However, the existence of this glider is related to both
cycles of the diagram. Thus the periodic background in phase one represents the
string 1000 and in phase two the string 1110. So, to represent glider w→ in its
two different phases we must make a transition from one cycle to another, or to
concatenate the strings (1000)∗-00-(1110)∗.

Rule 54 has a particular characteristic where gliders can travel between two or
three different backgrounds. Fig. 3 show four cycles, three of them self-contained
and one cycle starts with the nil state. Fragments of evolutions in the same
picture show what types of gliders are more likely to be defined by these cycles.
We can see a large cycle represented by the vertexes (1, 2, 5, 11, 13, 14, 12, 6). This
cycle is equivalent to the periodic string 10111000, which produces an evolution
space covered with just a pair of w→ gliders. Finally, a fourth cycle, represented
by the cycle 0, determines a transition between two different patterns, “fuse
configurations.” The periodic background is formed by a cycle of length four
and the existence of gliders is determined by other cycles. Therefore, we see
that the problem of representing gliders by de Bruijn diagrams is reduced to the
classification of cycles in the diagrams.

The advantage of using a de Bruijn diagram is that many problems concern-
ing automata are thereby transformed into known problems regarding of the
tracing of paths through a graph. For instance, no loop can be longer than the
total number of nodes in the graph without repeating some segment; but then
there must exist still other loops in which the repeated segment is traversed an
arbitrary number of times. For example, a binary automaton depending upon
nearest neighbors has eight distinct neighborhoods, representable as eight links
connecting four nodes, it follows that no static configuration can be more than
four cells long without repeating some two-cell partial neighborhood. Thus the
static configurations are rather severely constrained.

Sometimes the de Bruijn diagram reveals information about localized aspects
of a configuration. For example if an acceptable path terminates at a node in
which all the outgoing links are acceptable, it does not need to continue. Likewise,
if all the incoming links are acceptable, the path may begin just as it has been
part of a loop. Thus semi infinite structures may be located, or even finite ones
if both ends have such universal terminations. This leads to the phenomenon
of membranes and macrocells which Wolfram noticed during the course of his
investigations. That is, an automaton may have patches which are isolated from
one another by static regions, whose evolutions procede quite independently [11].

2.2 Cycle Diagrams Calculating Gliders in Rule 54

De Bruijn diagrams have demonstrated their power in representing periodic
strings based in gliders in elemental CA [7]. Some other tools could also be
used to derive these sequences, e.g. the cycle diagrams (Fig. 4). Of course, we



88 G.J. Mart́ınez, A. Adamatzky, and H.V. McIntosh

should remember that de Bruijn diagrams grow exponentially, so our potential
for computational classification of the diagrams is fairly limited. Thus cycle di-
agrams can help at least calculating attractors as was extensively studied by
Wuensche in [14,9] and thus precisely represent some selected periodic patterns.

There are two ways to obtain the cycles for a given automaton. The first is to
enumerate all the rings of the desired length, and follow up the evolution of each.
In doing so task, various shortcuts can be taken, such as generating the configu-
rations in Gray code order so that only a single cell changes state from one to the
next. Still lifes can be detected very quickly in this way. Numerical comparison
of successive generations means that whenever the new generation is smaller, it
has been already examined and there is no need for further exploration.

The second way is more systematic and is worth the bookkeeping effort in-
volved. A graph whose links are determined by evolution is prepared, following
which a path enumerating procedure is followed to locate all the loops, whose
lengths will give the periods of all the cycles of that length. Cycles of length
up to ten can be obtained easily, twenty with effort, but passing thirty requires
dedication; for binary automata it is slightly easier, increasingly more difficult
for others [11].

Fig. 4. Cycle diagrams calculating their two possible periodic and stable background
in Rule 54 from their attractors

Also cycle diagrams represent very well and easily the concept of global con-
figurations and Garden of Eden configurations. The first involucre a global state
of a CA in each vertex therefore each global state represents an instantaneous
description of the evolution space and also is guaranteed that each global state
has an image. The second concept is represented with configurations without
ancestors, i.e., leaves as vertexes that have not images from another global con-
figurations, these configurations are called Garden of Eden configurations.
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Finally we must mention that the evolution space in Rule 54 can be charac-
terized as well by means of tiles as it was studied in Rule 110 [10,7]. Although
in this paper it is not extended the analysis, several of them are classified from
their de Bruijn and cycle diagrams.

Thus we can enumerate some important characteristics to determine gliders
from their cycle diagrams as follow:

Table 2. Cycle diagrams calculating gliders in Rule 54

cycle length cycle total vertexes structures

4 4 4 T3 and T2 tiles

6 4 5 ge glider

8 4 14 ge gliders joined
6 28 ge glider with a T2

9 4 44 ge-go gliders joined
27 45 T4 transporting a w← (extensible as a T5 in R110)

10 30 90 two T4 tiles joined

11 4 125 go glider with a T6 tile
11 55 packages of T4 tiles
99 231 meta-glider with w→-T5-T6-T4-T2 tiles

12 10 124 periodic background composed of 2T6-2T3-T2 tiles
12 102 2w→ gliders

13 4 406 (ge-go)* gliders concatenated
169 1274 meta-glider with T8-2T4-T2 and w→ gliders

14 112 805 meta-glider with T8-3T4-T2 tiles

15 330 7680 meta-glider with T5-2T6-T4-T2 tiles

16 6 116 periodic background composed of T6-T2 tiles
8 8 w→ gliders
14 944 meta-glider with w→-go-w

← gliders
16 2896 2w→ gliders
40 1246 meta-glider with T8-5T6-2T2-3T4-T5 tiles

In this way we can list a number of periodic strings derived from the de
Bruijn and cycle diagrams. In this case, every primitive glider (see Fig. 1) can
be reproduced from different cycles as shows Tab. 2. The concept of meta-glider
refers to a synchronization of several gliders preserving their form, reactions and
structure periodically as was also reported in Rule 110 in [6].

3 Coding Rule 54

Quickly we must show how to code Rule 54 to solve some problems reported in
[5]. We can select a production by gliders or sequences and code its respective
initial condition.4 If we select a production by gliders, a number of them are
4 See demos of encoding collision between single gliders and their trains in http://
uncomp.uwe.ac.uk/genaro/rule54/collisionsRule54.html

http://uncomp.uwe.ac.uk/genaro/rule54/collisionsRule54.html
http://uncomp.uwe.ac.uk/genaro/rule54/collisionsRule54.html
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important, e.g. if we want to produce a w→ glider, we need to collide a go with
a w← glider. The encoding can be described as follows:

(a) w→ = e+1 -go(A,f1)-e+1 -w←(f2)-e+2
(b) w→ = e+1 -go(B,f1)-e+1 -w←(f2)-e+2
(c) glider gun = e+1 -ge(A,f1)-ge(B,f1)-4e1-w←(f1)-e+2
(d) double glider gun = e+1 -2w→(f1)-8e1-2ge(A,f1)-2e1-2ge(A,f1)-8e1-2w←(f1)-e+1

(see fig. 5).

Fig. 5. Double glider gun in Rule 54 produced from multiple collisions between gliders

4 Conclusions

The rows of the period-cycle table can be found from de Bruijn diagrams in the
same way that the cycles can be found from the evolution diagram; since 2r+ 1
cells are needed to deduce a generation of evolution, only about half as many
periods as cycles can be worked out for a given amount of effort. This anomaly
is really an artifact of the way r parameterizes the neighborhood, and would
disappear if half-integral increments were taken for r.

Similar theoretical conclusions are possible, since the periods are taken from a
subset of the de Bruijn diagram. A 2r-stage de Bruijn diagram for k symbols has
k2r nodes; k times as many links. Once this number of links has been used up in
constructing a path through the diagram, one of them would have to be repeated.
Thus there is also an exponential upper bound in the rows of the period-cycle
table. For example, if an automaton has a cycle of period 2, it must already show
up in some short ring; if it has not appeared in rings below a certain limit, it
will never appear in longer rings [11].

Finally a way to code Rule 54 is needed to obtain a complete description
of gliders. With this system we would be able to construct arbitrary initial
conditions in Rule 54 to control simple o complicated reactions with dozen or
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hundred of gliders. Potentially this feature will provide a powerful tool to develop
spatiotemporal solutions in Rule 54 such as: Rule 54 objects, solitons, eaters and
so on. Thus a complete regular glider-based language in Rule 54 with de Bruijn
diagrams will be presented in our next paper.
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Abstract. Many tribological systems are characterized by an interface
dynamics determined by the growth and destruction of hard thin and
smooth structures, so called ’patches’. These patches transmit the main
part of the friction power and protect the softer pad ingredients from
wear. This behavior, which is explained with the example of a brake
system, can be interpreted as a kind of self-organization process. Hereby
rather simple local balance equations, considering the aspects of tempera-
ture, particle flow, patch dynamics and transmitted friction power, result
in a complex global tribological character. In this paper it is shown that
the Cellular Automaton is a very helpful method to describe the above
standing items and their correlation. In order to avoid certain numerical
instabilities, the respective boundary conditions are discussed.

Keywords: Tribology, Brake Systems, Self-Organization, Friction, Wear,
Boundary Conditions.

1 Introduction

The basic problem of modelling tribological systems with respect to a prediction
or reproduction of measured friction and wear phenomena is the huge lengthscale
gap. This is due to the fact that, on one hand side friction is caused by an
interaction between atoms, and on the other hand side one tries to gain some
macroscopic properties of bodies in contact. There exist numerous Molecular
Dynamics Simulations, for example [1], because of hardware reasons (memory
and processing) their informational value is still limited to some micrometers and
nanoseconds. In principle, they are helpful to understand the formation of the
so called ’third body’ - a very thin layer between two asperities - but conclusions
towards a macroscopic behavior are not really possible. Macroscopic models, for
instance FE-models, e.g. [2], usually contain macroscopic input data, such as
characteristic diagrams for the friction coefficient, but they often neglect the
effect of wear and plastic deformations. These all are the reasons why neither
friction coefficients nor wear rates can be predicted to date.

One can observe a specific effect for a certain group of tribological systems
which are determined by a process on a mesoscopic (some hundred microns
up to some millimeters) lengthscale. This certain group follows a kind of self-
organization in terms of characteristic surface patterns arising and degrading
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during the friction process. Fig. 1 shows some representatives of this group.
These are dry-friction systems such as brakes (a) [3], clutches (b) [4], railroad
(c) [5], gear box (d) [6], bearing cage (e) [7], chalk on blackboard (f). There exist
many more, even lubricated systems, the patterns shown here originate solely
from the Proceedings of the World Tribology Congress III (2005). Although these
systems are very different at the first sight, they have a special thing in common:
their respective surface patterns cause a significant reduction of wear. Since the
gap between this mesoscopic and the macrosopic world could be closed in the
future, this approach can be a promising way to get a better understanding for
these tribological systems. The self-organizing character of these systems is to
be found in the fact, that, during the tribological process, an original stochastic
or even chaotic boundary layer turns into a layer with regular, stable structures.
For this tribo-group it seems that this behavior is given by nature and causes a
high resistance of the system against wear.

(a) brake pad (b) clutch (c) rail

(d) gear wheel (e) bearing cage (f) chalk onblackboard

Fig. 1. Microscopy pictures of different tribological systems

Basically, the ideal tool to describe systems determined by self organization
is a Cellular Automaton model. The way how a model, considering the growth
and destruction of the above mentioned structures (so called ’patches’) and the
respective interdependencies with respect to heat and wear, can be derived is
illustrated in the following sections. First of all the fundamental process of for-
mation and degradation of patches is explained by means of the interface of
brake systems, since for this tribological system the process is well investigated
by measurements.
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(a) (b)

(c) (d)

(e) (f)

Fig. 2. Patch-growth and patch-destruction

2 Friction and Wear in the Interface of Brake Systems

In principle, the composition of a brake lining consists of hard particles, for ex-
ample metallic fibres, aramide fibres, quartz particles and further fillers which
are embedded into a rather soft polymer matrix of phenolic resin. If there is con-
tact between the grey cast iron disk and the polymer matrix, wear particles are
detached from the matrix material. The situation changes fundamentally when
a hard pad ingredient reaches the surface (see Fig. 2a). This hard inhomogeni-
ety (in this case a quartz) wears much less than the soft resin so that the local
normal load increases and it is pressed into the matrix [3], [8]. Since a higher
local normal force is correlated with a higher rate of energy dissipation, the tem-
perature rises there rapidly. It can reach values of more than 1000 oC. On the
other hand the wear particle stream is disturbed in so far that wear particles are
either deflected at the quartz or agglomerate in front of it (Fig. 2b). The last
mentioned debris is compacted and as a consequence of the high temperatures, a
hard and thin oxide layer develops on top of the compacted debris (Fig. 2c). The
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oxide layer’s hardness is in the range of the inhomogeniety’s hardness. Therefore
it protects the softer matrix material below from wear. It can be concluded that,
originated by the hard particle a hard structure, a patch, grows perpendicular
and reverse to the particle flow direction. The patch transmits a major part of
the friction power because the load concentrates on it. Due to the high mechan-
ical and thermal load and its size, at a certain point the patch reaches his limit
of stability and cracks arise (Fig. 2d). Consequently parts of the patch will break
and be transported out of the system (Fig. 2e), or this part agglomerates in front
of another patch. Caused by the further wear of the matrix material the quartz
will lose its foothold and will then be detached as well (Fig. 2f).

These processes can be interpreted as an equilibrium of flow of patches growing
and becoming destroyed and thereby determining the global friction and wear
behavior of the system. That is the reason why the authors believe that, models
taking into account the dynamics of this mesoscopic scale (for brake systems
some hundred microns), have the potential to gain a fundamental understanding
towards these tribological systems. A respective Cellular Automaton model is
described next.

3 A Cellular Automaton Model to Describe the Interface
Dynamics

As shown in the previous section, there exist several interactions between the
surface topography in terms of the patch area and the aspects of friction, wear,
and heat.These interactions can be depicted in the diagram illustrated in Fig. 3a.
In order to achieve a detailed description of the interface processes, the set of
inner variables has to regard those items and interdependencies. Therefore, the
Cellular Automaton model contains a set of 4 inner variables for each cell:

– status : The status of a cell can be ’patch’ or ’not patch’ depending on the
question, whether the cell belongs to a patch or not. The patches in brake
systems have a size of some hundred microns. Thus the cell size is defined 10
microns x 10 microns and for representativeness reasons the total grid size
is chosen 150 x 150 cells.

– friction power : The friction power of a cell describes the product of friction
force and relative velocity on the cell. This value can firstly be discretionary,
so strictly seen this term injures the definition of Cellular Automata which
premises a finite set of inner variables. As it will be shown later, this claim
can be evaded with respect to the model used here.

– temperature: For each cell a temperature is computed. As for the friction
power, the temperature is not limited by a finite number of states.

– particle density: The wear volume, which is currently on the cell, is measured
with a particle density. Also this value can theoretically be any real number.

The set of transition functions is shown in Fig. 3b. Since they are extensively
explained in [9] and [10], the 11 rules are described only briefly in the following:
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(a) Interactions (b) Set of transition functions

Fig. 3. (a) Interactions between patch area, load, wear and heat, (b) resulting set of
transition functions

1. Friction power distribution: The friction power on a cell equals the product
of local normal load (computed with an approach based on Boussinesq’s
formula for elastic halfspaces), local relative velocity (which depends on the
distance between the rotation centre and the cell position) and local friction
coefficient.

2. Global coefficient of friction: The friction coefficient is correlated with the
patch area, the temperatures and the normal loads, since these 3 criteria
determine the third body character and therefore the friction coefficient.

3. ’Patch-birth’ : Depending on the brake pad composition, the friction power
and the time increment, a probability for an inhomogeneity reaching the
surface can be computed, and with this probability the belonging cell spon-
taneously changes its status from ’not patch’ to ’patch’.

4. Heat generation: It is assumed that 95 percent of the energy, dissipated on
the cell during the time increment, is transformed into heat energy. With
the knowledge of the material’s specific heat capacity and the density, this
energy portion can be used to calculate the cell’s temperature increase.

5. Heat conduction: The basis for the heat conduction algorithm is the re-
spective partial differential equation. Neighbored cells exchange energies,
whereby the belonging portion depends on the temperature difference be-
tween the cells before the step, the conductivity of the material and the
time increment. It could have been shown that this approach always satisfies
the first law of thermodynamics (energy conservation) and for short enough
time increments also the second law of thermodynamics (entropy increase).
It has been proved that this procedure results in temperatures close to the
analytical solution.
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6. Heat transport by the disk’s rotation: In connection with the heat generation
and the heat conduction this rule describes the moving of the heat source.
So, there is computed a temperature transfer from a cell to its neighbor into
the moving direction of the heat source.

7. Mean disk temperature: The heat flux into the third dimension can be treated
by regarding a mean disk temperature. This term accumulates this energy
and vice versa influences the temperature of the discretized interface layer.
If the mean disk temperature (represents the deeper disk layers) is high, the
gradient towards the surface and therefore also the heat flux in the third
dimension decreases.

8. Wear volume generation: The implemented generated wear volume on a cell
is proportional to the friction power transmitted by the cell. Additionally the
high impact of the cell temperature towards the wear generation is taken into
account.

9. Particle stream: The wear particles are transported by the disk - so their
velocity is known. Thus there exists a time increment which stands for their
moving by one cell-width. Assuming that the disk moves from left to right,
this means that the wear volume of a cell distributes in the cell itself and
its 3 right neighbors. In order to regard the disturbance of the wear particle
stream by the patches, the belonging portions depend on the statuses of the
respective cells, so for each of these 16 possible combinations a distribution
key is implemented.

10. ’Patch-growth’ : When a cell has the status ’not patch’ and if the cell has
at least one neighbor with the status ’patch’, the cell changes its status to
’patch’ with a certain probability. This probability is a function of the cell’s
wear particle density , the cell’s temperature, the normal load on the cell,
the number of neighbors with the status ’patch’ and material-characterizing
parameters.

11. ’Patch-destruction’ : A set of connected cells with the status ’patch’ is stored
as a collective. This collective (all affected cells) changes the status to ’not
patch’ with a certain probability. This probability is a function of patch-
size, patch-age, normal load on the patch, temperature on the patch and a
parameter regarding the material.

It is obvious that the philosophy of Cellular Automata fits very good with all
items concerning the status-changes, the wear particles (because both issues are
determined by neighborhood-interactions) and the global values (friction coef-
ficient, disk temperature, because these are integral values). The heat flux and
the normal load distribution are usually computed with continuum-approaches.
The Cellular Automaton model is used here as a kind of explicit finite difference
method. The convergence of the method is linked with the spatial discretiza-
tion, the occuring maximal gradients and the chosen time increments. The time-
increments used in the existing simulations are 2 magnitudes of order lower than
convergence-critical time-increments for the maximum gradients in the system.
So, numerical instabilities are not a problem in this context and thus the simu-
lation always generated stable and consistent results. A strong proof of that will



98 M. Müller and G.-P. Ostermeyer

be given elsewhere. Fig. 4 illustrates how the computed fields of wear particle
density (left) and temperature (middle) look like, also see [11]. Hereby the pad
stands still while the disk moves from left to right.

(a) wear particle density,
black = status ‘patch’

(b) temperature, white=
status ‘patch’

(c) boundary conditions

Fig. 4. Computed fields of (a) wear particles (dark=high density), (b) temperature
(bright=high temperature), (c) specific boundary conditions

In Fig. 4a one can clearly observe that the wear particle density has its max-
imum values in front of (left) and adjacent (above and below) to the patches,
whereas there are hardly recognizable densities behind (right) the patches. This
behavior is in accordance with the expectations concerning the stream distur-
bance. The patches transmit the major part of the friction power, thus the
temperature (see Fig. 4b )is maximal on and near patches. Since the disk trans-
ports the heat, generated on the patches, there arise ’temperature-tails’ behind
the patches.

With the help of Fig. 4 there can be pointed out one more very important
issue, the boundary conditions. The section of the brake pad area simulated with
the Cellular Automaton is 1.5 mm x 1.5 mm. It should be a representative for a
much bigger surface area (the total brake pad area amounts roughly 40 cm2), so
periodic boundary conditions have to be chosen [12]. In order to avoid numerical
instabilities, a specific one with an offset of a third of the lattice size is defined.
Fig. 4c clarifies this point. So, for instance the boundary at the left middle part
equals the right top boundary (boundary 2), and the top left boundary equals
the bottom middle boundary (boundary 4).

This procedure is due to the following reason. A patch is a heat source. The
heat generated on the patch is transported by the disk to the right boundary.
Using classical periodic boundary conditions the heat would enter the Automa-
ton on the left opposite and finally reaches the patch where it was produced. The
temperature again steers the growth of the patch and thereby increases the heat
generation and so on. Similar effects are to be found for the wear particle density.
This kind of excitation is numerically caused and has to be avoided. With the
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one-third-offset this kind of instability can only be achieved when there exists a
special configuration with pattern-regularaties with a periodicity of one third of
the lattice size. These regularities are very improbable so that the usage of these
specific boundary conditions minimize those effects.

4 Summary, Conclusions and Outlook

It has been shown how the method of Cellular Automata can be applied for a
special group of tribological systems, namely those which are determined by the
growth and destruction of characteristic hard structures. The set of transition
functions connects the issues of patch-size, heat, wear and load. In order to
guarantee that the lattice represents a characteristic section of the entire surface,
periodic boundary conditions have to be formulated. For this kind of problem
numerical instabilities can occur using classical boundary conditions, so specific
periodic boundary conditions are used here. Until now the focus was on the
investigations of brake systems. Future works will focus on the overall character
of the mentioned group of tribological systems. The authors believe that the
process of self-organization with respect to the result that wear rates are reduced
is a fundamental key for the comprehension of the nature of tribology.
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Abstract. We demonstrate the effects of embedding subgraphs in a
Boolean network, which is one of the discrete dynamic models for tran-
scriptional regulatory networks. After comparing the dynamic properties
of networks embedded with seven different subgraphs including feedback
and feedforward subgraphs, we found that complexity of the state space
increases with longer lengths of attractors, and the number of attractors
is reduced for networks with more feedforward subgraphs. In addition,
feedforward subgraphs can provide higher mutual information with lower
entropy in a temporal program of gene expression. Networks with the
other six subgraphs show opposite effects on network dynamics. This is
roughly consistent with Thomas’s conjecture. These results suggest that
feedforward subgraph is favorable local structure in complex biological
networks.

Keywords: Boolean networks; subgraph; feedback; feedforward; mu-
tual information; entropy; transcriptional regulatory networks; Thomas’s
conjecture.

1 Introduction

Complex networks of interacting elements arising in biological, sociological, and
physical areas can often be abstracted to graphs or networks. Recent studies of
networks [1,2], including transcriptional regulatory networks in cells, have re-
vealed at least two statistical properties: power-law connectivity distributions
having a small number of highly connected nodes; highly clustered connections
among adjacent nodes [3,4]. The last local structures, called subgraphs or mo-
tifs, consist of a few nodes and edges among the nodes that are statistically
significant, and can be regarded as functional modules [4]. Since feedback and

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 100–107, 2008.
c© Springer-Verlag Berlin Heidelberg 2008



Stabilizing and Destabilizing Effects of Embedding 3-Node Subgraphs 101

feedforward subgraphs are basic and ubiquitous circuits in man-made systems,
one can expect that transcriptional regulatory networks also have both feedback
and feedforward subgraphs. However, only the feedforward subgraphs prevail [4].
Other biological networks such as signal transduction and neuronal networks
have similar tendencies. This suggests that feedforward subgraphs are favored
in complex biological networks. In general, although the accumulated data of
complex networks underlies the statistical significance, it is unclear why feed-
forward subgraphs are advantageous over other subgraphs in biological systems.
We therefore constructed Boolean networks and embedded subgraphs in them
to investigate their effects on both network structure and dynamics.

2 Model and Method

2.1 Boolean Network

The dynamics of the Boolean networks [5,6] is determined by the equation

Xi(t + 1) = Bi [X(t)] (i = 1, 2, ..., N), (1)

where Xi(t) is a binary state, either 0 or 1, of node i at time t, Bi(·) are Boolean
functions [see Table 1] used to update the state of node i, and X(t) is a binary
vector that gives the states of the N nodes in the network. After assigning the
initial states X(0) to the nodes, their successive states are updated by input
states coming from upstream nodes and their Boolean functions. The dynamic
behavior of these networks is represented by a time series of binary states. The
time course follows a transient phase from its initial state until it establishes a
periodic pattern, called an attractor [Fig. 2].

Table 1. 16 Boolean functions with indegree Kin = 2. In this paper, we used only
No. 1, 2, 4, and 8 Boolean functions shown below, because of biological bias for the
Boolean functions [7,8,9,10] and the feasibility of computation.

Inputs Output

0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Type No. 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

2.2 Numerical Condition

To investigate the effects of embedding subgraphs on the Boolean network dy-
namics, we randomly constructed many networks with varying numbers of in-
dependent subgraphs. Seven subgraphs consisted of three nodes and more than
three directed edges [Fig. 1 and Table 2]. After embedding the specified number
of subgraphs, the rest of the directed edges were assigned at random.
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Feedforward loop Feedback loop

GE FC DA B

Fig. 1. Seven different subgraphs (local structures), The subgraphs consist of 3 nodes
(squares) and more than 3 directed edges (arrows). Subgraphs A and B have three
internal edges. Subgraphs C – F have four and G has five internal edges. The number
of cyclic loops increases with the number of internal edges. The seven subgraphs can be
divided into two groups; subgraphs C, D, E, and G comprise subgraph A, feedforward
loop; subgraphs B and F do not.

Table 2. Numerical condition: All constructed networks consist of the same amount of
network resources, i.e., nodes, directed edges, and Boolean functions. Please note that
the difference among the generated networks lies in the style of their connections.

Size of networks, N 128 nodes
Connectivity For all nodes, Kin = Kout = 2

Boolean function Only AND style [Table 1]
Types of subgraph Seven different subgraphs [Fig. 1]

Number of embedded subgraphs 0, 10, 20, 30, and 40
Number of edges 256

Number of initial states 2000 per network
Number of realizations More than 3 × 103 in each condition

2.3 Path Length

To obtain the structural changes of the propagating pathway of the state vari-
ables after embedding subgraphs, we measured the average path length [11],
which is the average number of the path lengths for all the nodes [Fig. 3b],
where the path length is the average number of directed edges in the shortest
path from a node to all reachable nodes.

2.4 Complexity of State Space

We use two measures to characterize the complexity of state space from the
initial states [See Fig. 2]:

1. Basin entropy [11,12]:

HBasin = −
∑

i

p(i) log2 p(i) (2)

where, the p(i) satisfies
∑

i p(i) = 1, p(i) = ai

2000 , and ai is the number of
initial states that reached the i-th attractor [Fig. 2].
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2. Sum of the length of attractors: Each network may contain a different number
of attractors, and their lengths may vary. This measure defines the total
length of attractors in state space.

The two measures indicate the complexity of state space from the initial states.
According to the definitions, the larger values of two characteristics sgnify a
higher complexity of the state space [Figs. 2 and 4].

= [ 0010....11 ]

t = 0

t = 3

t = 1

t = 2

X(0) X(0)

7

3

X(0) X(0)

: initial states

: transition

: attractor

X(0)

128 bits

Fig. 2. Example of a state space, There are 2128(∼ 1039) different states (shown as
circles) in the space of each network. The numbers 3 and 7, inside the attractors,
indicate the attractor lengths. We applied 2000 different initial states (shaded circles)
to each network [Table 2]. t = 0, 1,...., indicate time steps of Eq. (1).

2.5 Entropy and Mutual Information

We measured the entropy (randomness) and mutual information (correlation) of
state variables to characterize the temporal structure of state variables in the
Boolean networks [6,13,14]. Both dynamic properties are obtained from attrac-
tors [Figs. 2 and 5].

3 Results

Since Fig. 3a shows that our method was successful in embedding subgraphs
in Boolean networks, the horizontal axis of Figs. 4, 5a, and 5b are the specified
number of embedded subgraphs. Because the number of inter-subgraph edges de-
crease as the number of internal edges increase, the average path length prolongs
as the number of embedded subgraphs increases [Fig. 1 and 3b].

We examined the effects of embedding subgraphs on the graphic and dynamic
properties. Figure 4 shows the complexity of state space structures. Feedforward
has opposite effects from the other six subgraphs. Note that the number of at-
tractors, basin entropy, and the sum of the lengths of attractors decrease slightly
with feedforward subgraphs. In general, the complexity of state space increases
as the number of internal edges increase [See Fig. 1]. The temporal structure of
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state variables is shown in Fig. 5. The entropies in Fig. 5a exhibit similar ten-
dencies to those shown in Fig. 4. Unlike Figs. 4 and 5a, the amount of mutual
information increases with an increase in the number of embedded subgraphs
[Fig. 5b]. Figure 5c shows rearranged results from Fig. 5a and 5b, indicating the
productivity of mutual information (correlation) from entropy (randomness).

4 Discussion

Based on resultant dynamics of networks as shown in Figs. 4 and 5, the effects
of embedding subgraphs in Boolean networks can be divided into two groups.
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Networks with more subgraphs, excluding feedforward, show a larger number
of attractors and greater entropy and mutual information, demonstrating that
the six subgraphs increase the complexity of the state space of the networks.
In other words, the subgraphs behave as destabilizers of state space, pattern
generators of a temporal program of gene expression, or entropy generators. The
resultant mutual information (correlation) is driven by entropy as shown in the
six positive slopes in Fig. 5c. These results are consistent with the Thomas’s
and Sontag’s conjecture [15,16,17] because the reciprocal edges in a subgraph
contribute to increasing of cyclic loops in the subgraph [Fig. 1].

On the other hand, networks with more feedforward subgraphs show a smaller
number of attractors and less entropy, but greater mutual information. This
indicates that feedforward subgraphs stabilize the state space as well as organize
temporal patterns with less entropy, as shown by the negative slope in Fig. 5c.
Detailed analyses with differential equations [18,19] show feedforward loops are
robust to variations in biochemical parameters and work as a low-pass filter.
Together with our numerical results and related work [11,17], this suggests that
feedforward loops are favorable local structure in complex biological networks.

Actual complex biological networks are established based on emergence and
evolutionary processes, and the resultant structure has many statistical features.
Here we concentrate on the effects of embedding subgraphs in Boolean networks.
The constructive approach [6,11,13,14,17] promises to provide insight into the
prediction of relationships between network structures, behaviors, and functions.

4.1 Control Parameters for Boolean Networks

The control parameters for the dynamics of Boolean networks are input connec-
tivity, Kin, the size of network, the bias of the Boolean functions, and output
connectivity distributions [6,20,21]. In this report, we change only the connec-
tion style, while maintaining the same amount of network resources [Table 2].
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Figures 4 and 5 demonstrate that the internal connection style, such as the num-
ber of reciprocal edges or cyclic loops, may well be regarded as a novel control
parameter for the dynamics of Boolean networks.

4.2 Differences in Correlation Productivity

In general, complex adaptive systems, including biological systems, perform their
functions correctly when certain appropriate communications among nodes are
established, because such systems need to add or delete nodes, or change the
connectivity strength to adapt to exogeneous inputs optimally. Therefore, the
productivity of correlation among nodes is the critical factor for the networks.
However, the dynamics of our results are collective behavior of the interaction
of single kind of subgraphs. The lowest correlation productivities in Fig. 5c can
be seen for subgraphs B and F, these two subgraphs do not involve feedforward
structures [Fig. 1]. The other subgraphs, excluding subgraph A, show greater
productivity. In fact subgraph C and D have the largest freqencies in signal
transduction, neuronal networks [3,4].
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Abstract. We present some elements of a new family of time-optimal
solutions to a less restrictive firing squad synchronization problem. These
solutions are all built on top of some elementary algebraic cellular au-
tomata. Thus, this gives a very new insight on the problem and a more
general way of computing on cellular automata.

1 The Firing Squad

As an old inverse problem, the Firing Squad Synchronization Problem (FSSP
for short – see [6]) proposes to design a linear cellular automata A = (Q, δ),
with a finite set of states Q = {•, A, B, . . . , x}, and the transition function δ :
{$}∪Q×Q×{$}∪Q → Q ($ being an external state) which is able to synchronize
any chain of n cells so that there exists a distinguished state f ∈ Q so that:

– from the starting configuration at time 0, which is of the form A•n−1;
– it reaches the synchronized configuration fn after T (n) transitions;
– so that the state f never appears before the T (n)-th step.

Besides the fact that the original problem has been studied for a long time
(see [1,4,5,11]), it is interesting to note that recent results may give a very new
insight on the problem (see [7,8,9,10,13,14,15]). First and independently, Yunès
(see [13,14]), Settle & Simon (see [7]) and Umeo et al. (see [9]) designed non
minimal-time solutions with very few states; since Balzer (see [1] in is known
that there is no optimum-time solution to the original problem with 4-states,
and since Mazoyer (see [4]) we know that there exists a 6-states solution and
wether there exists a 5-states solution).

And a recent promising line of research, started by Umeo and Yunès (see
[8,10,15]) is to look for solutions able to synchronize an infinite number but not
all lines. That less restrictive problem is very surprisingly solvable with only
4-states (no gap remains as Yunès proved that there is no 3-states solution to
that less restrictive problem). What is remarkable is that with 5 states (see [10])
we can use common construction as signal and collision schema, but 4-states
solutions are all built using some elementary algebra.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 108–113, 2008.
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Here we present some of these solutions in only 4-states which synchronizes
every line whose length is a power of 2

2 The Rule 60 Based Solution

A first construction is based on Wolfram’s rule 60 (see [12], page 1035). Wolfram
stated that running rule 60 (Pascal’s triangle modulo 2) on a configuration of
length a power of 2 where the left end cell is 1 leads to something that looks
like a synchronization. But one can easily note that rule 60 is not a solution to
the problem and we will see that we can use it to construct something able to
synchronize every power of 2.

The key idea is to use a simple folding of the space-time diagram of rule 60
running on a line of length 2n+1, which gives a space-time diagram of a 4-states
cellular automata running on a line of length 2n. That cellular automata exploits
an interleaving property of rule 60 configurations such that a synchronization is
obtained at the right time (2n for a line of length n).

The figure 1 illustrates how the construction is made. The figure 1(a) shows a
full run of the solution on a line of length 16, and figures 1(b)and 1(c) exhibits how
the folding is used. Table 1(a) contains the transition function of our solution.

For a proof of correctness the reader must refer to [15].

(a) n = 16 (b) n = 32 (c) unfolded → n = 64

Fig. 1. Folding of a Pascal’s triangle modulo 2

3 The Rule 150 Based Solutions

All the following constructions use Wolfram’s rule 150 as a base for their design.
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(a) n = 17 (b) n = 33

Fig. 2. Strict optimum-time solution

(a) n = 16 (b) n = 32 (c) n = 16 (d) n = 32

Fig. 3. Rule 150 based solution

3.1 Strict Optimum-Time Solution

The figure 2 illustrates how that solution works and the table 1(b) gives the tran-
sition function of it. The reader must note that this construction synchronizes
every line of length N = 2n + 1 at time 2N − 1 (2N − 2 steps), so this is a strict
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Table 1. The transition functions

(a) Rule 60. Synchronizes lengths 2n

• $ • A B

$ •

• • • • B

A A A A

B • B

A $ • A B

$ A A C

• A A

A B • • B

B A A C

B $ • A B

$

• B B B •

A C C A

B B B B •

(b) Rule 150. Synchronizes lengths 2n + 1

• $ • A B

$

• • • A B

A B A B •

B B • A

A $ • A B

$ B C A

• B B •

A C C

B A • A

B $ • A B

$ A B C

• A A •

A B • B

B C C

(c) Rule 150. Synchronizes lengths 2n

• $ • A B

$ •

• • • A B

A A A •

B B •

A $ • A B

$ A A C

• A •

A B • A B

B A A C

B $ • A B

$

• B B B •

A C C A

B B • B B

(d) Rule 150. Synchronizes lengths 2n

• $ • A B

$ •

• • • B A

A B B •

B A •

A $ • A B

$ A C A

• A A A •

A C A C A

B A • A A

B $ • A B

$

• •

A A • A

B A

optimum-time solution, as can be opposed to the previous construction which
synchronizes in 2N − 1 steps - one more extra step.

Here the key idea is also to use a folding of some space-time diagram, but
such that states A and B used in the unfolded part are respectively projected to
B and A in the folded part.

3.2 Simple Folding Variants of Rule 150 Based Solution

The figure 3 illustrates two variants of the preceding solution and the tables 1(c)
and 1(d) contain their respective transition functions. These solutions are also
based on Wolfram’s rule 150 as one can observe that the shadow of their space-
time diagram is exactly the rule 150. What we call the shadow of a space-time
diagram is what is obtained identifying, in a given space-time diagram, all non
quiescent states into a single one. The picture obtained is something which uses
only two states (the original quiescent and the shadow state). Of course, in the
general case, the shadow diagram is not a 2-states cellular automata space-time
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diagram, but it can be in some particular cases (as the cases illustrated here). By
example, identifying black and grey states in the upper part of figures 2(a), 2(b),
3(c), and 3(d) give the space-time diagram of rule 150 (upper part of figures 3(a)
and 3(b)).

The first solution is built as the first solution of this paper (rule 60 based
solution). The space-time diagram for a line of length 2n is obtained by a simple
folding of the original space-time diagram of Wolfram’s rule 150 running on a
line of length 2n+1.

The second solution is also built using our simple folding but combined with
a parity cell position coloring. That coloring doesn’t perturb the property used
to obtain the synchronization.

4 Conclusion

We were able to construct different 4-states solution to the firing squad which
synchronizes every line of length 2n or 2n + 1. As their are all based on some
simple algebraic computation, we think that it would be possible to find a simple
formal proof of their correctness as it has already been done to the first of them
(see [15]).

All theses solutions have a very low Kolmogorov complexity, the three first
presented solutions use only 33 transitions and the last uses only 30 transitions.

One can note that the number of non quiescent cells is not in the order of
n.log(n) for a line of length n, neither it is in the order of n2, but something in
between. That number is of course directly related to the Hausdorff dimension
of the fractal built.

These solutions all belong to a new family of solutions based on algebraic
computation, may be a new way of programming on cellular automata
(algebraic cellular automata have already been studied but in the field of discrete
dynamical systems).

Moreover, if these constructions doesn’t synchronize every line, it is worth
notice that a recent reconstruction of Goto’s first FSSP solution (see [3,16]) can
naturally be based on.
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Abstract. This paper proposes a multi-objective approach for Cellular
Automata (CA) calibration. The method exploits the available tempo-
ral sequences of spatial data in order to produce CAs which are non-
dominated (i.e. Pareto optimal) with respect to multiple objectives
representing the disagreement between the simulated and real dynamics.
A preliminary application, based on a parallel multi-objective Genetic
Algorithm, showed that the proposed approach can provide significant
insights about potentialities and limits of a CA model.

1 Introduction

In most Cellular Automata (CA) models of real complex systems (e.g. [1,2]):
(i) each cell represents a portion of space (e.g. a location on the Earth’s sur-
face); (ii) the states of the cell correspond to spatial characteristics which are
important to the model (e.g. slope, temperature); (iii) the transition function
models some local interactions among the system components; (iv) each CA
step corresponds to an interval of time. In addition, the transition function is
often dependent on some scalar parameters representing properties common to
all systems’ components (e.g. [3,2,1]).

The reliability of such parameterized CA models is maximized by some stan-
dard procedures, such as model calibration. The calibration process consists of
finding the values of the model parameters that are not exactly known and can-
not be directly measured, in such a way that the model itself better mimics the
observed dynamic of the system under consideration. Since the search space is
usually large, automated methods have been developed by defining calibration
as an optimization problem in which the solution in terms of parameter values
must minimize an objective function (i.e. the error measure) [1,2]. In the auto-
matic calibration process, the match between the simulated and the observed
phenomenon is usually quantified by a single error measure. However, in many
applications the ability of the CA model of reproducing different aspects of the
system’s dynamic is crucial. In that case, a specific error function is associated
to each aspect in order to measure the corresponding level of misfit between
the simulated patterns and the real ones. Calibration to multiple objectives is

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 114–119, 2008.
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typically achieved by combining them into a single overall objective measure of
comparison (e.g. by a weighted linear combination or by multiplying the different
objectives). Nevertheless, the particular combination of multiple error measure
in a single objective, which usually affects significantly the calibrated parameter
values, is largely arbitrary and can be difficult because of the difference of scale of
the single measures. In addition, it precludes a full evaluation of the model per-
formances in the space defined by the objectives, since such space is collapsed in
a mono-dimensional one. As a suitable alternative to the objective-combination
approach, a full multi-objective optimization can be conducted that identifies
the entire optimal set of non-dominated or Pareto solutions [4]. In this paper
such a multiobjective approach, based on a GA, is suggested with the purpose
of optimizing CA models.

2 Multiobjective Optimization of Cellular Automata

One of the most common CA-based modelling approach is based on a generaliza-
tion of the classical CA formulation, where the states of the cell are represented
by the values of numeric variables. Moreover, in many applications of the method
the transition function depends on a vector of scalar parameters p = [p1, . . . , pr]T

(e.g. [3,2,1]. In such CA models, all of the local transition functions, acting si-
multaneously on each cell, can be thought as an overall parameter-dependent
transition function Φ which acts on the entire automaton and gives the global
configuration Ω(t+1) at the step t+ 1 (i.e. the set of all cell states) as:

Ω(t+1) = Φ(Ω(t),p) (1)

Thus, the iterative application of function Φ to the successive configurations,
starting from an initial one Ω(0), leads to the dynamic process

Ω(0) Φ−→ Ω(1) Φ−→ · · · Φ−→ Ω(t) =⇒ Ω(t) = Φt(Ω(0),p) (2)

where the dependence of the automaton configuration at the time step t on
both the initial configuration and the parameters is explicit, with the other
automaton characteristics (i.e. the model structure) being fixed. With respect to
the parameters p, the model can be optimized to minimise the misfit, expressed
by proper measures, between the simulated patterns and the real ones.

To formalize the problem, let us suppose the existence of spatio-temporal
datasets collecting some automaton configurations, which come from experi-
ments of the real system behaviour. Let each dataset V̄ be composed by a series
of q automaton configurations:

V̄ = {< Ω̄
(0)
, τ0 >,< Ω̄

(1)
, τ1 >, . . . , < Ω̄

(q)
, τq >} (3)

where the attribute τi indicates the instant of time in which the configuration
Ω̄

(i) is known. Starting from the configuration Ω̄
(0), and given a vector p of
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parameters, the process (2) can be executed for the computation of the q − 1
automaton configurations:

V = {Ω(1), . . . ,Ω(q)} (4)

where Ω(j) = Φj(Ω̄(0)
, p). Thus, the optimization process consists of the deter-

mination of a proper value of the vector p, which leads to the best agreement
between the real spatio-temporal sequence (3) and the simulated one (4). As
mentioned before, in many applications it is desirable that the model repro-
duces different aspects of the real system evolution in space and time. Thus, in
general, g measures of error are defined:

θi = Θi

(
V̄ , V

)
= Θi

(
V̄ , p

)
i = 1, . . . , g (5)

Each function Θi corresponds to an optimization objective and accounts for
a specific aspect of the disagreement between simulated and real patterns. As
pointed out in Section 1, the typical approach of optimizing to multiple targets
by combining the multiple objectives into a single one presents some drawbacks.

The alternative proposed in this paper is to conduct a full multiobjective op-
timization that identifies a set of non-dominated or Pareto solutions [4] within
a single optimization run. In particular, the optimization is done using a mul-
tiobjective Genetic Algorithm (GA) [5]. The GA is used to evolve a randomly
initialized population, whose generic chromosome is a vector encoding an r-
dimensional vector of parameters p. The i-th element of the chromosome is
obtained as the binary encoding of the parameter pi, using a suitable number
of bits and its set of definition P(pi). Each chromosome can be decoded in a
vector of parameters p and, through performing a CA simulation, the objective
functions can be computed. In the multiobjective GA, to avoid the aggregation
of multiple objectives, the comparison of two candidate solutions, with respect
to different objectives, is achieved through the concepts of Pareto optimality
and dominance. In particular, we say that a solution p∗ (strongly) dominates
the solution p if:

∀ i : Θi

(
V̄ , p∗) ≤ Θi

(
V̄ , p

)
∧ ∃ j : Θj

(
V̄ , p∗) < Θj

(
V̄, p

)
(6)

In other words, p∗ dominates p if p∗ is better or equivalent to p with respect
to all objectives, and better in at least one objective. A non-dominated solution
can be considered optimal in the Pareto sense (i.e. no criterion can be improved
without worsening at least one other criterion). Rather than a single solution,
a search based on Pareto-optimality produces a set of non-dominated solutions.
In this work, the adopted multiobjective GA is the well known NSGA-II, which
has been extensively investigated and is described in [6].

3 An Application Example

The multiobjective optimization approach has been applied in conjunction with
SCIARA-fv, which is the last release of a family of CA models for lava flows
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Fig. 1. Estimated Pareto front for the calibration example. Marked points correspond
to the best spatial matching (A), possible trade-off solution (B) and best temporal
matching (C).

simulation [7]. The model, which is described in detail in [1], is based on a
hexagonal grid and accounts for the relevant physical processes involved in the
macroscopic phenomenon.

In SCIARA-fv the transition function depends on the following seven scalar
parameters, invariant in time and space: ps, the time corresponding to a CA
step; pTsol, the lava temperature at solidification; padv, the lava adherence at
the crater (it represents the amount of lava that, given its current rheological
resistance, cannot flow out from the central cell towards any neighbouring ones);
padsol, the lava adherence at solidification; pcool, the “cooling parameter”, which
depends on lava rheology and regulates the thermal energy loss due to lava
surface irradiation; pTv, the lava temperature at the crater; pa the cell apothem.
Once that the input to the model has been provided, SCIARA-fv can simulate
the lava invasion process. The simulation stops when the lava fluxes fall below
a threshold value.

Before using the model for predictive applications, the parameters must be op-
timized for a specific area and lava type using at least one real eruptive event. To
this end, in previous applications either a single error measure or the product of
some selected measures have been used for measuring the disagreement between
the data describing the real event and the simulation outcomes [1]. Instead, in the
present application SCIARA-fv has been coupled with the NSGA-II algorithm
and two error measures have been selected for conducting a full multiobjective
optimization. In particular, the first error measure took into account only the
comparison between the areal extensions of the real and simulated events; it was
defined as:

θ1 = 1−

√
m(R ∩ S)
m(R ∪ S)

(7)

where R and S represent the areas affected by the real and simulated event,
respectively, while m(A) denotes the measure of the set A. Note that θ1 ∈[0,1];
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Fig. 2. Spatial comparison between real and simulated events for the selected solutions
A and B in Figure 1

its value is 1 if the real and simulated events are completely disjoint, being
m(R∩S)=0; it is 0 in case of perfect overlap, being m(R∩S) = m(R∪S). The
second objective function measures the relative error between the duration of
the real event and the simulate one.

θ2 =
| Δtreal − nstep × ps |

Δtreal
(8)

where Δtreal is the duration of the real event and nstep is the number of CA
steps executed until the simulation reaches the stop condition mentioned above.
A value θ2 = 0 implies that the simulated time is exactly equal to the real
event duration. Thus, while θ1 is related to the correspondence between real and
simulated spatial patterns, θ2 indicates how the model is capable of reproducing
the real phenomenon in the temporal domain.

The multiobjective calibration exercise refers to an eruptive episode, known
as the 2001 Nicolosi event, which started at 3:00 AM on July 18-th, 2001, from
the the southern flank of Mt Etna (Sicily, Italy), at 2100 m a.s.l. The event was
fed by a lava flow rate of about 7m3/s and after 10 days of activity, it reached its
maximum extension, which was almost 6 Km in terms of run-out. In this case,
calibration is needed only for the first five parameters since parameter pTv is set
to a value of 1373K, which corresponds to the typical temperature of Etnean
lava flows at craters, and parameter pa was also prefixed to the value of 5m
corresponding to the detail of the considered topographic data.

The non-dominated set is represented in Figure 1. It shows thatΘ1 ranges in the
interval [0.283, 0.786]while the relative errorΘ2 in the interval [0.12%, 15.3%]. The
shape of the Pareto front suggests that the spatial error Θ1 can be reduced up to
about 0.34 (i.e. point B in Figure 1) without significant loss of accuracy in terms
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of the relative error on the event duration Θ2, which remains below 4%. In other
words, along the branch CB, a minor relaxation of the performance in simulating
the phenomenon duration implies a significant improvement in the quality of the
simulated spatial patterns. Following the estimated Pareto front from point B
to point A, a further reduction of spatial error can be achieved at the price of
a significant increment of the event-duration error. In particular, in point A the
model attains the best spatial fitting (Θ1 = 0.283) but the simulated duration
presents a difference of about 15.3% with respect to the real one. Clearly, since for
most applications the spatial fitting is more important than an exact prediction
of the phenomenon duration, a typical trade-off solution could be chosen from
the points of the estimated Pareto front which are comprised between point A
and point B (see Figure 1). To give an idea of the spatial implications that such
a trade-off may imply, in Figure 2 the two maps corresponding to the points A
and B are depicted and compared with the map of the real eruptive event.

4 Conclusions

In the examined case there are solutions offering a good compromise among all
objectives. This might not always be the case. Indeed, significant trade-offs in
fitting two or more objectives may indicate an error in the model structure (e.g.
a relevant physical process may not be accounted for). In this sense the multi-
objective approach can provide useful information about the model and the set
of non-dominated solutions offers a representation rich in valuable information
concerning the CA model, thereby potentially leading to better optimizations
and improved understanding of the model potentialities and limits.
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Abstract. We find a simple linear relation between the thermodynamic
entropy and the largest Lyapunov exponent (LLE) of an discrete hy-
drodynamical system, a deterministic, two-dimensional lattice gas au-
tomaton (LGCA). This relation can be extended to irreversible processes
considering the Boltzmann’s H function and the expansion factor of the
LLE. The definition of LLE for cellular automata is based on the concept
of Boolean derivatives and is formally equivalent to that of continuous
dynamical systems.

1 Introduction

The relation between thermodynamics and the underlying chaotic properties of
a system is of great relevance in the foundations of statistical mechanics [1] and
has attracted much interest. For a family of models of simple liquids, including
Lennard–Jones, a simple relation between the Kolmogorov–Sinai entropy and the
thermodynamic entropy exists [2]. The connection between chaotic dynamical
properties and transport coefficients has been established for Lorentz gases [3].

Investigations on extended or multi-body systems are difficult, and most of
previous studies were restricted to non-interacting particles on some disordered
configuration of scatteres. Moreover, continuous or partially continuous systems
require coarse-graining that introduce another degree of arbitrariety in the analy-
sis. These difficulties have lead to the study of rather abstract models (maps) [4].

In this paper we investigate if and to what extent similar relations apply to
completely discrete systems like cellular automata, and in particular to lattice
gas cellular automata (LGCA).

LGCA are simple models with hydrodynamical behavior [6]. The D2Q9 LGCA
is a two dimensional model with nine velocities and is one of the simplest models
where temperature can be defined [7]. In this paper we find that the thermody-
namic entropy density is proportional to the largest Lyapunov exponent (LLE)
of a deterministic D2Q9 LGCA. Furthermore, in a simple irreversible process,
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C

C

II

A

B

Fig. 1. (Top) All these states have the same number of particles, momentum and
energy. An arrow represents the presence of a particle with the velocity of the arrow,
the open circle a particle at rest. (bottom) Example of entries in a reversible collision
table.

there is a linear relation between Boltzmann’s H function and the expansion
factor of the LLE.

The sensitivity to initial conditions for discrete dynamical systems like cellular
automata are has to be understood with care. One cannot perform here the
usual limit of vanishing initial distance between configurations. Nevertheless,
Lyapunov exponents can be defined and cellular automata which exhibit complex
space time patterns have a positive LLE [8]. This definition is closely related to
the one used in continuous maps [9].

2 Model

The D2Q9 model is defined on a two dimensional square lattice. The evolution
is in discrete time steps and unit mass particles at every site r can move with
one of nine velocities c0 = (0, 0), c1 = (1, 0), c2 = (0, 1), c3 = (−1, 0), c4 =
(0,−1), c5 = (1, 1), c6 = (−1, 1), c7 = (−1,−1), c8 = (1,−1). The state of the
automaton is given by the set of occupation numbers s(t) = {sk(r, t)}, where
sk(r, t) = 1 (0) indicates the presence (absence) of a particle with velocity ck at
site r and time t. An exclusion principle forbids the presence of more than one
particle in a given site, at a given time with a given velocity.

The time evolution of the system is given by collision and streaming opera-
tions. In the collison operation, particles at a given site collide conserving mass
and momentum. In the streaming operation particles move to neighboring sites
according to their velocities.

Since the number of states for a given site is finite (29), the local collision
operator C is generally implemented as a look-up table. Given a local configura-
tion, the conservation constraints may not define the outgoing state completely
as we show in Fig. 1 (top). One may assume that the C look-up table has sev-
eral columns for all the possible output states. In order to make the automaton
deterministic, we assign at the beginning an integer random number η(r) to each
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site, to be used in choosing the column from which the output state is chosen
(quenched disorder). That is

sk(r, t + 1) = Ck(s0(r, t), . . . , s8(r, t), η(r)). (1)

The choice of the quenched disorder is analogous to the random disposition of
scatterers in a wind-tree or other similar Lorentz gases [10]. We have checked
in the various conditions studied in this paper that the system is self-averaging:
a simulation on a large enough system gives the “average” value over disorder.
This is illustrated for instance in Figure 2 (left): the plot is a collection of single-
run simulations for different values of a parameter, using different realizations
of the quenched disorder. One can notice that fluctuations are quite small.

Moreover, the collisions can be made reversible, an interesting feature for the
discussion of irreversibility. To do so, states s must satisfy the condition that in
every column s = ICIC(s) holds where I denotes the operator that inverts the
velocities. This means that a collision C followed by an inversion I and another
collision and inversion leaves the state unchanged when it is taken from the same
column in the collision table as we show in Fig. 1 (bottom).

3 Lyapunov Exponents

We recall here the salient points of the definition of largest Lyapunov exponent
for cellular automata [8]. Let us simplify the notation by using the index n to
indicate both the position r and the velocity k, with n = 1, . . . , 9L, where L
is the number of sites of the automata. The evolution of the state sn(t) of the
LGCA can be seen as an application of a set of Boolean functions

sn(t + 1) = Fn(s(t)). (2)

The functions Fn and differ in the velocity index k and quenched disorder η(r).
However, since the distribution of the disorder is uniform, and, as shown in
the following, the correlations among variables decay very fast, the system is
translationally invariant at a mesoscopic level.

Let s(0) and x(0) be two initially close configurations, for example all the
components of x(0) may be equal to those of s(0) except for one. We define the
bitwise difference between these two configurations with the term “damage”.
The smallest possible damage is one and the damage vector v(0) is one in the
component where s(0) and x(0) are different and zero in all the others. If this
damage grows in average during time, the trajectory is unstable with respect
to the smallest perturbation. However, due to the discrete nature of LGCA,
defects may annihilate during time evolution, altering the measure of instability
of trajectories. The correct way of testing for instability is that of considering
all possible ways of inserting the smallest damage in a configuration, using as
many replicas as the number of components of the configuration, and letting
them evolve for one time step counting if the number of damages has grown or
diminished. The ensemble of all possible replicas with one damage each is the
equivalent of the tangent space for discrete systems.
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The task of computing the evolution in tangent space is clearly daunting, but
by exploiting the concept of Boolean derivatives [8,11], it is possible to develop
a formula very similar to the one used in continuous systems. The Boolean
derivative is defined by

∂Fn(s)
∂sp

= Fn(. . . , sp, . . . )⊕ Fn(. . . , 1− sp . . . ), (3)

with n, p = 1, . . . , 9L and where ⊕ represents the sum modulo two (XOR). This
quantity measures the sensitivity of the function Fn with respect to a change in
sp. The Jacobian matrix J(s) has components Jnp = ∂Fn(s)/∂sp.

We now consider the map

v(t + 1) = J(s(t))v(t), (4)

with v(0) as mentioned above. It is easy to check that |v(t)| =
∑

i vi(t) is
the number of different paths along which a damage may grow in tangent
space during time evolution, i.e., with the prescription of just one defect per
replica [8]. If there is sensitivity with respect to initial conditions, one expects
that |v(T )|/|v(0)| ∼ exp(λT T ) for large T where λT is the largest finite time
Lyapunov exponent. It then follows that

λT =
1
T

T−1∑

t=1

log u(t) = 〈log u〉T , (5)

where u(t) = |v(t)|/|v(t− 1)| is the expansion factor of the LLE. The definition
should include the limit when T → ∞ but in practice we always evaluate the
finite time LLE. The LLE depends in principle on the initial configuration s(0),
initial damage v(0) and quenched disorder η, but in practice it assumes the same
value for all trajectories corresponding to the same macroscopic observables when
T is sufficiently large. The LLE of CA as defined above has been used to classify
elementary and totalistic Boolean cellular automata [8,12].

4 Entropy

We define the entropy S as

S = −
∑

s

p(s) log(p(s)), (6)

where s denotes a possible configuration of the system and p(s) is the correspond-
ing probability, computed averaging over a set of replicas (statistical ensemble),
analogous to the configuration used for computing the LLE. In equilibrium, S
is just the the logarithm of the number of possible configurations satisfying the
constraints of constant mass and energy.

It is possible to extend the ensemble definition of entropy also to non-equili-
brium conditions, S = S(t).
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The single particle velocity distribution functions fk(r, t) are defined as the
average number of particles at site r with velocity ck at time t over R sam-
ples that share the same quenched disorder η and macroscopic constraints with
different microscopic initial configurations.

Since the model satisfies Fermi statistics and correlations are unimportant we
approximate the probability distribution by

p(s)  
∏

r,k

fk(r)sk(r)
(
1− fk(r)

)1−sk(r)
, (7)

and the entropy can be approximated by the Boltzmann function H , defined as

H = −
∑

r,k

fk(r) log
(
fk(r)

)
+
(
1− fk(r)

)
log
(
1− fk(r)

)
. (8)

Defining the connected correlation function Ckl(η) as

Ckl(η) =
1
L

∑

r

sk(r, t)sl(r + η, t)−
(

1
L

∑

r

sk(r, t)

)2

, (9)

we checked that the single-site two-particle correlation function Ckl(0) factorizes
into the product of single particle distributions before and after the collision,
both during the relaxation (out of equilibrium) phase and in the stationary
(equilibrium) conditions. In equilibrium, the correlation function Ckl(η) decays
to zero for η = 1. Out of equilibrium, starting with very different configurations
in the two halves of the system, the correlation function, still being quite small,
exhibits a correlation length of some lattice spacings for a short time. This
corresponds to the coherent motion of particles in a shock wave, where the local
density is near to zero or nine. However, this correlation quickly disappears;
although the motion is correlated at a macroscopic level, as soon as the local
density of particles is different from the extremes (for which the collision table
has few output configurations) the velocities quickly decorrelate.

In equilibrium, the distribution functions do not depend on r or t and we may
write

n =
8∑

k=0

fk, e =
8∑

k=0

εkfk, (10)

where n and e are the number and energy densities respectively, ε0 = 0, ε1,2,3,4 =
1/2, ε5,6,7,8 = 1, 0 ≤ n ≤ 9, and 0 ≤ e ≤ 6, Also, f1 = f2 = f3 = f4 and
f5 = f6 = f7 = f8.

There is a lower and an upper bound on e: the Fermi energy per site eF and the
maximum energy per site eM . For example, if n = 4, eF = 3/2 that corresponds
to a configuration where at every site there is a particle at rest and the other
three have velocities along the axes. On the other hand, eM = 4 corresponds to
a state where every site is occupied by four particles with velocities along the
diagonals. The existence of these bounds has a deep impact on the entropy of
the model: it cannot be an always increasing function of e since the system is
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Fig. 2. (Left) Entropy per site S (solid line) and LLE λ (dashed line) for n = 4,
simulations with R = 40 in a 40×40 lattice. The simulations are performed for different
values of e from eF(n) to eM(n). The LLE λ is roughly proportional to S. (right)
Boltzmann function H (thick line) and Lyapunov expansion factor 〈�〉 (oscillating thin
line) versus time t, simulations with nL = 7.2, eL = 4.8, nR = 1.8, eR = 1.2, and
R = 40 on a 40 × 40 lattice. The inset shows that, disregarding the oscillations of
〈�〉, there is a linear relation between these quantities. The dashed line is the best fit
H = 1.15〈�〉 + 0.2.

ordered both for small and large e. The three unknown distribution functions
f0, f1 and f5 satisfy the conservation of mass and energy expressed in Eqs. (10)
and maximize the entropy which gives an additional constraint [13]

f2
1 (1− f0 − f5) = f0f5(1− 2f1). (11)

5 Results and Discussion

In Fig. 2 (left) we show the entropy density s = S/L and the LLE λ as a function
of e for n = 4. The entropy density grows for eF ≤ e ≤ e∗ and then decreases for
e∗ ≤ e ≤ eM with e∗ = 2n/3. The largest Lyapunov exponent λ shows the same
behavior and is rougly proportional to the entropy s. There are small systematic
deviations as shown in the inset of the Fig. 2 (left), where λ is plotted as a
funciton of s for several values of n.

This proportionality can understood with a simple stochastic model, in which
the mesoscopic dynamics (coarse-grained in space or averaged over quenched
disorder) can be approximated by a Markov chain. We assume that for given
macroscopic observables, there are M compatible configurations, and that the
probability of observing a configuration x is P (x) = 1/M (microcanonical dis-
tribution). The entropy is therefore S = log(M). The (chaotic) dynamics is
approximated by a Markov matrix W (x′|x) with αM equal entries per row and
column with value 1/αM , and we assume that W is irreducible (the asymptotic
state is unique). The Kolmogorov-Sinai entropy K per unit time is

K = −
∑

x

P (x)
∑

x′

W (x′|x) logW (x′|x) = log(αM).
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In the thermodynamic limit, the dominating term is α logM . On the other hand,
K is roughly proportional to the largest exponent λ and if we assume that
the form of the Lyapunov spectrum does not change dramatically when the
macroscopic variables change, K  S + log(α).

The value of the LLE is related to the number of ones in the Jacobian matrix
J defined by Eq. (3). This Jacobian matrix contains the linearized effects of the
streaming and collision operators. Streaming corresponds to a scrambling of the
components of the tangent vector v(t) and therefore does not alter its norm.
This is left to collisions, when more than one output configurations are possible.
The number of equivalent output configurations in the collision table is small for
the extreme values of number and energy densities, and larger for intermediate
values. Similar considerations apply to the number of equivalent configurations
for a given macroscopic distribution of density and velocities, and constitute
the microscopic origin of the proportionality between statistical and dynamical
quantities.

We now discuss an irreversible process where a square lattice is initially in an
equilibrium state with the left and right sides having different number and energy
densities nL, nR, el, and eR. The system evolves toward equilibrium by means
of dumped travelling waves. Boltzmann’s H function is defined in the same way
as the entropy, Eq. (8), with a minus sign and distribution functions fk(r, t)
that are found as averages over R replicas. In the same numerical simulation,
the average Lyapunov expansion factor 〈�〉 = (1/R)

∑R
i=1 log u(i) is calculated.

As shown in Fig. 2 (right), the two quantities exhibit similar behavior. The
Lyapunov expansion factor exhibits more marked oscillations, indicating that
this quantity is more sensible to the local variations in density. The inset of
Fig. 2 (right) shows that, disregarding oscillations, 〈�〉 is linearly related to H
for all the relaxation phase.

The computation of 〈�〉 is performed using a set of tangent vectors, Eq. (4),
and these vectors constitute a sort of local memory of the past state. In systems
with local variations of density, as in our system in the presence of travelling
waves, statistical quantities like H depend on the instantaneous state of the
system, while dynamical ones like 〈�〉 depend also on the variations of this state.
This factor may be the origin of the different relation between statistical and
dynamical quantities in equilibrium and during the relaxation phase.

The D2Q9 reversible LGCA model we have discussed exhibits hydrodynami-
cal and thermodynamical behavior, and is therefore one of the more “realistic”
models for which a simple relation can be established between its chaotic dy-
namical properties and its macroscopic behavior in irreversible processes and in
equilibrium.
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In: López de Haro, M., Varea, C. (eds.) Lectures on Thermodynamics and Statis-
tical Mechanics, p. 200. World Scientific, Singapore (1994)

13. Salcido, A., Rechtman, R.: Equilibrium Properties of a Cellular Automaton for
Thermofluid Dynamics. In: Cordero, P., Nachtergaele, B. (eds.) Nonlinear Phe-
nomena in Fluids, Solids and Other Complex Systems, p. 217. Elsevier, Amsterdam
(1991)



Analysis of 90/150 Two Predecessor Nongroup

Cellular Automata�

Sung-Jin Cho1, Un-Sook Choi2, Han-Doo Kim3,
Yoon-Hee Hwang4, and Jin-Gyoung Kim5

1 Division of Mathematical Sciences, Pukyong National University
Busan 608-737, Korea
sjcho@pknu.ac.kr

2 Department of Multimedia Engineering, Tongmyong University
Busan 626-847, Korea
choies@tu.ac.kr

3 School of Computer Aided Science, Institute of Basic Science
Inje University, Gimhae 621-749, Korea

mathkhd@inje.ac.kr
4 Department of Information Security, Graduate School, Pukyong National University

Busan 608-737, Korea
yhhwang@pknu.ac.kr

5 Division of Mathematical Sciences, Pukyong National University
Busan 608-737, Korea
kimjg@pknu.ac.kr

Abstract. Many researchers have been studied synthesis method of
90/150 group CA. However, there is a lack of researches for synthesis
method of 90/150 nongroup CA. In this paper we propose an algorithm
for finding 90/150 Two Predecessor Cellular Automata. Using the pro-
posed algorithm we analyze 90/150 two predecessor CA. Especially, we
analyze 90/150 TPSACA and TPMACA which are useful to study hash-
ing. Also we analyze two types of 90/150 two predecessor CA. One is
two predecessor CA for the minimal polynomial whose type is of the
form xp(x) which is useful to study two predecessor CA whose depth
is 1. Another is two predecessor CA for the minimal polynomial whose
type is of the form x(x + 1)p(x) which is useful to study pseudorandom
number generation based on 90/150 two predecessor CA, where p(x) is
some primitive polynomial.

1 Introduction

Cellular Automata(abbreviately, CA) have been introduced by Von Neumann
and Ulam as models of self-organizing and self-reproducing behaviors ([1], [2]).
A CA is a discrete time dynamical system, which consists of a uniform array of
memories called cells. The states of cells in the array are updated according to
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a rule : the state of a cell at a given time depends only on its own state and
the states of its nearby neighbors at the previous step. A CA is a necessity in
many application areas such as test pattern generation, pseudorandom number
generation, cryptography, error correcting codes and signature analysis([3] ∼
[10]). The analysis of the state-transition behavior of group CA was studied by
many researchers ([6] ∼ [15]). Although the study of nonsingular linear machines
has received considerable attention from researchers, the study of the class of
machines with singular state-transition matrix has not received due attention.
The state-transition matrix of group CA is nonsingular. But the state-transition
matrix of nongroup CA is singular. Recently some interesting properties of non-
group CA have been employed in several applications([3], [5], [16] ∼ [20]). Espe-
cially, in ([3], [16]) they investigated a special class of nongroup CA denoted as
D1*CA. Based on this investigation, D1*CA has been proposed as an ideal test
machine which can be efficiently embedded in a finite state machine to enhance
the testability of the synthesis design. Also in [5] they investigated 90/150 two
predecessor CA whose minimal polynomial is of the form x(x + 1)p(x), where
p(x) is primitive. The use of these CA configurations simplifies the hardware
implementations and avoids several precomputations to obtain the matrix asso-
ciated to a quadratic function. Thus they studied several cases for different CA
lengths. But they didn’t show that there exists an n-cell 90/150 two predecessor
CA for each n ≥ 6. In this paper, using our algorithm for finding 90/150 two
predecessor CA, we analyze 90/150 two predecessor CA. Especially, we analyze
n-cell 90/150 TPSACA (whose minimal polynomial is xn) and n-cell TPMACA
(where minimal polynomial is xn−1(x + 1)) which are useful to study hashing
[16]. Also we analyze two types of 90/150 two predecessor CA. One is two pre-
decessor CA for the minimal polynomial whose type is of the form xp(x) which
is useful to study 90/150 two predecessor CA like D1*CA [3] whose depth is
1. The proposed n-cell 90/150 two predecessor CA has a maximum-length cy-
cle whose length is 2n−1 − 1 which is larger than that of D1*CA. Another is
90/150 two predecessor CA for the minimal polynomial whose type is of the
form x(x + 1)p(x) which is useful to study pseudorandom number generation
based on 90/150 nongroup CA [5], where p(x) is primitive.

2 CA Preliminaries

A CA consists of a number of interconnected cells arranged spatially in a regular
manner [2], where the state-transitions of each cell depends on the states of its
neighbors. If the next-state function of a cell is expressed in the form of a truth
table, then the decimal equivalent of the output is conventionally called the rule
number for the cell [2].

Neighborhood state : 111 110 101 100 011 010 001 000
Next state: 0 1 0 1 1 0 1 0 (rule 90)
Next state: 1 0 0 1 0 1 1 0 (rule 150)

Definition 2.1. ([16], [18] ∼ [20])
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i) Group CA: A CA is called a group CA if all the states in its state-transition
diagram lie on cycles, otherwise it is referred to as a non-group CA.

ii) Attractor: A state having a self-loop is referred to as an attractor. An
attractor can be viewed as a cyclic state with unit cycle length.

iii) Depth: The maximum number of state transitions required to reach the
nearest cyclic state from any non-reachable state in the CA state-transition
diagram is defined as the depth of the non-group CA.

iv) Multiple-attractor CA(MACA): The non-group CA for which the state-
transition diagram consists of a set of disjoint components forming (inverted)
tree-like structures rooted at attractors are referred to as multiple-attractor CA.
Single attractor CA(SACA) is a MACA whose the number of attractors is just
one.

v) TPMACA: TPMACA is a MACA such that every reachable state in the
state-transition diagram has only two predecessors. TPSACA is a SACA such
that every reachable state in the state-transition diagram has only two prede-
cessors. The minimal polynomial of an n-cell TPSACA is xn.

3 An Algorithm for Finding 90/150 Two Predecessor CA

In this section we introduce an algorithm for finding 90/150 two predecessor CA.
Let U be the following upper triangular matrix.

U =

⎛

⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜
⎝

1 a1 ∗ · · · ∗ ∗ ∗
0 1 a2 · · · ∗ ∗ ∗
0 0 1 · · · ∗ ∗ ∗
...

...
...

. . .
...

...
...

0 0 0 · · · 1 an−2 ∗
0 0 0 · · · 0 1 an−1

0 0 0 · · · 0 0 1

⎞

⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟
⎠

And let T be the following 90/150 tridiagonal matrix.

T =

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎝

d1 1 0 0 · · · 0 0 0
1 d2 1 0 · · · 0 0 0
0 1 d3 1 · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · 1 dn−1 1
0 0 0 0 · · · 0 1 dn

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎠

(Hereafter we write T by T =< d1, d2, · · · , dn >, where di ∈ {0, 1}.)
Moreover, let f(x) = xn + cn−1x

n−1 + cn−2x
n−2 + · · · + c1x + c0, where

ci ∈ GF (2). Then the following n × n matrix C is said to be the companion
matrix of f(x).
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C =

⎛

⎜
⎜
⎜⎜
⎝

0 0 0 · · · 0 c0
1 0 0 · · · 0 c1
0 1 0 · · · 0 c2
...

...
...

. . .
...

...
0 0 0 · · · 1 cn−1

⎞

⎟
⎟
⎟⎟
⎠

Definition 3.1. ([21]) For a given n-vector x and n× n matrix M , let

K(M,x) = (x;Mx;M2x; · · · ;Mn−1x)

We call K(M,x) the Krylov matrix and x is called a seed vector.

Theorem 3.2. ([15]) Let T =< d1, d2, · · · , dn > and C be the companion matrix
of the characteristic polynomial of T . Let U be the upper triangular matrix as
the above form satisfying TU = UC. Then we obtain the following equation:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

d1 = a1

d2 = a1 ⊕ a2

d3 = a2 ⊕ a3 (3.1)
...

dn−1 = an−2 ⊕ an−1

dn = an−1 ⊕ cn−1

Let f(x) be a polynomial corresponding to a 90/150 two predecessor CA, then
f(x) is called a 90/150 two predecessor CA polynomial.

Theorem 3.3. ([15]) Let B be the n × n matrix obtained by reducing the n
polynomials

xi−1 + x2i−1 + x2i (mod f(x)) (i = 1, 2, · · · , n) (3.2)

where f(x) is a reducible polynomial. And let the set {v|Bv = (0, · · · , 0, 1)t} be
nonempty set, then the elements of {v|Bv = (0, · · · , 0, 1)t} become seed vectors
for the Krylov matrix, where At is the transpose of A.

Theorem 3.4. Let the Krylov matrix in Theorem 3.3 have an LU factorization.
Then f(x) in Theorem 3.3 is a 90/150 two predecessor CA polynomial.

The following algorithm is an algorithm for finding a 90/150 two predecessor CA
for the given reducible polynomial.

Algorithm. SynthesisOf90/150TPNCA
Input : Polynomial f(x)
Output : 90/150 two predecessor CA
Step 1 : Make the matrix B from (3.2).
Step 2 : Solve the equation Bv = (0, · · · , 0, 1)t. If there doesn’t exist a solution,

then STOP.
Step 3 : Construct a Krylov matrix H = K(Ct, v) by the seed vector v which

is a solution of the equation in Step 2.
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Step 4 : If H doesn’t have an LU factorization, then STOP.
Step 5 : Compute the LU factorization H = LU .
Step 6 : Compute 90/50 two predecessor CA for f(x) by the matrix U using

(3.1).

4 Analysis of 90/150 Two Predecessor CA

In this section we analyze 90/150 two predecessor CA.

Theorem 4.1. Let Δ2m be the characteristic polynomial of

< d1, d2, · · · , dm, dm, · · · , d2, d1 >

Then the following equation hold.

Δi+1Δ2m−i−1 +ΔiΔ2m−i−2 = Δi+2Δ2m−i−2 +Δi+1Δ2m−i−3,

where i = 1, · · · , 2m− 2, Δ−1 = 0 and Δ0 = 1.

Theorem 4.2. Let Δ2m be the characteristic polynomial of

< d1, d2, · · · , dm, dm, · · · , d2, d1 >

and let f(x) be the characteristic polynomial of < d1, d2, · · · , dm ⊕ 1 >. Then
the following holds:

Δ2m = {f(x)}2

Theorem 4.3. Let CS
k =< d1, · · · , dk > be a k-cell 90/150 TPSACA. Then

the following hold:
(i) CS

2k =< d1, · · · , dk ⊕ 1, dk ⊕ 1, · · · , d2, d1 > is a 2k-cell TPSACA with the
minimal polynomial x2k.
(ii) CS

2k+1 =< d1, · · · , dk, 0, dk, · · · , d1 > is a (2k + 1)-cell TPSACA with the
minimal polynomial x2k+1.

Theorem 4.4. Let N(Tm) = {(a1, a2, · · · , am)t|a1, a2, · · · , am ∈ {0, 1}}(:=
[(a1, · · · , am)t]) be the null space of the state-transition matrix Tn of an n-cell
90/150 TPSACA. Then the following hold:
(i) If n = 2m(m ∈ N) and N(Tm) = {(a1, a2, · · · , am)t|a1, a2, · · · , am ∈
{0, 1}}(:= [(a1, a2, · · · , am)t]), then N(Tn) = [(a1, a2, · · · , am, am, · · · , a2, a1)t].
(ii) If n = 2m+ 1(m ∈ N) and N(Tm) = [(a1, a2, · · · , am)t], then
N(Tn) = [(a1, a2, · · · , am, 0, am, · · · , a2, a1)t].

Example 4.5. Since < 0, 0, 0 > is a 3-cell 90/150 TPSACA, < 0, 0, 1, 1, 0, 0 >
is a 6-cell 90/150 TPSACA and < 0, 0, 0, 0, 0, 0, 0 > is a 7-cell 90/150 TPSACA.

Theorem 4.6. Let Cn
S =< d1, · · · , dn > be an n-cell 90/150 TPSACA. Then

C2n+1
M =< d1, · · · , dn, 1, dn, · · · , d1 > is a (2n + 1)-cell 90/150 TPMACA with

the minimal polynomial x2n(x + 1).
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Table 1. TPSACA and TPMACA

n TPSACA N(TS) TPMACA N(TM ) N(TM ⊕ I)

1 0 1 1 0 1
2 11 11
3 000 101 010 101 111
4 1001 1111
5 11011 11011 11111 11011 10101
6 001100 101101
7 0000000 1010101 0001000 1010101 1101011
8 10000001 11111111
9 100101001 111101111 100111001 111101111 101111101
10 1101001011 1101111011
11 11011011011 11011011011 11011111011 11011011011 10111111101
12 001101101100 101101101101
13 0011000001100 1011010101101 0011001001100 1011010101101 1101011101011

Remark. For the case n is even, there does not exist n-cell 90/150 TPMACA
whose minimal polynomial is f(x) = xn + xn−1.

Theorem 4.7. Let N(Tm) = [(a1, · · · , am)t] be the null space of the state-
transition matrix Tm of an m-cell 90/150 TPSACA Cm

S . Then the null space of
the (2m+ 1)-cell 90/150 TPMACA C2m+1

M derived from Cm
S is

N(T2m+1) = [(a1, · · · , am−1, am, 0, am, am−1, · · · , a1)t])

In Table 1, N(TS) means the null space of n-cell 90/150 TPSACA and N(TM )
means the null space of n-cell 90/150 TPMACA. Also N(TM ⊕ I) means the set
of all attractors for each n-cell 90/150 TPMACA. 101 means [(1, 0, 1)t].

Chattopadhyay[22] presented an algorithm for finding MACA with all linear
rules (60, 90, 102, 150, 170, 204, 240), but in this paper we present a method which
synthesize TPMACA using rule 90 and rule 150.

Theorem 4.8. Let f(x) = xp(x), where p(x) is a polynomial of degree n − 1.
Then there exists a primitive polynomial p(x) such that f(x) is the minimal
polynomial corresponding to the n-cell 90/150 two predecessor CA.

Theorem 4.9. Let f(x) = x(x + 1)p(x), where p(x) is a polynomial of degree
n − 2(n ≥ 6). Then there exists a primitive polynomial p(x) such that f(x) is
the minimal polynomial corresponding to the n-cell 90/150 two predecessor CA.

Table 2 shows that there exists an n-cell 90/150 two predecessor CA for the
90/150 two predecessor CA polynomial of the form xp(x) (p(x) is some primitive
polynomial) for each n ≥ 4. Also Table 3 shows that there exists an n-cell 90/150
TPMACA for the 90/150 TPMACA polynomial of the form x(x+ 1)p(x) (p(x)
is some primitive polynomial) for each n ≥ 6.
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Table 2. 90/150 CA for xp(x)
(In this table, 320 stands for the polynomial x3 + x2 + 1.)

n p(x) CA Configuration n p(x) CA Configuration

4 320 0111 13 12,10,9,8,6,2,0 1011101001000
5 430 00010 14 13,8,5,3,0 01100110101000
6 520 001001 15 14,11,9,7,0 100010001010000
7 65320 0011111 16 15,12,4,3,0 1000010010101010
8 740 00000011 17 16,15,12,10,0 11011110100010001
9 86520 000010001 18 17,3,0 100011101011110001
10 95320 0000100100 19 18,7,0 0001110111000101000
11 10,3,0 01011111110 20 19,10,9,3,0 01010100110000000010
12 11,2,0 011101000110 21 20,3,0 001001010110100100100

Table 3. 90/150 CA for x(x + 1)p(x)
(In this table, 210 stands for the polynomial x2 + x + 1.)

n p(x) CA Configuration n p(x) CA Configuration

4 210 1100 13 11,9,7,5,2,1,0 1111101110111
6 410 100110 14 12,10,2,1,0 01000110010010
7 53210 0100101 15 13,12,10,5,2,1,0 000101010001101
8 610 00001110 16 14,12,10,1,0 1100110011010011
9 73210 010000000 17 15,12,9,1,0 00000111110100111
10 85310 0001001001 18 16,14,12,1,0 101100100110001101
11 95410 10000110011 19 17,13,12,1,0 0100101010011011100
12 10,7,6,5,2,1,0 001111010101 20 18,17,12,10,9,1,0 00111100100000111000

5 Conclusion

In this paper we proposed an algorithm for finding 90/150 two predecessor CA.
Using the proposed algorithm we analyzed 90/150 two predecessor CA. Espe-
cially, we analyzed 90/150 TPSACA and 90/150 TPMACA which are useful to
study hashing. Also we analyzed two types of 90/150 two predecessor CA. One
is two predecessor CA for the minimal polynomial whose type is of the form
xp(x). Another is two predecessor CA for the minimal polynomial whose type is
of the form x(x+ 1)p(x).
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Abstract. Cellular Automata(CA) has been used as modeling and com-
puting paradigm for a long time. And CA has been used to model many
physical systems. While studying the models of such systems, it is seen
that as the complexity of the physical system increase, the CA based
model becomes very complex and difficult to track analytically. Also
such models fail to recognize the presence of inherent hierarchical nature
of a physical system. In this paper we give the characterization of lin-
ear group GF (2p) CA. Especially we analyze the relationship between
characteristic polynomial and transition rule of linear group GF (2p) CA.

1 Introduction

Cellular Automata(CA) was first introduced by Von Neumann [1] for modeling
biological self-reproduction. Wolfram [2] pioneered the investigation of CA as
mathematical models for self-organizing statistical systems and suggested the
use of a simple two-state, three-neighborhood CA with cells arranged linearly in
one dimension. Das et al. ([3] ∼ [5]) developed a matrix algebraic tool capable
of characterizing CA. Cho et al. [6] proposed a new method for the synthesis of
one-dimensional 90/150 linear hybrid group CA for CA-polynomials. And Cho
et al. ([3] ∼ [9]) and many researchers ([6], [10] ∼ [12]) analyzed CA to study
hash function, data storage, cryptography and so on.
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CA has been used as modeling and computing paradigm for a long time. And
CA has been used to model many physical systems. While studying the models
of such systems, it is seen that as the complexity of the physical system increase,
the CA based model becomes very complex and difficult to track analytically.
Also such models fail to recognize the presence of inherent hierarchical nature
of a physical system.

To overcome these problems Sikdar et al. [12] and Cho et al. [13] studied
GF (2p) CA.

In this paper, by using the results in [6] we give the characterization of linear
group GF (2p) CA. Especially we analyze the relationship between characteristic
polynomial and transition rule of linear group GF (2p) CA.

2 Linear GF (2p) CA Preliminaries

A GF (2p) CA can be viewed as an extension of GF (2) CA. It consists of an array
of cells, spartially interconnected in a regular manner, each cell being capable of
storing an element of GF (2p).

Under three neighborhood restriction, the next state of the ith cell is given
by a function of the weighted combination of the present states of the (i− 1)th,
ith and (i+1)th cells, the weights being elements of GF (2p). Thus if qi(t) is the
state of the ith cell at the tth instant, then

qi(t+ 1) = φ(wi−1qi−1(t), wiqi(t), wi+1qi+1(t))

where φ denotes the local transition function of the ith cell and wi−1, wi and
wi+1 ∈ GF (2p) specify the weights of interconnections.

The transition rule for a three neighborhood GF (2p) CA cell is represented
by a vector of length 3, < wi−1, wi, wi+1 >. Here wi−1 indicates the weight of
dependence of the cell on its left neighborhood, while wi and wi+1 indicate the
weighted dependency on itself and its right neighborhood respectively. If the
same transition rule vector is applied to all the cells of a GF (2p) CA, the CA is
called an uniform GF (2p) CA, otherwise it is called a hybrid GF (2p) CA.

An n cell GF (2p) CA can be characterized by an n×n state transition matrix
T = (tij) as follows:

tij =

{
wij , if the next state of the ith cell depends on the present

state of the jth cell by a weight wij ∈ GF (2p),
0, otherwise.

For example, let the state transition matrix of a 3-cellGF (22) CA be the following:

T =

⎛

⎝
0 α2 0
α2 α α2

0 α2 1

⎞

⎠

where α is a generator of GF (22) = {0, 1, α, α2}. α is a solution of the generator
polynomial g(x) = x2+x+1 and the generatingmatrixM is as the following form:

M =
(

1 1
1 0

)
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The next state X ′ of the present state X of an n-cell GF (2p) CA with state
transition matrix T is given by X ′ = TX. Here T is an n×n matrix and X and
X ′ are n× 1 vectors.

For the vectors X and X ′ we need a vector representation of each αi. Each
of the vectors X and X ′ consists of a string of elements αi ∈ GF (2p). Therefore
we need a binary representation of each of these αi. The last column vector of
M i is used as the vector representation of αi.

The addition and multiplication operations follow the additive and multiplica-
tive rules of the underlying GF (22) as noted in Table 1.

Table 1. Multiplication and addition over GF (22)

× 0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 2 3 1

3 0 3 1 2

+ 0 1 2 3

0 0 1 2 3

1 1 0 3 2

2 2 3 0 1

3 3 2 1 0

In the above exampleM i (i = 2, 3) and αi (i = 1, 2, 3) are as the following form:

M2 =
(

0 1
1 1

)
, M3 =

(
1 0
0 1

)

α =< 10 >= 2, α2 =< 11 >= 3, α3 =< 01 >= 1

The characteristic polynomial Δ(x) of the state transition matrix T of a GF (2p)
CA is Δ(x) = |T + xI|. In the above example the characteristic polynomial of
T is Δ(x) = x3 + 2x2 + 3x + 3. This polynomial is a primitive polynomial on
GF (22) and thus its period is 63.

Let C be a GF (2p) CA whose state transition matrix is T . If det(T ) 
= 0, then
C is called a group GF (2p) CA, otherwise it is called a nongroup GF (2p) CA.

3 Characterization of Linear Group GF (2p) CA

In the state transition matrix Tn of an n-cell GF (2p) CA C let the weight of the
right state and the weight of the left state be the same. Then this GF (2p) CA is
the natural extension of 90/150 GF (2) CA. Therefore the Tn is as the following:

Tn =

⎛

⎜
⎜
⎜
⎜
⎝

d1 i 0 · · · 0 0
i d2 i · · · 0 0
0 i d3 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · i dn

⎞

⎟
⎟
⎟
⎟
⎠

where i ∈ {0, 1, 2, · · · , 2p − 1} is the weight.
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Remark. We denote Tn by Tn =< d1, d2, · · · , dj , · · · , dn >i, where dj ∈ GF (2p).

The following lemma can be proved by mathematical induction.

Lemma 3.1. Let Tn =< d1, d2, · · · , dn >i. Then we obtain the following
equation.

|T−1| = 0, |T0| = 1, |Tn| = dn|Tn−1|+ i2|Tn−2|,

where |T | is the determinant of T .
Following two theorems give conditions for the uniform group GF (2p) CA.

Theorem 3.2. Let C be an n-cell uniform GF (2p) CA with the state transition
matrix Tn =< 0, · · · , 0 >i. If n is even (resp. odd), then C is a group(resp.
nongroup) GF (2p) CA.

Proof. Since dj = d = 0 for j = 1, 2, · · · , n, |Tn| = i2|Tn−2| by Lemma 3.1. Since
|T2| = i2|T0| = i2, |Tn| = i2|Tn−2| = in where n is even. Therefore for even n, C
is a group GF (2p) CA. Since |T1| = i2|T−1| = 0, |Tn| = i2|Tn−2| = 0 where n is
odd. Therefore for odd n, C is a nongroup GF (2p) CA.

Theorem 3.3. Let C be an n-cell uniform GF (2p) CA with the state transition
matrix Tn =< i, · · · , i >i. If n(mod3) 
= 2 (resp. n(mod3) = 2), then C is a
group(resp. nongroup) GF (2p) CA.

Proof. By Lemma 3.1 |T0| = 1, |T1| = i and |T2| = 0. Since

|T3k+2| = i|T3k+1|+ i2|T3k|
= i(i|T3k|+ i2|T3k−1|) + i2|T3k|
= i3|T3k−1| = i3|T3(k−1)+2|,

|Tn| =

⎧
⎨

⎩

(i3)k|T0|, n = 3k
(i3)k|T1|, n = 3k + 1
(i3)k|T2|, n = 3k + 2

Hence C is a group GF (2p) CA for n(mod3) 
= 2.
Following two theorems give conditions for the hybrid group GF (2p) CA.

Theorem 3.4. Let C be an n-cell hybrid GF (2p) CA with the state transition
matrix Tn =< 0, d, 0, d, · · · >i. If n is even(resp. odd), then C is a group(resp.
nongroup) GF (2p) CA.

Proof. i) n = 2m+ 1 :
Since |T2m+1| = 0 · |T2m|+ i2|T2m−1| = i2|T2(m−1)+1| by Lemma 3.1, |T2m+1| =
(i2)m|T1| = 0.
ii) n = 2m :
Since |T2m| = d · |T2m−1| + i2|T2m−2| by Lemma 3.1 and |T2m−1| = 0 by i),
|T2m| = i2|T2m−2|. Therefore |T2m| = (i2)m|T0| = i2m. Hence C is a group(resp.
nongroup) GF (2p) CA for even(resp. odd) n.
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Theorem 3.5. Let C be an n-cell hybrid GF (2p) CA with the state transition
matrix Tn =< d, 0, d, 0, · · · >i. If n(mod4) 
= 3 (resp. n(mod4) = 3), then C is a
group(resp. nongroup) GF (2p) CA.

Proof. Sine |T0| = 1 and |T3| = 0 by Lemma 3.1, we obtain the following
equations.

|T4k+3| = d · |T4k+2|+ i2|T4k+1|
= d · {0 · |T4k+1|+ i2|T4k|}+ i2{d · |T4k|+ i2|T4k−1|} (3.1)
= i4|T4k−1| = i4|T4(k−1)+3|
= (i4)k|T3| = 0

|T2m| = 0 · |T2m−1|+ i2|T2m−2| = i2|T2(m−1)| (3.2)

= (i2)m|T0| = i2m

By (3.1) and (3.2),

|T4k+1| = d · |T4k|+ i2|T4k−1|
= d · i4k + i2|T4(k−1)+3|
= d · i4k.

This completes the proof.

4 The Relationship between Characteristic Polynomial
and Transition Rule of Linear GF (2p) CA

In this section we analyze the relationship between characteristic polynomial
and transition rule of linear GF (2p) CA. The following theorem can be proved
by mathematical induction.

Theorem 4.1. Let C be an n-cell GF (2p) CA with the state transition matrix
T =< d1, d2, · · · , dn >i and with the characteristic polynomial Δn. Then we
obtain the following equation.

Δ−1 = 0
Δ0 = 1 (4.1)
Δk = (x+ dk)Δk−1 + i2Δk−2

where Δk is the characteristic polynomial of < d1, d2, · · · , dk >i,k = 1, 2, · · · , n.
Theorem 4.1 provides an efficient algorithm to compute the characteristic

polynomial of a GF (2p) CA. Initially, Δ−1 and Δ0 are set to zero and one,
respectively. Equation (4.1) is applied to obtain Δ1. It is then reapplied to Δ0

and Δ1 to calculate Δ2. Continuing, the polynomials Δ3, Δ4, · · · , Δn are com-
puted. Since Δn is the characteristic polynomial of T , the calculation of the
characteristic polynomial is completed.
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The following is an example of the calculation of the characteristic polynomial
of the GF (2p) CA with the rule vector < 0, 1, 2, 1 >2.

Example 4.2. Let C be a GF (22) CA with the rule vector < 0, 1, 2, 1 >2.

Δ−1 = 0
Δ0 = 1
Δ1 = (x+ d1)Δ0 + 22Δ−1

= (x+ 0) · 1 + 22 · 0
= x

Δ2 = (x+ d2)Δ1 + 22Δ0

= (x+ 1) · x+ 22 · 1 (4.2)
= x2 + x+ 3

Δ3 = (x+ d3)Δ2 + 22Δ1

= (x+ 2) · (x2 + x+ 3) + 22 · x
= x3 + 3x2 + 2x+ 1

Δ4 = (x+ d4)Δ3 + 32Δ2

= (x+ 1) · (x3 + 3x2 + 2x+ 1) + 22 · (x2 + x+ 3)
= x4 + 2x3 + 2x2 + 3

This recurrence relation forms the basis for the synthesis of GF (2p) CA. Initially,
we show how recurrence (4.1) satisfies the division algorithm for polynomials.
Then we demonstrate that the repeated application of the recurrence relation is
a reverse GCD computation.

We now show that repeated application of the division algorithm reverses the
computation of the characteristic polynomial of a GF (2p) CA. Suppose that Δn

and Δn−1 are known. By the division algorithm, x+ dn and Δn−2 are uniquely
determined and easily calculated. If the division algorithm is then applied to
Δn−1 and Δn−2, it will calculate x + dn−1 and Δn−3. We may continue this
process until we have computed x+ d1 and Δ−1 = 0.

Example 4.3. Let C be a 4-cell GF (22) CA with Δ4 = x4 + 2x3 + 2x2 +3 and
Δ3 = x3 + 3x2 + 2x+ 1.

dividend divisor quotient remainder GF (22) CA byte
Δ4 Δ3 x+ 1 22(x2 + x+ 3) 1
Δ3 x2 + x+ 3 x+ 2 22x 2 (4.3)

x2 + x+ 3 x x+ 1 22 · 1 1
x 1 x+ 0 22 · 0 0

From the calculation, we see that the divisor column is the same as the dividend
column shifted up one position and the remainder column is a shift of the i2 times
with the divisor column. Comparing (4.2) to (4.3), we see that the sequence of
polynomial in (4.3) is the reverse of the sequence of intermediate polynomials in
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the characteristic polynomial calculation. Furthermore, (4.3) yields the sequence
of quotients

[x+ 0, x+ 1, x+ 2, x+ 1]

By taking the constant terms of these quotients and reversing, we obtain the
rule vector < 0, 1, 2, 1 >2.

In Example 4.3 let Δ3 = x3+3. Then we obtain the rule vector < 3, 1, 2, 2 >3.
Also let Δ3 = x3. Then we obtain the rule vector < 0, 0, 0, 2 >3.

If C is an n-cell GF (2) 90/150 CA with the primitive polynomial as the
characteristic polynomial, then there exist two Δn−1. But the Δn−1 are several
in the Example 4.3.

By Theorem 4.1 we can obtain a GF (2p) CA with Δn and Δn−1. But the
method for finding Δn−1 does not exist until now.

Theorem 4.4. Let C be an n-cell GF (2p) CA with the state transition matrix
T =< d1, d2, · · · , dn >i. And let p(x) = xn + cn−1x

n−1 + · · · + c1x + c0 be
the primitive polynomial which is the characteristic polynomial of T . For the
nonsingular upper tridiagonal matrix U and for the companion matrix C of
p(x), let U and C be as the following:

U = (uij) =

⎧
⎪⎨

⎪⎩

ui, i = j
ai, i = j − 1
0, i > j
xij ∈ GF (2p), otherwise

C = (sij) =

⎧
⎨

⎩

1, i = j + 1 (j < n)
ci−1, j = n
0, otherwise,

where ci is the coefficient of p(x). Then we obtain the following equation.
⎧
⎨

⎩

d1 = u−1
1 a1

dk = u−1
k−1ak−1 + u−1

k ak (1 < k < n) (4.4)
dn = u−1

n−1an−1 + cn−1

Proof. Since the characteristic polynomials and the minimal polynomials of T

and C are the same, T and C are similar. So TU = UC. Then we obtain the
following:

⎧
⎪⎨

⎪⎩

a1 = u1d1

ak = iak−1 + ukdk (1 < k < n)
cn−1un = ian−1 + undn (4.5)
ui+1 = iui

Since i = u−1
k−1uk, we obtain the following required result

⎧
⎨

⎩

d1 = u−1a1

dk = u−1
k−1ak−1 + u−1

k ak (1 < k < n) (4.6)
dn = u−1

n−1an−1 + cn−1

5 Conclusion

In this paper we analyzed linear GF (2p) CA. Especially, we proposed transition
rules of linear group GF (2p) CA. Also we analyzed the characterization of linear
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group GF (2p) CA. Especially we analyzed the relationship between characteris-
tic polynomial and transition rule of linear group GF (2p) CA. Our results and
Cho et al.’s results [6] will be helpful for the development of the synthesis of
linear GF (2p) CA.
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Abstract. We consider two formulations of a cellular automata: the
first one uses a gather-update paradigm and the second one a collision-
propagation paradigm. We show the equivalence of both descriptions
and, using the latter paradigm, we propose a simple way to define a
Cellular Automata on a graph with arbitrary topology. Finally, we exploit
the duality of formulation to reconsider the problem of characterizing
invertible cellular automata.

1 Introduction

Traditionnally, a 1D, nearest neighbors Cellular Automata (CA) defined on a
discrete spatial domain D is expressed as [3,9]

s(r, t + 1) = F (s(r − 1, t), s(r, t), s(r + 1, t)) ∀r ∈ D (1)

where F is the update rule, s(r, t) the state of site r ∈ D at time t = 0, 1, 2, . . ..
The extension to higher dimensions or larger neighborhood is straightforward.
Eq. (1) refers to what we call here a gather-update (GU) formulation. The values
s(r−1, t), s(r+1, t) of the neighbors are first read by cell r (gather operation) and
then combined through F to update s(r) at the next time step. This formulation
is standard in the CA community.

However, in the community of lattice gas automata (LGA) and lattice Boltz-
mann (LB) [3] a different formulation is preferred. In LGA or LB, the state
f(r, t) of a cell is multi-valued, associating one value with each neighbor. For
instance, in 1D, f(r, t) is a three-value column vector

f(r, t) = (f0(r, t), f1(r, t), f2(r, t))
T (2)

The quantity f0 is an information only known to the cell itself whereas f1 and
f2 are data intended to the left and right neighbors.

The update scheme for this formulation is called the collision-propagation
paradigm. During the propagation phase, the state fi at location r is moved to

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 144–151, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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the state fi at location r+ vi, i.e. fi(r) → fi(r+ vi). In 1D, with v0 = 0, v1 = 1,
v2 = −1 the effect of propagation is to shift the states i = 1 to the right and
those with i = 2 to the left. In general, this streaming of data can be expressed
as

f in(t+ 1) = Pfout(t) (3)

where P is the propagation operator and it contains the information about the
neighborhood topology. Here we consider f(t) as the whole set of states at time
t. Thus P takes a full configuration and creates a new one in which each internal
state is shifted to the appropriate direction. Note that we have introduced the
upperscript in and out to better distinguish incoming and outgoing information.

After propagation, f can be updated according to the chosen evolution rule.
We call this phase the collision and we denote by C the operator which transform
f in(r, t + 1) into fout(r, t+ 1) for all r ∈ D

fout
i (r, t) = Ci

(
f in(r, t)

)
or, in short fout(t) = Cf in(t) (4)

By combining eqs. (3) and (4) we get

f in(t + 1) = PCf in(t) or fout(t + 1) = CPfout(t) (5)

which we call the collision-propagation (PC) formulation. In what follows, f will
denote either f in or fout, depending on the context.

Note that at the boundary of the domain D, some of the fi may not be
properly defined after the propagation step. In our 1D example, f1 at the left-
most r and f2 at the right-most r will be unknown. Boundary conditions must be
then supplied before collision can be applied. We call B the operator acting upon
the configuration f and providing the required information, which is obviously
problem dependent. Then, eq. (5) becomes f in(t + 1) = PCBf in(t).

The above structure is at the heart of the Complex Automata (CxA) approach
recently proposed by us [5] for coupling several CA’s together. The description
of all the CA’s in terms of the P , B and C operator provide a generic way to
define coupling between different models (see also [1,6]).

2 Cellular Automata on a Graph Topology

CA are usually defined on a regular lattice of cells. This is quite natural if the CA
represents a spatial domain. But some problems are more efficiently described
by a complex network [2]. This is the case of many applications in economy,
social science, epidemiology or system biology.

There is no well established way to define a dynamical evolution of a system
whose structure is a complex network or a graph. Clearly, CA have been quite
successful to model complex dynamical systems on a regular topology and it is
natural to extend the definition of a CA to any set of interconnected cells. We
call such an extension a CAG (Cellular Automata on a Graph). Here we use the
collision-propagation (CP) paradigm to express it.
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Informally a CAG is defined as a triple (V,E,C) where (V,E) is a directed
graph with V the set of nodes and E the set of edges. We assume that each node
r contains internal state variables f in

i (r) and fout
i (r). The number of f in

i (r) is
equal to the in-degree kin of node r and the number of fout

j (r) to its out-degree
kout. In addition we may have two extra states f in

0 (r) and fout
0 (r).

The quantity C is the collision operator which acts synchronously and locally
at each node r ∈ V and computes the outgoing values from the incoming ones

fout
j (r) = Cj(r)f in(r) 1 ≤ j ≤ kout

Note that now the action of C may depend on the node r for the simple reason
that different nodes may have a different number of neighbors.

The propagation P as well as the neighborhood are naturally defined from
the graph edges in E: assume there is an edge in E from node r0 to node r1. In
node r0 we suppose this outgoing edge is labeled with index ik. In r1, let us say
this incoming edge is labeled i�. Then, the propagation P will move fout

ik
(r0, t)

to f in
i�

(r1, t+ 1).
As before, the C and P operators may be supplemented by an operator B to

define boundary conditions. Note however that in a graph, all existing entering
edges are expected to come from an existing node (a bit like in a periodic system)
and P does not create any missing information. In a CAG, interaction with the
external world is then naturally implemented with special nodes having given
boundary values and only outgoing edges.

From the above discussion, it is clear that the CP formalism easly describes
a CAG with the same compact relation as before, that is f in(t + 1) = Pfout(t)
and fout(t + 1) = Cf in(t + 1).

A software environment has been recently developed to implement a CAG [8].
Its output is illustrated in Fig. 1. The application we have considered is a simple
economical model on a complex network. The links of the network represents
the possible interactions between idealized agents trading goods against money.
Here we assumed that interactions between persons obey a scale-free topology.

In this application, the operatorP implements the exchanges of good and money
between connected pairs of agents. Based on a local and self-adapting price p(r, t),
the operator C computes how an agent’s fortune is split among the sellers in its
neighborhood in order to buy their goods. In a second phase C also computes how
much goods each seller gives to each of its buyer in exchange of its money.

This simple market model and the simulation results are discussed in details
in [8]. Here we only want to stress the behavior observed in Fig. 1. Depending on
the initial condition and the graph topology, we can see the emergence of sub-
market, i.e. subgraphs that result from the deletion of the transaction between
some pairs of agents. It is indeed observed that two agents r1 and r2 that are
not in the same strongly connected component of the graph will gradually reduce
their interaction until the flux of money or goods that traverse the links r1 → r2
or r2 → r1 drops to zero. As time goes on, the dynamics reaches a stationnary
state. An interesting result of this model is that the local prices in each emergent
submarket converge to a unique value, but a different one in each submarket [8].
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Fig. 1. Left panel: the initial graph topology. Middle and right panels: the resulting
emergent submarkets with different initial money distributions.

3 Equivalence between the Gather-Update and
Collision-Propagation Formulation

In this section we show that the PC and GU formulations, despite their concep-
tual differences, are mathematically equivalent.

In GU, all the neighbors of cell r0 will gather the same information from
r0. When the neighbors of r0 need different data, the CP formulation is more
natural. This is the case in the above economical model in which a cell r0 gives a
different amount of money or goods to each of its neighbors. The same happens
in LGA/LB models because a different amount of particle flows to the different
neighbors. In the PC formulation, the flux of data between neighbors is made
explict whereas it is not in the GU model.

Another difference between the two formulations is that the GU combines in
one operation the reading of the neighbors state and the update of the site. On
the other hand the CP approach clearly disentangles the local part of the rule
(C) and its non-local part (P ), thus giving a formulation which is closer to the
computer implementation, at least in the case of a parallel code.

The translation from one formulation to the other is straightforward. Let us
first assume we have a rule in the CP approach where the state f(r) has, say, q+1
components. We write f(r) = (f0(r), f1(r), . . . , fq(r))T with fi(r) the quantity
that will be send to neighbor r+ vi (v0 = 0). From fout(t+ 1) = CPfout(t), we
have

fout
i (r) = Ci(fout

0 (r), fout
1 (r − v1) . . . fout

q (r − vq))T ∀i 0 ≤ i ≤ q

In the GU approach, a multi-valued state can be easily defined as s(r, t) =
fout(r, t). Since s has q + 1 components, the evolution rule F must be a set of
q + 1 rules F0, . . . , Fq such that

si(r, t + 1) = Fi(s(r, t), . . . , s(r − vq, t))

By definition of the GU formalism, Fi is a function of the entire state of the
neighbor cells. Therefore, in order for F to match the CP formulation, one has
to restrict F to one component only of the neighbor’s state. By introducing a
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selection operator Si such that Sis = si, we see that the equivalence between a
CP rule and a GU rule is obtained by choosing s(r, t) = fout(r, t) and

Fi(s(r, t), . . . , s(r − vq, t)) = Fi(S0s(r), S1s(r − v1), ..., Sqs(r − vq)) (6)
= Ci(S0s(r), S1s(r − v1), ..., Sqs(r − vq))

As an example, let us consider the simple 1D CA in which C is the identity. By
applying CP , the states f1 move east and the states f2 move west. In accordance
to eq. (6) this rule can also be written as

s1(r, t + 1) = s1(r − 1, t) s2(r, t + 1) = s2(r + 1, t) (7)

Thus the identity rule in CP implements simultaneously two rules in the GU
formulation, namely the so-called east and west rules.

We can now consider the inverse problem, i.e. how to write a GU rule in the
CP form. Let us assume we have

s(r, t+ 1) = F (s(r, t), s(r − v1, t) . . . , s(r − vq, t))

where s and F are possibly multi-component quantities. To obtain a CP version,
the first step is to replicate s for all q+1 neighbor directions. We thus introduce
an expansion operator E such that fout(r) = Es(r) means fout

i (r) = s(r), for
0 ≤ i ≤ q. We can also define the inverse of E, the projection operator Π
such that Πfout(r) = fout

0 (r) = s(r). The propagation can then be applied to
fout = Es. To match the behavior of F in the GU formulation, one has to choose
Ci = F , for all 0 ≤ i ≤ q. It is indeed easy to check that

Es(t + 1) = f(t+ 1) or ΠCPEs(t) = s(t+ 1)

To illustrate this construction we take the east CA rule s(r, t+1) = s(r−1, t)
which simply moves information to east. The rule is F (s(r), s(r− 1), s(r+ 1)) =
s(r − 1). On a spatial configuration . . . abc . . . it acts as follows

. . . abc . . .
F→ . . . zab . . .

where z is the state of the cell on the left. In the CP case, with the collision
C0(f0, f1, f2) = C1(f0, f1, f2) = C2(f0, f1, f2) = f1 we have for the vector f =
Es

. . .

⎛

⎝
a
a
a

⎞

⎠

⎛

⎝
b
b
b

⎞

⎠

⎛

⎝
c
c
c

⎞

⎠ P→ . . .

⎛

⎝
a
z
b

⎞

⎠

⎛

⎝
b
a
c

⎞

⎠

⎛

⎝
c
b
d

⎞

⎠ . . .
C→ . . .

⎛

⎝
z
z
z

⎞

⎠

⎛

⎝
a
a
a

⎞

⎠

⎛

⎝
b
b
b

⎞

⎠ . . .

which is, as expected, Es(t + 1).

4 Invertible CA

The question of finding the inverse of a CA rule has been discussed in several
papers [4], but mostly in the framework of a GU formulation. In the CP model,
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there is an easy way to build an invertible rule, using the physical interpretation
of a collision process followed by particle motion [3,7]: assume we have f(n) =
(PC)nf(0) for some given C operator. After n iterations let us apply a still to
be specified local transformation A to the configuration f(n) and apply, for n
steps, another collision operator C′. A rule is said invertible if we then obtain
back the initial configuration f(0), up to the transformation A. This condition
reads (PC′)nA(PC)nf(0) = Af(0) or, simply, (PC′)nA(PC)n = A since it is
true for any f(0). With

(PC′)nA(PC)n = (PC′)n−1PC′APC(PC)n−1

we see, by induction over n that condition (PC′)nA(PC)n = A is equivalent to

A = PC′APC (8)

In other words, if we can find A and C′ such that the above condition holds, the
CA is invertible.

It is easy to check that a way to solve (8) is to impose

A = R−1C PRP = R−1 C′R−1C = R (9)

for some reverse operator R having an inverse R−1. This solution is inspired
from LGA models of particles [3,9]: to reverse the particles motion, one needs
to perform an extra collision, reverse their velocity (R does it) and then run the
LGA n times to finally obtain the initial state with reversed velocities.

It is interesting to note that eq. (9) includes Fredkins method [9] to produce
a reversible rule in the GU approach

s(r, t + 1) = F ({s(r − vi, t)}q
i=0)⊕ s(r, t− 1) (10)

where ⊕ denotes the logical xor and s is a Boolean state. The rule is reversible
(self-inverse) for any F since it can be written as s(r, t−1) = F ({s(r−vi, t)}q

i=0)⊕
s(r, t + 1) due to the property of the xor.

Let us now transform (10) in a CP form. To keep the notation simple we
consider a 1D case. Two states per cell must be stored: the current and previous
time step. Let us call them s and s̄. According to the procedure above, we
construct

f(r, t) = E(s, s̄)T = (s(r, t), s̄(r, t), s(r, t), s̄(r, t), s(r, t), s̄(r, t))T

where, by choice, components 3,4 are propagated to the right, components 5,6
to the left and components 1,2 are the rest states. Let us define the collision C
as follows

Cif = F (f1, f3, f5)⊕ fi+1 i = 1, 3, 5
C2f = f1 C4f = f5 C6f = f3 (11)

Let us define R as the operator which, first, swaps the values which propagate in
one direction with those propagating in the other direction and, second, swaps
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fi and fi+1 for i = 1, 3, 5. R can be expressed by a 6× 6 matrix

R =

⎛

⎝
B 0 0
0 0 B
0 B 0

⎞

⎠ with B =
(

0 1
1 0

)

It is easily verified that B2 = 1 and R = R−1. Let us now check whether
condition (9) holds. We have

PRPf(r) = PR(f1(r), f2(r), f3(r − 1), f4(r − 1), f5(r + 1), f6(r + 1))T

= P (f2(r), f1(r), f6(r + 1), f5(r + 1), f4(r − 1), f3(r − 1))T (12)
= (f2(r), f1(r), f6(r+1−1), f5(r+1−1), f4(r−1+1), f3(r−1+1))T

= Rf(r)

Thus PRP = R. For the collision condition C′R−1C = R we choose C′ = C
since the rule is expected to be its own inverse. By dropping the cell location r
and writing F for F (f1, f3, f5) we have

CRCf = CR(F ⊕ f2, f1, F ⊕ f4, f5, F ⊕ f6, f3)T

= C(f1, F ⊕ f2, f3, F ⊕ f6, f5, F ⊕ f4)T (13)
= (F ⊕ F ⊕ f2, f1, F ⊕ F ⊕ f6, f5, F ⊕ F ⊕ f4, f3)T

= (f2, f1, f6, f5, f4, f3)T = Rf

Thus CRC = R and Fredkins method is a special case of eq. (9).
It should be noted that another way to solve eq. (8) is

A = PR PRP = R−1 C′R−1C = R (14)

If we choose R = P−1 (P−1 always exists since it corresponds to moving the
information backwards) then (14) requires C′PCP = 1. Consider a 1D rule
s(r, t + 1) = F (s(r − 1, t), s(r, t), s(r + 1, t)) and its potential inverse s(r, t +
1) = G(s(r − 1, t), s(r, t), s(r + 1, t)). We set f(r) = (f1, f0, f2) = Es(r) =
(s(r), s(r), s(r)) and we associate C to F and C′ to G. Thus

C ′PCPf = C ′P

⎛

⎝
F (s(r − 1), s(r), s(r + 1))
F (s(r − 1), s(r), s(r + 1))
F (s(r − 1), s(r), s(r + 1))

⎞

⎠ = C ′

⎛

⎝
F (s(r − 2), s(r − 1), s(r))
F (s(r − 1), s(r), s(r + 1))
F (s(r), s(r + 1), s(r + 2))

⎞

⎠

Then C′PCP = 1 if

G[F (s(r−2), s(r−1), s(r)), F (s(r−1), s(r), s(r+1)), F (s(r), s(r +1), s(r +2))] = s(r)
(15)

which is the expected non-local relation expressing that rules F andG are inverse
of each other. It is clear that rule east F (s(r − 1), s(r), s(r + 1)) = s(r − 1) and
rule west G(s(r − 1), s(r), s(r + 1)) = s(r + 1) obey this inverse relation.

In general, the validity of eq. (15) requires to check all 25 values of s(r − 2),
s(r − 1), s(r), s(r + 1), s(r + 2). In 2D and a von Neumann neighborhood
213 = 8192 tests would be necessary to check whether C′PCP = 1. In contrast,
the verification of the local condition C′R−1C = R requires only 3×23 operations
in 1D and 5× 25 = 160 in 2D.
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5 Conclusions

We have formally discussed the relation between the collison-propagation (CP)
and the gather-update (GU) formulation of a CA rule. The CP formulation is
naturally adapted to situations where the flow of information depends on the
neighbors. It is also well suited to couple several CA [5].

Furthermore we have introduced the concept of CAG (cellular automata on
a graph) by applying the CP approach to irregular topologies and asymmetrical
neighborhoods.

We have finally explored the conditions of finding the inverse of a CA rule
using both formulation. We found that two classes of invertible CA can be iden-
tified: the information to inverse the rule is local (as in the Fredkins construction
or in discrete fluid models); or the information to inverse the rule is non-local
(shared by the neighbors) and the problem is numerically more intensive.

This work is supported by the European Commission (COAST project EU-
FP6-IST-FET Contract 033664) and the Swiss National Science Foundation.
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Abstract. The cellular automaton (CA) with multiple attractors in its
state space creates immense interest to devise solutions for pattern clas-
sification, pattern recognition, design of associative memory, query pro-
cessing, etc. This work characterizes the CA state space to explore the
essential properties of 1-dimensional nonlinear cellular automata with
single cycle attractors. The characterization of pseudo-exhaustive bits
(PE bits) is done to uniquely identify the attractor set of such a CA.
Theoretical framework thus evolved provides means to synthesize a CA
for a given attractor set with specified PE bits.

Keywords: Nonlinear cellular automata, attractor, MACA, PE bit,
classifier.

1 Introduction

The concept of Cellular Automata (CA) was initiated in 1950s by von Neumann
and Ulam [9]. Neumann’s CA involved 5-neighborhood interactions among the
cells with 29 states per cell. Researchers had tried to view rather simplified
structure of CA with the target to characterize its behavior, essentially keeping
the flavour as that of Neumann’s model [1,3,8]. In early 1980s, Stephen Wolfram
[10] studied a family of simple 3-neighborhood 1-dimensional cellular automata
[7] with two states per cell. This structure attracted a large section of researchers
working in diverse fields [2].

While characterizing the CA state space, the researchers identified a set of
CA states towards which the neighboring states asymptotically approach in the
course of dynamic evolution [11]. They referred this set of states as the attractor
of CA state space forming a basin of attractions. The CA with multiple attrac-
tors in its state space were of primary interest [2,6]. The single cycle attractor
is one where the number of states of an attractor is one [2]. Characterization of
single cycle attractors of the linear/ additive CA has been reported in [2,5,6].
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The applications of linear/ additive CA having multiple single cycle attractors
are also investigated. However, the characterization of single cycle attractors in
nonlinear CA state space is yet to be explored.

The above scenario motivates us to concentrate on the characterization of
single cycle attractors in 1-dimensional cellular automata [10]. A theoretical
framework has been developed to explore all the attractors of such a CA. This
further enables identification of pseudo-exhaustive (PE) bits [2] to address an
attractor and then synthesis of a CA for the given set of attractors & PE bits.
The algorithms/ schemes are proposed for efficient synthesis of such desired CA.

The preliminaries of CA, relevant for this work, have been reported in the
twin paper (Characterization of Non-reachable States in Irreversible CA State
Space). In the next section, we report the proposed characterization.

2 Characterization of Single Cycle Attractors

This section detailed out the theoretical framework developed to explore the
single cycle attractors of a given CA and the PE bits specifying the attractors.
It is based on the analysis of RMT s [4] of each cell rule of the CA.

S2 S31S S4

10

14

2

6 15

11

7

3

0 1

8

4

12

9

5

13

Fig. 1. State transitions of a CA with rule vector < 10, 69, 204, 68 >

2.1 Identification of Attractors of a CA

Since the next state (NS) of a single cycle attractor is the attractor itself (Fig.1),
there should be at least one RMT (Table 1) of each cell rule (Ri) for which the
CA cell (i) does not change its state. For example, RMT x0x (x = 0/1) is
considered to find the NS of cell i when the current states of its left neighbor
((i−1)th cell), self and right neighbor (((i+1)th) cell) are x, 0 and x respectively.
It implies, if such RMT is ’0’, the state change of cell (i) is 0 → 0. That is, for
the rule Ri, if RMT 0 (000), 1 (001), 4 (100) or 5 (101) is 0, the CA cell i
configured with Ri does not change its state. Similarly, if the RMT 2 (010), 3
(011), 6 (110) or 7 (111) is 1, it ensures a cell configured with Ri can stick to its
current state. For example, all RMT s of rule 204 help formation of attractors
(Fig.2).

Property 1: A rule Ri can contribute to the formation of single cycle attractor(s)
if at least one of the RMT s 0, 1, 4 or 5 is 0, or the RMT 2, 3, 6 or 7 is 1.
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0 Rule for cell  i

RMTs
111 110 101 010 000100 011

(0)(2)(3)(5)(6)(7) (1)
001

(4)

1 1 1 10 0 0

Fig. 2. RMT s of rule 204

If any rule of a CA does not maintain Property 1, the CA can not have single
cycle attractors. The following recursive algorithm scans the rule vector R =<
R1, · · · ,Ri, · · · ,Rn > of a CA and explores all of its attractors.

Algorithm 1: FindAttractors (i, State)
Input: n (CA size), CA rule vector.

Output: set of attractors.

A). if i = 1, i.e, for the first rule {
if RMT 0 is 0 then

Set first two bits of State as 00 and call FindAttractors (i+1, State)
if RMT 1 is 0 then

Set first two bits of State as 01 and call FindAttractors (i+1, State)
if RMT 2 is 1 then

Set first two bits of State as 10 and call FindAttractors (i+1, State)
if RMT 3 is 1 then

Set first two bits of State as 11 and call FindAttractors (i+1, State) }
else if (1 < i < n), i.e, for an intermediate rule {
B). Set (i + 1)th bit of State as 0, and

Compute k – decimal equivalent of (i − 1), i, and (i + 1)th bit sequence of State

Check whether the RMT k of the ith rule can stick to the ith bit of State.

C). If yes, call FindAttractors (i+1, State)
D). Set (i + 1)th bit of State as 1

Compute k and check whether RMT k of ith rule can stick to ith bit of State.

If yes, call FindAttractors (i+1, State) }
else

E). Compute k= decimal equivalent of the (n − 1)th bit, nth bit of State and 0

If RMT k of last rule is the last bit of State, output the state as an attractor.

The argument State contains partially constructed attractor states. To find
the exact form of an attractor, we need to run FindAttractors(1, State).

Example 1. Consider a 4-cell CA with rule vector < 10, 69, 204, 68 > (Table 1).
To find attractors, we call FindAttractors(1,State), where State (- - - -) is empty.
Initially, the algorithm finds that i = 1 and RMT 0 for the first rule is 0. Hence
if a state starts with 00, the first bit will stick to 0. That is, the state may be
an attractor. Therefore, the first two bits of 4-bit State is filled up with 00, and
the recursive algorithm FindAttractors (i = 2 and State (0 0 - -)) is called.

First recursive call (i = 2 and State = 00- -): According to the algorithm, (i+1)th

bit -that is, the third bit of State is set to 0 (Algorithm 1 Step B). Hence, k = 0
(000), the (i − 1)th bit of the State = 0, ith bit = 0, and (i + 1)th bit = 0.
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Table 1. RMT s of the CA < 10, 69, 204, 68 > cell rules

RMT 111 110 101 100 011 010 001 000 Rule
(7) (6) (5) (4) (3) (2) (1) (0)

First cell d d d d 1 0 1 0 10
Second cell 0 1 0 0 0 1 0 1 69
Third cell 1 1 0 0 1 1 0 0 204
Fourth cell d 1 d 0 d 1 d 0 68

RMT stands for rule min term. d denotes don’t care bit. It can either be 0/1.

However, the ith (second) bit of the State -that is, 0 and the RMT x (RMT
0) of ith rule (69, Table 1) is (1) not the same. Then, execute Step D, and the
second bit of State is set to 1. Now the State is 001-, and k = 1. The RMTk
(1) of the second rule (69) is 0 -that is, the second bit value of State, and so
FindAttractors is called with i = 3 and State (001-).

Second recursive call (i = 3 and State = 001-): Since i < 4, as like the 1st

recursive call, the next bit (fourth bit) of State is set to 0. Therefore, the final
State is 0010, and k = 2 (010). The RMT 2 of third rule, however, is 1 -that
is, the third bit value of the State. So, FindAttractors is called with i = 4 and
State = 0010.

Third recursive call (i = 4 and State = 0010): Here it is checked whether the
last bit of State can be justified by the last cell rule to recognize the State as an
attractor. Now, k = 4 (100) and RMT 4 of the last rule can generate the fourth
bit of the State. Therefore, the State (0010) is a single cycle attractor (2).

Now i = 3. The fourth bit of State is set to 1. Hence the State is 0011, and
k = 3 (011). The RMT 3 of third rule is again 1 -that is, the third bit of the
State. So, the algorithm is further called with i = 4 and State = 0011.

Fourth recursive call (i = 4 and State = 0011): As like the third recursive call,
it checks whether the new last bit of State can be justified by the last cell rule.
Here k = 6 (110) and the RMT 6 of last rule is 1. Hence, the State 0011 (3) is
also an attractor.

If the execution of algorithm is continued, we can identify another two attrac-
tors - 1100 (12) and 1101 (13) (Fig.1).

To identify all the attractors of a CA, we may not repeat FindAttractors.
An attractor A can be derived once B and C are identified as the attractors.

Theorem 1. If B = b1b2 · · · bi−1bibi+1 · · · bn and C = c1c2 · · · ci−1cici+1 · · · cn
are two attractors of an n−cell CA and bi−1 = ci−1, bi = ci & bi+1

⊕
ci+1 = 1,

then B′ = b1b2 · · · bi−1bici+1 · · · cn and C′ = c1c2 · · · ci−1cibi+1 · · · bn are also the
attractors of the CA [4].

Example 2. Let B = 010101 and C = 000111 be the two attractors of a 6-
cell CA. For the attractors B and C, the third and fourth bits are the same
(bi−1 = ci−1 and bi = ci). Whereas the fifth bits (bi+1 and ci+1) are different.
Therefore, the derived attractors are B′ = 010111 and C′ = 000101.
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Corollary 1. The derived attractors (B′ and C′) are same as the original (B
and C) if bk = ck, ∀k, where 1 ≤ k < i− 1.

Proof. If bk = ck, ∀k where 1 ≤ k < i− 1, then we can write B′ = b1b2 · · · bi−1bi
ci+1 · · · cn = c1c2 · · · ci−2bi−1bici+1 · · · cn = c1c2 · · · ci−2ci−1cici+1 · · · cn = C.
Similarly, it can be shown that C′ = B. Hence the proof.

Corollary 2. An n−cell CA synthesized from 2 arbitrary attractors, can have
maximum 2m+1 attractors, where m = !n−1

3 ".

Proof. Let us consider a CA is synthesized from the attractors B and C. For
one set of (i − 1, i, i + 1), maintaining Theorem 1, the number of attractors is
doubled. That is, two pairs (22) of attractors are there. If there is another such
set of (i− 1, i, i + 1), each pair of attractors derives another pair of attractors.
Hence, for two such sets of (i− 1, i, i+ 1), number of attractors is 22+1.

However, it is obvious that if i = 2 (Theorem 1), then B = B′ and C = C′.
That is, no new attractor is derived. Therefore, excluding the left most bit,
maximum number of possible (i− 1, i, i+ 1) set is !n−1

3 ". Therefore, maximum
number of possible attractors is 2m+1, where m = !n−1

3 ". Hence the proof.

2.2 Extraction of PE-Bits

A number of works [2,5] have been reported, where MACA (multiple attractor
cellular automata) is considered to classify the set of data. The CA of Fig.1
can be employed to classify the patterns of two classes. Class I is represented
by S1 & S2 with attractors 2 (0010) & 12 (1100). Whereas class II (S3 & S4)
is represented by the attractors 13 (1101) & 3 (0011). To find the class of a
pattern p (1010), the CA is to be run for same time steps considering p as the
seed. Finally, the CA settles to an attractor A (2). Hence p (1010) belongs to
the class of A - that is, class I.

In Fig.1, there are 4 attractors. We need 4 places to store the class information.
The places can be identified by the least significant 2 bits of the attractors. That
is, for an input pattern, if the CA settles to the attractor 12 (1100), then we
have to search the place 00. These two least significant bit positions are the
pseudo-exhaustive (PE) bits of the CA.

The scheme to identify the PE bits of a linear MACA has been reported
in [2]. However, extraction of PE-bit positions in nonlinear CA is yet to be
addressed. We next report characterization of MACA that guides identification
of pseudo-exhaustive bits of the attractors of an MACA.

Theorem 2. 2k attractors, derived from 2 attractors, can uniquely be identified
by k bit positions.

Proof. Consider, a CA is synthesized from two given attractors B and C. Ac-
cording to Theorem 1, for one set of (i − 1, i, i + 1), the number of attractors
is doubled. For these four attractors, (i + 1)th and (i − 2)th bits (or any bit
from 1 to (n− 2)) are unique. Therefore, the four attractors can be identified by
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these two bits. If there is another such set (i− 1, i, i+ 1), each of the attractor
pairs derives another pair of attractors. An additional bit -that is, last bit of the
set, is required to identify the attractors. Hence, for two such sets of (i − 1, i,
i + 1), total number of attractors are 22+1 and 3 bits are sufficient to identify
the attractors. Therefore, if there are (k− 1) sets of (i− 1, i, i+ 1), then we can
find 2k number of attractors that can be identified by k bits. Hence the proof.

Example 3. The 4 attractors (010101, 000111, 010111 & 000101) of Example 2,
derived from 010101 and 000111, can uniquely be identified by the second and
fifth bits (from left) of the attractors.

Theorem 2 states that if we can construct two attractors that can derive in total
2k attractors (Theorem 1), and then if a CA is synthesized considering those 2
attractors, the CA will must have 2k attractors with k PE-bits.

3 Synthesis of CA with Single Cycle Attractors

The theoretical framework reported in the earlier section enables synthesis of a
CA (R) for a given set of attractors. The following algorithm SynMACA reports
the synthesis of such a CA.

Algorithm 2: SynMACA
Input: set of attractors.

Output: CA (rule vector).

For each of the attractors {
for ith CA cell (1 ≤ i ≤ n)

S1: Set RMT k as the ith bit of the attractor, where k is the decimal equivalent of

the sequence of (i − 1), i, and (i + 1) bits of the attractor, assuming 0th and (n + 1)th

bits are 0. }
S2: Set the unfilled RMT s such that those RMT s as a whole can not contribute to

generate single cycle attractors. Output the CA rule vector.

The avoidance of RMT s that can generate single cycle attractors (S2, Algo-
rithm 2), can be realized following the designed next algorithm. It synthesizes a
CA that does not have any single cycle attractor.

Algorithm 3: CAWithoutSingleCycle
Input: n (CA size)

Output: CA

Step 1: Randomly synthesize an n-cell CA.

Step 2: If the CA is having no single cycle, goto Step 6.

Step 3: Select a CA cell arbitrarily as the victim.

Step 4: Identify the RMT s of victim cell rule that generates attractors.

Step 5: Replace the value of each such RMT by its complement.

Step 6: Report the final CA.

Example 4. This example illustrates the execution steps of Algorithm 2. Consider
the three 4-bit single cycle attractors - 0010 (2), 0101 (5) and 1111 (15). The
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algorithm scans each attractor from left to right and sets the RMT s accordingly.
Since the CA is a 3-neighborhood CA, a 3-bit window can be considered that
slides from left to right, assuming the left of the leftmost bit and right the
rightmost bit are 0. Hence while scanning attractor 2, it sets RMT 0 (000) of
first rule as 0, RMT 1 (001) of 2nd rule as 0, RMT 2 (010) of third rule as 1
and 0 to RMT 4 (100) of the 4th rule. Similarly, the attractors 3 and 15 can
be considered to fill up the RMT s of cell rules. However, a number of RMT s
remain unfilled. The unfilled RMT s are set in such a way that those can not
contribute to produce attractors. Here for simplicity, we set each unfilled RMT
abc by b′, where b′ is the complement of b (underlined RMT s of Table 2). The
CA synthesized from Algorithm 3, for a given set of attractors S, may have
additional attractors called the spurious attractors that are not belong to S. For
example, Algorithm 3 outputs a CA < 14, 145, 191, 65 > for the attractor set -
{0010 (2), 1011 (11) and 1111 (15)}. The attractor set of the CA contains two
spurious attractors– 1010 (10) and 0011 (3) (Theorem 1).

Table 2. Formation of CA < 8, 181, 151, 69 >

RMT 111 110 101 100 011 010 001 000 Rule
(7) (6) (5) (4) (3) (2) (1) (0)

First cell d d d d 1 0 0 0 8
Second cell 1 0 1 1 0 1 0 1 181
Third cell 1 0 0 1 0 1 1 1 151
Fourth cell d 1 d 0 d 1 d 1 69

The synthesis of an n-cell CA with k (k ≤ 1 + !n−1
3 ", Corollary 2) pseudo-

exhaustive bits is described in the following algorithm. It exploits Theorem 1
and constructs an n-bit attractor (A) randomly. Then a new one (say B), based
on the A, is formed such that while synthesizing an MACA with the attractors
A & B, a number (2k-2) of spurious attractors are generated.

Algorithm 4: SynMACAwithPE
Input: n (length of MACA), k (number of PE-bits)

Output: non-linear MACA (rule vector) with k pseudo-exhaustive bit positions

Step 1: Randomly synthesize an n-bit attractor A.

Step 2: Arbitrarily identify k bit positions on A such that an identified bit can have at

least one identified bit either of its left or right at a distance not less than 3 bit.

Step 3: Synthesize an n-bit attractor B following the rules -

(i) Identified bits of A & B should be complement to each other.

(ii) If ith and jth bits are two consecutive identified bits and |i− j| ≥ 3, ∀i, j, the

bits starting from (j + 1)th to (i − 1)th positions of A & B are the same.

(iii) Randomly fill up the other bits of B such that the non-identified bits can

not behave like an identified bit - that is, (i) and (ii) are denied.

Step 4: Synthesize CA that includes the attractors A and B (Algorithm 3).

Example 5. Let us consider synthesis of an n = 4 cell MACA with k = 2
PE bits. Assume A = 0101 is randomly selected as an attractor. The 1st and
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4th bits are identified as PE. The attractor B = 1100 is synthesized from A
following Step 3 of Algorithm 4. If we run Algorithm 3, a CA < 9, 119, 3, 20 > is
synthesized. It is having 4 single cycle attractors (0100, 0101, 1100, and 1101)
that can be identified by the 1st and 4th bits (00, 01, 10, and 11) only.

The earlier discussion points to the fact that for a given attractor set [the PE-
bits], we can synthesize an MACA following Algorithm 3 [Algorithm 4]. However,
the performance of Algorithm 4 is limited by the number of PE-bits (k) expected.

4 Conclusion

This paper reports a detail characterization of single cycle attractors in the CA
state space. Pseudo-exhaustive (PE) bits to identify the single cycle attractors
are identified. A theoretical framework is proposed to synthesize a CA with
specified PE bits and the attractor set.
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1 Introduction

In the early 1950s, von Neumann and Stan Ulam [6] initiated the concept of
cellular automata (CA). Stephen Wolfram first studied a family of simple 3-
neighborhood 1-dimensional cellular automata that could simulate complex be-
haviors [7]. This structure attracted a large section of researchers working in the
diverse fields and a specialized class of 1-dimensional CA, called linear/additive
CA, had gained the primary attention [1]. The matrix algebraic tool provided
the framework for characterization of linear/ additive CA. However, character-
ization of 3-neighborhood nonlinear CA is yet to be explored. This motivates
us to concentrate on the non-linear CA - its characterization and analysis of its
state space. In this work, we target the special class of CA called irreversible CA.
The non-reachable states and the attractors of irreversible CA are characterized.
The theoretical framework thus developed leads to the design of algorithms for
computing the number of non-reachable states as well as the number of single
cycle attractors in an irreversible CA.

2 Cellular Automata Basics

A Cellular Automaton (CA) consists of a number of cells organized in the form
of a lattice. It evolves in discrete space and time, and can be viewed as an
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autonomous finite state machine (FSM). Each cell stores a discrete variable at
time t that refers to the present state of the cell. The next state of the cell at
(t + 1) is affected by its state and the states of its neighbors at time t. In this
work, we concentrate on such 3-neighborhood CA (self, left and right neighbors),
where a CA cell is having two states - 0 or 1. Therefore, the next state St+1

i of
the ith CA cell is specified by the next state function fi as

St+1
i = fi(St

i−1, S
t
i , S

t
i+1) (1)

where St
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t
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i+1 are the present states of the neighbors at time t.
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3), · · · , fn(St
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If St
0 = St

n and St
n+1 = St

1 (that is, left neighbor of the left most cell is the right
most cell and vice versa), then the CA is referred to as periodic boundary CA.
On the other hand, if St

0 = St
n+1 = 0, the CA is null boundary.

If the next state function of the ith cell is expressed in the form of a truth
table, then the decimal equivalent of its output is conventionally referred to as
the ‘Rule’ Ri [7]. In a two-state 3-neighborhood CA, there can be a total of 28

(256) rules. Three such rules 90, 150, and 75 are illustrated in Table 1. The first

Table 1. Truth table for rule 90, 150 and 75

Present state : 111 110 101 100 011 010 001 000 Rule
(RMT ) (7) (6) (5) (4) (3) (2) (1) (0)

(i) Next State : 0 1 0 1 1 0 1 0 90
(ii) Next State : 1 0 0 1 0 1 1 0 150
(iii) Next State : 0 1 0 0 1 0 1 1 75

Note: RMT stands for Rule Min Term. The value 0/1 noted in 3rd/4th/5th row shows
the output of the three variable switching function.

row of the table lists the possible 23 (8) combinations of the present states of
(i− 1)th, ith and (i + 1)th cells at time t. The last three rows indicate the next
states of the ith cell at (t + 1) for the rules, 90, 150 and 75 respectively.

Definition 1. A rule is Balanced if it contains equal number of 1s and 0s in
its 8−bit binary representation; otherwise it is an Unbalanced rule.

Definition 2. The set of rules R =< R1,R2, · · · ,Ri, · · · ,Rn > that configures
the cells of a CA is called the rule vector.

The sequence of states generated (state transitions) during its evolution with
time directs the CA behavior. The state transition diagram of an irreversible
CA may contain cyclic (lies in a cycle) and non-cyclic states (Fig.1). Further,
in an irreversible CA there are some states that are not reachable (non-reachable
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states) from the other state and some states are having more than one pre-
decessor [4,5]. For example, the states marked as 5 and 13 of Fig.1 are the
non-reachable states. Whereas 15 and 7 have more than one predecessor.

An irreversible CA contains one or more cycles, called attractors. Fig.1 con-
tains two cycles – one of length 3 (7 → 3 → 11 → 7) and other is of length
1 (15). This paper concentrates on the characterization of non-reachable states
and the attractors of length 1 (single cycle attractors) in an irreversible CA.
Here we refer such single cycle attractors as simply attractors. The next section
introduces the concept of Reachability tree to formalize the characterization.

13 10 1 14 12 9 1564

825 7

11

0

3

Fig. 1. State transitions of an irreversible CA < 105, 177, 171, 75 >

3 Reachability Tree

Reachability Tree, proposed in [2,3], is a binary tree that represents the reachable
states of a CA. Each node of the tree is constructed with RMT (s) of a rule
(Section 2). The left edge of a node of the tree is considered as the 0-edge and
the right edge is as the 1-edge (Fig.2). The number of levels of the reachability
tree for an n−cell CA is (n+ 1). Root node is at Level 0 and the leaf nodes are
at Level n. The nodes of Level i are constructed following the selected RMT s of
(i+ 1)th CA cell rule Ri+1, while computing the next state.

The number of leaf nodes in the reachability tree denotes the number of
reachable states of a CA and a sequence of edges from the root to a leaf node,
representing an n−bit binary string, is the reachable state. The binary string is
formed assuming that the 0-edge and 1-edge represent 0 and 1 respectively.

During next state computation of a CA cell, the RMT s of the rule configuring
the CA cell take the leading role. However, the RMT s of two consecutive cell
rules Ri and Ri+1 are related while the CA changes its state. Since the CA is in
3-neighborhood, the RMT s are of 3-bit. So, a three bit window can be considered
that slides over the present state, from left to right, to get the next state [2]. If
the RMT window for ith cell is (bi−1bibi+1), bi = 0/1, then the RMT window
for (i+1)th cell will be either (bibi+10) or (bibi+11). In other words, if the ith CA
cell changes its state following the RMT k (decimal equivalent of bi−1bibi+1) of
rule Ri, then the (i + 1)th cell will generate its next state following the RMT
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Table 2. Relationship be-
tween RMT s of cell i and
cell (i + 1) for next state
computation

RMT at RMT s at
ith rule (i + 1)th rule

0 0, 1
1 2, 3
2 4, 5
3 6, 7
4 0, 1
5 2, 3
6 4, 5
7 6, 7

Table 3. RMT s of the CA < 8, 112, 44, 68 >

RMT 111 110 101 100 011 010 001 000 Rule
(7) (6) (5) (4) (3) (2) (1) (0)

First cell d d d d 1 0 0 0 8
Second cell 0 1 1 1 0 0 0 0 112
Third cell 0 0 1 0 1 1 0 0 44
Fourth cell d 1 d 0 d 1 d 0 68
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0
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Fig. 2. Reachability Tree for the CA < 8, 112, 44, 68 >

2k mod 8 (bibi+10) or (2k + 1) mod 8 (bibi+11) of rule Ri+1. This relationship
between the RMT s of Ri and Ri+1, while computing the next state of a CA, is
shown in Table 2. The relation, noted in the table, plays an important role for
characterizing the CA behavior configured with different cell rules.

Fig.2 is the reachability tree for a CA < 8, 112, 44, 68 >. The RMT s of the
CA rules are noted in Table 3. The decimal numbers within a node at level i
represent the RMT s of the CA cell rule Ri+1 following which the cell (i+1) may
change its state. The RMT s of a rule for which we follow 0-edge or 1-edge are
noted in the bracket. For example, the root node (level 0) of Fig.2 is constructed
with RMT s 0, 1, 2 and 3 as cell 1 (rule 00001000) can change its state following
any one of the RMT s 0, 1, 2, and 3. As the state of its left neighbor is always
0, the RMT s 4, 5, 6 & 7 are the don′t cares for cell 1. It is obvious from Fig.2
that there are 12 possible sequences of edges in the tree. That is, 12, out of 16,
CA states are reachable and the rests are non-reachable. Based on the theory of
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Reachability tree, we next report the proposed characterization of non-reachable
states and the attractors of a CA.

4 Characterization of CA Targeting Non-reachable
States and the Attractors

This section presents a scheme to characterize the irreversible CA states. It iden-
tifies the non-reachable states and also computes the number of non-reachable
states of an irreversible CA in linear time. It also finds the number of single
cycle attractors of a CA. The theoretical aspects of such characterization are
formulated in the following theorems.

Theorem 1. An n−cell irreversible CA contains at least 2n−3 non-reachable
states.

Proof. In 3-neighborhood, 1
8 of the total CA states are to be determined by each

of the 8 RMT s of ith CA cell rule Ri. Since the CA is irreversible, there is at
least one RMT of Ri that causes an unbalanced reachability tree for the CA.
Therefore, 1

8 of total states are obviously non-reachable. Hence, the number of
non-reachable states is at least 2n

8 = 2n−3.

Theorem 2. An n−cell irreversible CA constructed only with the balanced rules
contains at least 2n−2 non-reachable states.

Proof. Let us consider the reachability tree for an n−cell irreversible CA, con-
figured only with balanced rules, is balanced up to the ith level and rule Ri

is responsible for that. Since Ri is balanced, therefore, there exist at least 2
RMT s that cause the tree as unbalanced. As 1

8 of total states are determined
by an RMT , total number of non-reachable states for such CA is (1

8 + 1
8 = 1

4 )
of the total states. Hence an n−cell irreversible CA, configured with balanced
rules, contains at least 2n−2 non-reachable states. Hence the proof.

Corollary 1. An n−cell linear/additive irreversible CA contains at least 2n−2

non-reachable states.

Proof. Since a linear/additive rule is balanced [2,3], the result is directly followed
from Theorem 2.

We next propose an algorithm that calculates the number of non-reachable states
of an irreversible CA utilizing the concept of reachability tree.

4.1 Computing the Number of Non-reachable States

The algorithm (CalNonReachableStates) assumes the variables S, an array of
sets, and nos (the number of sets in S). The arrays oldWeight and newWeight
are used to store the number of states that may be reachable and to store
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the number of states that are non-reachable respectively. The number of non-
reachable states are finally stored in the variable NS.

Algorithm 1: CalNonReachableStates
Input: n (CA size), Rule[n][8] (CA).
Output: number of non-reachable states.
Step 1: Find S[1] = {j}, where Rule[1][j] = 0 and 1 ≤ j ≤ 3,

and S[2] = {j}, where Rule[1][j] = 1 and 1 ≤ j ≤ 3.
If S[i] = φ (i=1/2), set NS := 2n−1, oldWeight[1] := 2n−1 and nos := 1.
Otherwise, set oldWeight[1] := 2n−1, oldWeight[2] := 2n−1 and nos := 2.

Step 2: For i = 2 to n− 1 do 2.1 to 2.4
2.1 For j = 1 to nos

Determine RMT s for the next level nodes from S[j] following Table 2.
Distribute these RMT s of ith rule with value 0 into S′[2j − 1] and 1 into

S′[2j].
Set newWeight[2j-1] := oldWeight[j]/2 and newWeight[2j] := oldWeight[j]/2.
If S′[k] = φ, set NS := NS + newWeight[k], where k = 2j − 1, 2j.

2.2 Replace RMT s 4, 5, 6 and 7 by equivalent RMT s 0, 1, 2 and 3 respectively
for each S′[k].

2.3IfS′[k] = S′[k′] for anyk′, setoldWeight[k] :=newWeight[k]+newWeight[k′];
otherwise, set oldWeight[k] := newWeight[k].

2.4 Assign unique sets of S′ to S, and nos := number of sets in S.
Step 3: For j = 1 to nos

Determine next RMT s of S[j], of which 2 are invalid since it is the last rule.
Distribute these RMT s of last rule with value 0 into S′[2j − 1] and 1 into

S′[2j].
If S′[k] = φ, then set NS := NS +oldWeight[k]/2, where k = 2j − 1, 2j.

Step 4: Report the value of NS as the number of non-reachable states of the CA.

Complexity: Since Algorithm 1 uses a loop in Step 2 that depends on n, and
the maximum value of nos. nos is constant. Therefore, the time complexity of
the algorithm is O(n).

4.2 Computing the Number of Attractors

Since the next state of a single cycle attractor is the attractor itself (attractor
15 of Fig.1), there should be at least one RMT (Table 1) of each cell rule (Ri)
for which the CA R cell (i) does not change its state. For example, the RMT
x0x (x = 0/1) of a rule is considered to find the next state of cell i when the
current states of its left neighbor ((i − 1)th cell), self (ith) and right neighbor
(((i+1)th cell) are x, 0 and x respectively. It implies, if the RMT is ’0’, the state
change of the cell (i) is 0 → 0. That is, for the rule Ri, if the RMT 0 (000), 1
(001), 4 (100) or 5 (101) is 0, the CA cell i configured with Ri does not change
its state. Similarly, if the RMT s 2 (010), 3 (011), 6 (110) or 7 (111) is 1 in Ri,
the cell configured withRi can stick to its current state in the next time step. For
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0 Rule for cell  i

RMTs
111 110 101 010 000100 011

(0)(2)(3)(5)(6)(7) (1)
001

(4)

1 1 1 10 0 0

Fig. 3. RMT s of rule 204

example, if a CA cell is configured with the rule 204 (Fig.3), all RMT s of the
rule help formation of attractors.

Property 1: A rule Ri can contribute to the formation of single cycle attractor(s)
if at least one of the RMT s 0, 1, 4 or 5 is 0, or the RMT 2, 3, 6 or 7 is 1.
If any rule does not maintain Property 1, the CA can not have single cycle at-
tractors. The following algorithm CalNoOfAttractors scans a CA rule vector R
from left to right and explores all the attractors of the CA.

Algorithm 2: CalNoOfAttractors
Input: n (CA size), Rule[n][8] (CA).
Output: NoA (number of attractors).
Step 1: If any rule does not maintain Property 1, return NoA = 0.
Step 2: If RMT j (j =0, 1, 2, 3) is capable of generating the attractors, assign
S[1] = {j}, where Rule[1][j] = 0, S[2] = {j}, and Rule[1][j] = 1.

If S[i] = φ, then set oldWeight[1] := 2n−1 and nos := 1, where i = 1 or 2.
Otherwise, set oldWeight[1] := 2n−1, oldWeight[2] := 2n−1 and nos := 2.

Step 3: For i = 2 to n− 1 do 3.1 to 3.4
3.1 For j = 1 to nos

Determine RMT s for the next level nodes from S[j] following Table 2.
Remove the RMT s that are not capable of generating attractors.
Distribute these RMT s of ith rule with value 0 into S′[2j − 1] and 1 into

S′[2j].
Set newWeight[2j-1] := oldWeight[j]/2 and newWeight[2j] := oldWeight[j]/2.

3.2 Replace RMT s 4, 5, 6 and 7 by equivalent RMT s 0, 1, 2 and 3 respectively
for each S′[k].

3.3IfS′[k] = S′[k′] for anyk′, setoldWeight[k] :=newWeight[k]+newWeight[k′];
Otherwise, set oldWeight[k] := newWeight[k].

3.4 Assign unique sets of S′ to S, and nos := number of sets in S.
Step 4: For j = 1 to nos

Determine next RMT s of S[j], of which 2 are invalid since it is the last rule.
Remove the RMT s that are not capable of generating attractors.
Distribute these RMT s of last rule with value 0 into S′[2j − 1] and 1 into

S′[2j].
If S′[k] = φ, then set NoA := NoA +oldWeight[k]/2, where k = 2j − 1, 2j.

Step 5: Report NoA as the number of attractors.

Complexity: The complexity of Algorithm 2 is also O(n) as it is for Algorithm 1.
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5 Conclusion

This paper presents an efficient scheme to calculate the number of non-reachable
states of an irreversible CA in linear time. An algorithm is also proposed that
computes the number of single cycle attractors of such a CA. A theoretical
framework has been reported to characterize the non-reachable states as well as
the attractors of the CA.
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Abstract. The cellular automata (CA) have found its application in
diverse fields. But in order to utilize the whole state space of a maximum
length CA one has to run 2n − 1 clock cycles. Using the closure property
of a group CA this paper shows how to reach a state which is far from
the initial state using very few cycles. It also develops two algorithms to
utilize the whole state space of CA using very few cycles. Using these
algorithms it creates n×n pseudo-random boolean mappings having very
good statistical properties.

Keywords: Additive Cellular Automata, Pseudo-Random Number
Generator.

1 Introduction

In order to utilize the whole state space of a CA, a very high number of cycles
is required. For an n cell maximum length CA the number of cycles required
to utilize the whole state space is as high as 2n. So for a large length of CA
this exponential growth of the number of cycles to utilize the whole state space
is not very practical. This might limit the utilization of CA having very large
length, even if the properties of the CA may be useful for different types of
application.

In this work we present two algorithms for exploring the whole state space
of CA by running very few cycles. Using these algorithms an efficient n × n
boolean mapping can be generated. There can be a total of 2n−1 different n×n
mappings for 2n− 1 (except all zeros as a seed) seeds for each of the algorithms.
We evaluate some of these mappings with NIST statistical test suit [2] to evaluate
the randomness of these mappings. The evaluation shows promising results that
can be used to qualify these mappings as random.

We start this paper with a brief introduction of cellular automata followed by
how to reach a very high state using a very few cycles in section 2. In section 3
we describe two heuristic algorithms to run through the whole state space of the
CA. Using these algorithms, we mention how to generate highly random n × n
mappings with hardware implementation and statistical results in section 4.
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2 Reaching States Far from Initial State of CA Using
Very Few Cycles

The CA structure can be viewed as a lattice of cells that evolve in each time
step depending on some combinational logic on itself and its neighbors. The
characteristic matrix of a CA operating over GF(2) is a matrix that describes
the behavior of the CA [1]. A characteristic matrix is constructed as:

T [i, j] =1, if the next state of the ith cell depends on jth cell
=0, otherwise

If S(t) represents the state of the CA at the ith instant of time then the state
at the next time instant can be represented as:
S(t + 1) = [T ]S(t) and S(t+ 2) = [T ]2S(t) and so on. So we can write:
S(t + p) = [T ]pS(t).
The CA can be used to generate a very good set of pseudorandom generators

[3], [4], [5], [6]. However, when the length of the CA is high, the number of cycles
required to utilize the whole state space is very high. For example, 2n − 1 clock
cycles are required to utilize the whole state space of an n-cell maximum length
CA. This makes the CA based applications slow for larger length of CA.

Here we present a theoretical scheme to achieve a high degree of T matrix by
running a very few cycles of the CA or, equivalently, multiplying the T matrices
for a very few times.

T i ⊕ T j = T k (1)

This can also be expressed in terms of states of the CA as,

S(t + i)⊕ S(t + j) = S(t+ k) (2)

where, k # i, j. The existence of equation 1 and equation 2 comes from the
closure property of the group CA [1].

Example 1. In a four cell maximum length CA having rule vector 〈90, 150, 90,
150〉, consider, T 1 and T 3, XORing the two we get T 9. So here we can reach T 9

by running only three cycles.

Example 2. In a sixteen cell maximum length group CA, consider, T 1 and T 2,
XORing the two we get = T 60630. So here we can reach T 60630 by running only
two cycles.

3 Exploring Full State Space

After finding an easy way to find a very high power of T matrix by running
very few cycles, the next challenge is to utilize the whole state space of the CA.
It is obvious that if we use lesser number of bits for i and j in the equation
T i ⊕ T j = T k, we cannot utilize the whole state space of the CA. Also the
mapping is not one to one as two different pairs of (i, j) can give rise to the same
value of k.
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However, we have found two linear-time algorithms that give unique value
for T k and also utilizes the whole state space. The first algorithm (algorithm 1)
needs 2n cycles whereas the second algorithm(algorithm 2) needs only n cycles
to run through 2n state space. Even if the second algorithm is an improvement
of the first one, both run in linear time and can be used to generate different
n × n boolean mappings. Hence, we mention both algorithms here with more
emphasis on the algorithm 2.

Algorithm 1. Utilization of Whole State Space Using 2n Cycles
Require: Choose any seed. Take n bit maximum length CA.
1: Take an n bit input.
2: a = [0]
3: for i = 1 to n do
4: if ith bit of input= 1 then
5: a = a ⊕ T 2∗i−1

6: else
7: a = a ⊕ T 2∗(i−1)

8: end if
9: end for

10: Output a

Normally, running through the whole state space of cellular automata requires
exponential time but the algorithm 1 runs in linear time with 2n cycles. The
example 3 shows how this mapping works.

Example 3. Let us take n=8 and show how the proposed method runs through
the whole state space for all different inputs by running only 8*2=16 cycles.
Consider a seed 10101010.

For an input 00000000
The output of the above algorithmic function is:
(T 0 ⊕ T 2 ⊕ T 4 ⊕ T 6 ⊕ T 8 ⊕ T 10 ⊕ T 12 ⊕ T 14) ∗ seed = 00011110
Let us denote this function as f .
Then,
f(10101010) = (T 0⊕T 3⊕T 4⊕T 7⊕T 8⊕T 11⊕T 12⊕T 15)∗ seed = 00101110
Again, f(11111111) = (T 1 ⊕ T 3 ⊕ T 5 ⊕ T 7 ⊕ T 9 ⊕ T 11 ⊕ T 13 ⊕ T 15) ∗ seed =

00100111
and so on.

The algorithm 2 requires only n cycles to create n×n boolean mapping. The
example 4 shows how this mapping works in algorithm 2.

Example 4. Let us take n=8 and show how the proposed method runs through
the whole state space for all different inputs by running only 8 cycles using
algorithm 2. Consider a seed 10101010.

For an input 00000000
The output of the above algorithmic function is:
(T 28−1 = T 255 = I) ∗ seed = 10101010
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Algorithm 2. Utilization of Whole State Space Using n cycles
Require: Choose any seed. Take n bit maximum length CA.
1: Take an n bit input.
2: a = [I ]
3: for i = 1 to n do
4: if ith bit of input= 1 then
5: a = a ⊕ T i

6: else
7: {Do Nothing}
8: end if
9: end for

10: Output a

Let us denote this function as f .
Then, f(00010100) = (I ⊕ T 3 ⊕ T 5) ∗ seed = 01000110
Again, f(10101010) = (I ⊕ T 2 ⊕ T 4 ⊕ T 6 ⊕ T 8) ∗ seed = 10100001
Again, f(11111111) = (I ⊕T 1⊕ T 2⊕T 3⊕ T 4⊕T 5⊕ T 6⊕T 7⊕ T 8) ∗ seed =

00001101
and so on.

Note that, different boolean functions will be generated for different seeds in all
the examples. We have verified in software that both algorithms 1 and 2 do run
through the whole state space of a Cellular Automata of length 4, 8 and 16 with
different seeds and it can be easily verified computationally for other lengths of
cellular automata.

Both algorithms 1 and 2 have been characterized using the T matrices. This
is equivalent to running a number of cycles by choosing a seed and the corre-
sponding rule vector. Since T i is equivalent to running a CA for i times, this
algorithm is equivalent to choosing a CA and running suitable number of cycles.

4 An n × n Boolean Mapping

Using the theory developed above to use the whole state space of a Cellular
Automata, we develop an n×n boolean mapping. This mapping takes an input
of n bits that determines the number of cycles that the CA needs to run that
will be XORed to give the n bit output. The mapping also takes an n bit input
for the seed of the CA which will be constant. For different seeds a different
mapping will be generated.

We have used different seeds using algorithms 1 and 2 to get different 8 × 8
mappings. In fact it is possible to generate 28 − 1 = 255 (excluding all zeros
input) for eight cell CA for each of the algorithm. Table 1 shows an example of
such mappings generated with an input seed 10101010 using algorithm 2.

4.1 Statistical Tests

To evaluate the mappings for statistical randomness, we have used NIST sta-
tistical test suit [2]. This test tool contains sixteen statistical tests to evaluate
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Table 1. Generated 8 × 8 Boolean Mapping with Initial Seed 10101010

aa 81 69 42 8c a7 4f 64 f1 da 32 19 d7 fc 14 3f

60 4b a3 88 46 6d 85 ae 3b 10 f8 d3 1d 36 de f5

9b b0 58 73 bd 96 7e 55 c0 eb 03 28 e6 cd 25 0e

51 7a 92 b9 77 5c b4 9f 0a 21 c9 e2 2c 07 ef c4

c1 ea 02 29 e7 cc 24 0f 9a b1 59 72 bc 97 7f 54

0b 20 c8 e3 2d 06 ee c5 50 7b 93 b8 76 5d b5 9e

f0 db 33 18 d6 fd 15 3e ab 80 68 43 8d a6 4e 65

3a 11 f9 d2 1c 37 df f4 61 4a a2 89 47 6c 84 af

08 23 cb e0 2e 05 ed c6 53 78 90 bb 75 5e b6 9d

c2 e9 01 2a e4 cf 27 0c 99 b2 5a 71 bf 94 7c 57

39 12 fa d1 1f 34 dc f7 62 49 a1 8a 44 6f 87 ac

f3 d8 30 1b d5 fe 16 3d a8 83 6b 40 8e a5 4d 66

63 48 a0 8b 45 6e 86 ad 38 13 fb d0 1e 35 dd f6

a9 82 6a 41 8f a4 4c 67 f2 d9 31 1a d4 ff 17 3c

52 79 91 ba 74 5f b7 9c 09 22 ca e1 2f 04 ec c7

98 b3 5b 70 be 95 7d 56 c3 e8 00 2b e5 ce 26 0d

a random number generator for cryptographic purposes. We have used a CA of
length 20 with a particular seed and the output for all the 220 inputs were fed
to the tool. Out of sixteen tests, twelve tests passed, two tests failed and two
tests passed for some runs of the test and failed for other runs. Table 2 shows
the result of the statistical tests.

Table 2. Statistical Tests Summary

Frequency MonoBit Pass Runs Pass Lempel Ziv Pass Longest Run of ones in a block Pass

Linear Complexity Pass Rank Fail Random Excursion Some Runs Pass overlapping template matching Pass

Block Frequency Pass DFT Pass Approximate Entropy Pass Non-overlapping template matching Pass

Serial Test Pass CUSUM Pass Random Excursion Variant Some Runs Pass Universal Statistical Test Fail

4.2 Implementation

The biggest advantage of this mapping is that its hardware implementation
is very easy and extremely efficient apart from providing high scalability and
modularity. There can be three different approaches of hardware implementation:
Time Optimized (running using only one clock cycle), Space Optimized (using
a much smaller number of gates, even if at the expense or requiring a higher
number of machine cycles) and finally Both Time and Space Optimized (where
both the above approaches are used). Both algorithms can be implemented easily
in hardware using any of the approaches above.

The figure 1 shows the schematic of hardware implementation of algorithm 2
using just one cycle. Note that running a number of cycles of a CA can be
equivalently realized using the powers of T , its characteristic matrix.

In this implementation, we realize n number of powers of T matrices from
T 1, T 1, T 2, .., T n in parallel. Depending on each bit in the n bit input, the corre-
sponding powers of T transformation will be selected by simple AND operation
for XORing to give the output. In addition, the seed is also fed to the XOR
directly to realize I. Each T transformation can be realized by n input (worst
case) XOR gates for each output bits and a total of n such XOR gates for n bit
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Fig. 1. Time Optimized Hardware Implementation of Algorithm 2

output. There are n such transformations, giving rise to a total of n2 such XOR
gates required to realize all the T transformations. The final XORing of selected
T matrix outputs needs another n input XOR gates for each of the n bit output.

5 Conclusion

In this paper we have utilized the closure property of group CA to reach a very
high state in the additive cellular automata state space using very few cycles.
We have devised two linear time algorithms to explore the full state space of
CA that can be used in an n×n boolean mapping generation. As a future work
this theory can be applied various applications including cryptography, coding
theory and VLSI test pattern generation.
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Abstract. Control problems on Cellular Automata (CA) models have
been introduced in a rigorous mathematical framework [10]. In this pa-
per, we attempt to apply the control theory concept to the special class
of fuzzy CA for which more freedom is gained using a continuum state
space. Focusing on the case of fuzzy rule 90, we investigate the possibility
of finding a control u = (u0, u1, · · · , uT−1) which forces the system at a
localized cell, to achieve a given desired state at time T . The problem is
studied starting from an initial configuration consisting of a single seed
on a zero background.

Keywords: Fuzzy Cellular automata, long-term evolution, Control.

1 Introduction

Cellular automata constitute a very interesting modelling approach which has
been explored from mathematical and computational points of view for theoret-
ical as well as practical aspects [17,4,3,13,14,19]. However, from the mainstream
literature, CA in their classical form are treated as closed systems, as they do
not take into account the interaction between the system and its environment.
Considering control problems on systems using CA approaches should be ben-
eficial for this field of research and makes connections with the field of systems
theory.

The basic idea of control theory states that systems behavior is caused by
a response to an outside stimulus and may be influenced so as to achieve a
desired goal [18]. In order to implement this influence, engineers build devices
that incorporate various mathematical techniques.

An appropriate way of introducing controls in CA models in order to make
them more useful in systems theory has been given in [10,6]. Some concepts re-
lated to the control theory (regional controllability, identification, spreadability)
has been studied mainly in the case of additive CA [7,8,9]. However, the problem
of obtaining analytical results is still posed.

We consider in this paper the fuzzy version of CA which constitute a di-
rect generalization of the classical binary CA models. These elementary cellular
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automata (ECA) which have been studied by Wolfram and others, are good
examples of systems with simple rules that may produce unusually complex be-
havior. We investigate the Fuzzy CA (FCA) as a real-valued version of ECA
which seem to provide the best results regarding the control problems.

Considering a FCA evolution on a time interval [0, T ], we will address the
question whether some particular target state is reachable starting from a specific
initial condition. The control value to be found is given by the vector u =
(u0, u1, · · · , uT−1). We enlarge the state space from [0, 1] to R in order to obtain
more flexibility regarding the control values and then a necessary and sufficient
condition is found. The same result is obtained when working on [0, 1] but only
for specific desired states or small values of T .

2 Basic Definitions

2.1 Cellular Automata

A cellular automaton (CA) may be thought of as a linear collection of cells where
all cells share the same local space (i.e., the set of values for the cells) the same
neighborhood structure (i.e., the cells on each side of a cell), and the same local
function or rule (i.e., the function defining the effect of the neighbors on each
cell, also called the transition function or rule function). The global evolution
of the CA is defined by the synchronous update of all cell values according to
repeated applications of the local function to the neighborhood of each cell. A
configuration of the automaton is a state of all lattice cells [22].

Cellular automata were one of the first abstract models for parallel comput-
ing. Conceived by John von Neumann [17] in the early 1950’s to investigate
self-reproduction, CA have been used mainly for studying parallel computing
methods and the formal properties of model systems.

Given a bi-infinite lattice of cells on a line, the local space {0, 1}, the usual
neighborhood structure 〈 left neighbor, itself, right neighbor 〉, and a rule function
g : {0, 1}3 −→ {0, 1}, the global dynamics of an elementary CA are defined by:

f : {0, 1}Z −→ {0, 1}Z

∀i ∈ Z, f(x)i = g(xi−1, xi, xi+1).

The rule function or local rule is then defined by the 8 possible local configura-
tions a cell detects in its direct neighborhood:

(000, 001, 010, 011, 100, 101, 110, 111)→ (r0, · · · , r7),

where each triplet above represents a local configuration of the left neighbor, the
cell itself, and the right neighbor. In general, the value of the sum

∑7
i=0 2iri is

used as the name of the rule. It is well-known that the local rule of any boolean
CA can be expressed canonically as a disjunctive normal form (DNF), that is,

g(x1, x2, x3) = ∨i|ri=1 ∧j=1:3 x
dij

j

where dij is the j-th digit, read from left to right, of the binary expression of i,
and x0 (resp. x1) stands for ¬x (resp. x).
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2.2 Fuzzy Cellular Automata

The initial string now consists of a set of fuzzy states, that is, a collection of
arbitrary but fixed real numbers in the closed interval [0, 1] (as opposed to the
two-point set {0, 1}). The process of fuzzification described below entails redefin-
ing the local rule g above so that it can now act on triples of real numbers (as
opposed to triples of boolean numbers) and map the unit box [0, 1]3 ∈ R3 into
the unit interval [0, 1].

Inherent in this procedure is the fact that fuzzification will allow one to move
from the discrete (boolean CA) to the continuous (fuzzy CA, or FCA) by extend-
ing the domain of definition of the rule in such a way that the new “rule” agrees
with the original rule when we restrict its domain to the boolean set {0, 1}.
We describe a natural method of fuzzifying a given boolean rule herewith, the
source of which is in [2]. We adopt the now standard terminology from Flocchini
et al, [11].

Definition 1. A “fuzzy” cellular automaton or fuzzy CA or FCA for brevity, is
obtained by fuzzifying the local function of a given boolean CA in the following
way: For real numbers a, b ∈ [0, 1] we redefine the quantities (a∨ b) to be (a+ b),
(a∧b) to be (ab), and (¬a) to be (1−a) in the DNF. Thus a∨b = a+b, a∧b = a·b,
and ¬a = 1 − a, where + and “·” are ordinary addition and multiplication of
real numbers.

The case under consideration is rule 90. Since 90 = 21 + 23 + 24 + 26 we see that
its rule number, 90 =

∑7
i=0 ri 2i, forces ri = 1 for i = 1, 3, 4, 6. Using the DNF

above gives us the rule function of FCA 90 in the form

g(x, y, z) = x+ z − 2xz, (1)

for (x, y, z) ∈ [0, 1]3. We emphasize that in “fuzzifying” the DNF (??), we re-
placed ¬x by 1− x, x ∨ y by x+ y, and x ∧ y in (??) by their product, x · y.

In this case, the local fuzzy rule maps the triples of zeros and ones as follows:

000, 001, 010, 011, 100, 101, 110, 111→ 0, 0, 1, 1, 1, 0, 1, 0.

3 Control of Fuzzy Rule 90

3.1 Problem Statement

CA have been used extensively as a modelling tool to approximate nonlinear
discrete and continuous dynamical systems in a variety of applications. However
the inverse problem of determining a/the CA that satisfies some specified con-
straints has received very little attention. A possible formulation for an inverse
problem involves the search of an appropriate CA rule capable of carrying a
given system from an initial state to a desired final configuration during a time
horizon T .
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If the rule has the form st+1 = Fu(st, ut), the problem, usually referred to as
the controllability problem, consists in finding a control u = (u0, u1, · · · , uT−1)
in an appropriate control space such that, for some T ≥ 0,

sT = Sd

where Sd is the desired state, given in a suitable space of so-called reachable
states and sT is the CA configuration at time T .

3.2 The Case of an Excited Cell with a Single Initial Seed in a
Background of Zeros

The notion of controllability is geared to the possibility of forcing a system into
a particular state by using one or more appropriate control signals. In this work
we consider the case where the signals are applied at t = 0, 1, . . . , T − 1 so as to
influence the space-time diagram of the rule in order to achieve a desired state
AT

−T , · · · , AT
−1, A

T
0 , at time T (cf., Table 1 below).

Hence the work presented here is related to the most general problem of
control theory using Cellular Automata models. We solve it in the case where
the initial string consists of two cells, one of which is a given fuzzy state x0

0 = a,
which may or may not be in [0, 1], and the other of which is a control, x0

1 = u0,
under which, in the cells xi

1, i = 1, 2, . . . , T − 1, there is a string of T − 1
other controls, all immersed in a background of zeros (the so-called homogeneous
background case). The space-time diagram under consideration is of the form of
Table 1

Table 1. The space time diagram showing the evolution of a rule function starting
from a single seed a with a column of values assigned to the controlled cell

−T · · · −3 −2 −1 0 1

0 0 · · · 0 0 0 a u0

1 0 · · · 0 0 a u0 u1

2 0 · · · 0 a u0 . u2

... · · · · · ·
...

i · · · 0 a u0 . . . · · · ui

...
...

T − 1 0 a · · · · · · · · · · · · uT−1

T xT
−T · · · xT

−3 xT
−2 xT

−1 xT
0

and the problem is to reach a state (xT
−T , · · · , xT

−1, x
T
0 ) which coincides with a

desired one A = (AT
−T , · · · , AT

−1, A
T
0 ) ∈ RT+1 at time T . In other words, the

so-called input-to-final-state reachability map

K : RT −→ RT+1

u = (u0, u1, . . . , uT−1) −→ xT = (xT
−T , · · · , xT

−1, x
T
0 )



178 S. El Yacoubi and A. Mingarelli

is surjective on some appropriate subset of the range. Prior to formulating our
results we need a few lemmas.

Lemma 1. The rule function g(x, y, z) 
= 1/2 if and only if x 
= 1/2 and z 
=
1/2.

Proof. Sufficiency: Assume, on the contrary, that g(x, y, z) = 1/2. Then x+ z−
2xz = 1/2; and this implies that x(1 − 2z) = 1/2 − z = (1 − 2z)/2 or since
z 
= 1/2 then x = 1/2 which is impossible. On the other hand, if either x = 1/2
or z = 1/2, the rule function g(x, y, z) = 1/2 which contradicts the assumption.

Our first result deals with the case where the domain of rule 90 is enlarged to
all of R

3. By doing so, we can obtain a necessary and sufficient condition for the
controllability of the system.

Theorem 1. Let T > 0 be a given (final) time, A = (AT
−T , · · · , AT

−1, A
T
0 ) ∈

RT+1 be a given desired state. Consider the controllability problem associated
with Table 1 with a ∈ R, g(x, y, z) = x+ z − 2xz defined on all of R3.

1. If AT
−T 
= a then the control problem has no solution.

2. If AT
−T = a, then the control problem has a (unique) solution in the admissi-

ble set Uad = R
T \{(1/2, 1/2, . . . , 1/2)} if and only if all the coordinates of A

are different from 1/2, i.e., for every N , 0 ≤ N ≤ T we have AT
−T+N 
= 1/2.

Proof. From Table 1 it is clear that AT
−T = a, this proves the first claim. Hence

this last equality is in force throughout. We proceed on a case-by-case basis for
i = 1, 2, 3 and then appeal to an induction argument for the general case. The
case i = 0 being trivial we proceed immediately to the next case.

In the case where i = 1 we observe that xi
−i+1 = x1

0 = g(0, a, u0) = u0, for
every i, 0 ≤ i ≤ T .

When i = 2 note that x1
1 = u1, and since x2

0 = g(x1
−1, x

1
0, x

1
1) by definition,

we get

x2
0 = x1

−1 + (1− 2x1
−1)u1. (2)

Similarly,

x3
−1 = g(x2

−2, x
2
−1, x

2
0),

= x2
−2 + (1− 2x2

−2)x
2
0,

= x2
−2 + (1− 2x2

−2)(x
1
−1 + (1− 2x1

−1)u1), (by (2))
= x2

−2 + (1− 2x2
−2)x

1
−1 + (1 − 2x2

−2)(1− 2x1
−1)u1. (3)

The form of the next term, x4
−2 necessary for our purposes is found similarly.

Thus, substituting (3)) for x3
−1 we find,

x4
−2 = g(x3

−3, x
3
−2, x

3
−1),

= x3
−3 + (1− 2x3

−3)x
3
−1,

= x3
−3 + (1− 2x3

−3)(x
2
−2 + (1− 2x2

−2)x
1
−1 + (1− 2x2

−2)(1 − 2x1
−1)u1),

= x3
−3 + (1− 2x3

−3)x
2
−2 + (1− 2x3

−3)(1 − 2x2
−2)x

1
−1 +

+(1− 2x3
−3)(1 − 2x2

−2)(1− 2x1
−1)u1.
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Continuing in this way we define the terms xn
−m when n − m = 2 recursively

and find that the cell values along this diagonal are given by

xn
−n+2 = xn−1

−n+1 +
n−2∑

k=1

n−2∏

j=k

(1− 2xj+1
−j−1)x

k
−k + u1

n−1∏

j=1

(1− 2xj
−j). (4)

We calculate one more case, i = 3, prior to stating the general form of the
xT
−T+i for any i and for any diagonal. Note that x2

1 = u2. Next,

x3
0 = x2

−1 + (1− 2x2
−1)u2, (5)

and

x4
−1 = g(x3

−2, x
3
−1, x

3
0),

= x3
−2 + (1− 2x3

−2)x
3
0,

= x3
−2 + (1− 2x3

−2)(x
2
−1 + (1− 2x2

−1)u2), (by (5))
= x3

−2 + (1− 2x3
−2)x

2
−1 + (1 − 2x3

−2)(1− 2x2
−1)u2.

The term x5
−2 is found as above. This gives,

x5
−2 = g(x4

−3, x
4
−2, x

4
−1),

= x4
−3 + (1− 2x4

−3)x
4
−1

= x4
−3 + (1− 2x4

−3)(x
3
−2 + (1− 2x3

−2)x
2
−1 + (1 − 2x3

−2)(1− 2x2
−1)u2)

= x4
−3 + (1− 2x4

−3)x
3
−2 + (1 − 2x4

−3)(1− 2x3
−2)x

2
−1 +

+(1− 2x4
−3)(1− 2x3

−2)(1 − 2x2
−1)u2.

As before, we proceed by induction to find that, for this third left-diagonal (here
n−m = 3)

xn
−m = xn−1

−m−1 +
m∑

k=1

xk+1
−k

m∏

j=k

(1− 2xj+2
−j−1) + u2

m+1∏

j=1

(1− 2xj+1
−j ),

or, upon setting m− 3, we obtain

xn
−n+3 = xn−1

−n+2 +
n−3∑

k=1

xk+1
−k

n−3∏

j=k

(1− 2xj+2
−j−1) + u2

n−2∏

j=1

(1 − 2xj+1
−j ). (6)

This argument extends to the general case of the i-th left diagonal, where i ≤
T − 1. In this case every cell value of this diagonal is given by terms of the form

xn
−n+i = xn−1

−n+i−1 +
n−i∑

k=1

xi+k−2
−k

n−i∏

j=k

(1− 2xi+j−1
−j−1 ) +

+ui−1

n−i+1∏

j=1

(1− 2xi+j−2
−j ). (7)
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where n = 0, 1, 2, . . . , T . So, for the desired final row (see Table 1), n = T and
i = N therefore

xT
−T+N = xT−1

−T+N−1 +
T−N∑

k=1

xN+k−2
−k

T−N∏

j=k

(1 − 2xN+j−1
−j−1 ) +

+uN−1

T−N+1∏

j=1

(1− 2xN+j−2
−j ), (8)

where N = 0, 1, . . . , T . Let AT
−T+N = xT

−T+N be the given final state at time T ,
where 0 ≤ N ≤ T .

For N = 1 the coefficient of u0 in (8) is 1 by Table 1. Hence a control u0 exists
with the property that the space-time diagram of Table 1 will reach AT

−T+1 at
time T . This unique control u0 is now fixed.

The case N = 2 gives that the coefficient of u1 in (8) is given by

T−1∏

j=1

(1 − 2xj
−j) =

T−1∏

j=1

(1− 2a) = (1− 2a)T−1.

Since AT
−T = a 
= 1/2 by hypothesis, it follows that u1 exists and is unique. This

now fixes the control u1.
When N = 3, since xj+1

−j = u0 for all j, the coefficient of u2 in (8) is

T−2∏

j=1

(1 − 2xj+1
−j ) =

T−2∏

j=1

(1− 2u0) = (1− 2u0)T−2.

It follows that the control u2 exists and is unique. The three controls u0, u1, u2 now
found will bring the system in Table 1 to the given values AT

−T , A
T
−T+1, A

T
−T+2 at

time T .
For general N the coefficient of uN−1 is

T−N+1∏

j=1

(1− 2xN+j−2
−j )

where we require that the xN+j−2
−j 
= 1/2 for all j, j = 1, 2, . . . , T − N + 1. We

show next that this is always the case.
If possible, let j be a subscript with xN+j−2

−j = 1/2. Then

xN+j−1
−j−1 = g(xN+j−2

−j−2 , xN+j−2
−j−1 , xN+j−2

−j )

= xN+j−2
−j−2 + 1/2− 2xN+j−2

−j−2 /2
= 1/2.

Similarly, we get that xN+j
−j−2 = 1/2, and so on for all the cells down this diagonal

(cells whose terms are necessarily of the form xN+j−k
−j+k−2, k = 0, 1, 2, . . . ). Since this
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diagonal must intersect the row of A’s in Table 1, we see that there must be some
M such that AT

−T+M = 1/2 and this contradicts the hypothesis. It now follows
that a unique control uN−1 exists satisfying the requirement of controllability
stated at the outset. Incidentally, this same argument shows that the uN−1 
=
1/2. Since N is arbitrary, we get that all uN 
= 1/2, for N = 0, 1, . . . , T − 1.

The necessity is straightforward. For if such controls uN , N = 0, 1, . . . , T − 1
exist satisfying the controllability hypothesis then we claim that AT

−T+N 
= 1/2
for all N . Otherwise using Lemma 1 we can “work our way up and to the right”
of this cell and deduce that some uN = 1/2. Since this is not an admissible
control value by hypothesis this contradiction then proves the necessity.

We give the general idea on how to proceed: if for some N we have AT
−T+N =

1/2, then by Lemma 1 either the cell directly above it and to the left or the cell
directly above it and to the right must have value equal to 1/2. The worst case
scenario is if we keep going up and left, away from the line of controls on the
extreme right using repeated applications of Lemma 1 (cf., Table 1). Then at
some point in this procedure we must cross the first non-zero diagonal L−

0 at the
extreme left which consists of the quantity “a” only. Since a 
= 1/2 by hypothesis,
this cannot occur. Hence as we work our way up the space-time diagram using
said Lemma, eventually the process must bring us to some control uN with value
necessarily equal to 1/2; and this is a contradiction.

Example 1. Let a = 1/3, and T = 5 in Table 1. In addition let A5
−5 = 1/3,

A5
−4 = 1/4, A5

−3 = 1/5, A5
−2 = 1/6, A5

−1 = 1/7, A5
0 = 1/8 be the set of

reachable states. Recall that u0 = 1/4. Then a straightforward calculation using
the rule function g(x, y, z) = x+ z − 2xz gives the following table of values;

Table 2.

t −5 −4 −3 −2 −1 0 1

0 0 0 0 0 0 1/3 1/4 = u0

1 0 0 0 0 1/3 1/4 −119/5 = u1

2 0 0 0 1/3 1/4 −38/5 −13/6 = u2

3 0 0 1/3 1/4 −11/5 −5/6 788/1702 = u3

4 0 1/3 1/4 −2/5 −1/6 19/63 7/32 = u4

5 1/3 1/4 1/5 1/6 1/7 1/8 .

When we speak of controllability on J where J is either [0, 1] or R we mean that
the admissible controls set Uad defined in Theorem 1 above is of the form Uad =
JT \ {(1/2, 1/2, . . . , 1/2)} and the AT

−T+N ∈ J for all N = 0, 1, . . . , T − 1. The
next theorem gives some results for the more difficult problem of controllability
on [0, 1].

Remark 1. Note that in the preceding example x5
−3 = 1/5 by hypothesis. In

this case the resulting equation admits the solution u1 = −119/5 < 0; indeed
many such values are negative. Thus the controllability problem on [0, 1] has
no solution, although the same problem on R has a unique solution (as per
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Theorem 1) and it is exhibited in Table 2. This example shows us that for
controllability we must expect a delicate generally nonlinear interplay between
the values of the A’s, a and the controls ui.

Remark 2. We have presented in this paper only the case of J = R. The general
controllability problem on [0, 1] for fuzzy rule 90 have also been solved but only
for T ≤ 5. We gather that, in general, we can expect a solution to the controlla-
bility problem for [0, 1] provided the AT

−T+N , N ≥ 3, are very close to but not
equal to 1/2 and the time T is not too large. This is because the exponentially
fast asymptotes derived in [11] guarantee that AT

−T+N → 1/2 as T → ∞ for
every N . As one can gather from the obtained results the rule of thumb is, the
larger the time, the closer the initial conditions are to be to 1/2, in which case
there is some hope for solvability.
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Abstract. We study the convergence properties of cellular automata
under fully asynchronous updating, i.e., when a single cell is selected at
random at each time unit. We tackle this question for the two-dimensional
totalistic cellular automata. As a first step for studying this class, we fo-
cus on a few examples that are, in our view, representative of the diversity
of the behaviours found in dimension two. The richness of the evolutions
we consider underlines that the updating scheme plays a central role in
the evolution of a cellular automaton.

1 Introduction

In a recent series of studies, cellular automata (CA) have been examined in the
light of their robustness to asynchronous updating: the question is to determine
to which extent the behaviour of a cellular automaton is due to the method used
to update the cells. In particular, what happens if this method is probabilistic,
for example when each cell has a probability α to be fired at each time step (the
α-asynchronous dynamics), or when a single cell is updated at random at each
time step (the fully asynchronous dynamics)?

For the sake of conciseness, we refer to [3,1] for a review of works related to
asynchronism and for a discussion on updating schemes. One of the first analyti-
cal results on asynchronous CA led to classify a small set of one-dimensional rules
(the double-quiescent Elementary CA) according to their convergence proper-
ties [3]. The present paper is intended as a first step to broaden the scope of
our research to the two-dimensional case. We follow the pioneering work by
D. Regnault et al. which concerned the Minority rule [2]. We select some total-
istic two-dimensional rules that are, in our view, representative of the different
classes of behaviour in two dimensional CA under fully asynchronous updating.
Among these rules, we distinguish three examples for which we apply techniques
already used in one dimension. Furthermore, we exhibit two rules for which a
finer geometrical analysis is needed. This provides us with a new type of asymp-
totic convergence time, specific to the two-dimensional case.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 184–191, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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2 Definitions

Topology of the environment. Let Λ be the two-dimensional square
grid {1, . . . , L} × {1, . . . , L}, with toric boundary conditions (i.e., we identify
{1, . . . , L} with Z/L.Z). We denote by n = L2 the total number of cells.

For a cell c and an integer k, we define the sphere ∂B(c, k) as:

∂B(c, k) = {c′ ∈ Λ , d(c, c′) = k},

where d is the graph distance on the torus. Below is a representation of the
sphere ∂B(c, 3), with c in black and L = 10:

To each cell c we associate a state σc in {0, 1}, and we call σ = {σc}c∈Λ

a configuration. To express the locality of the interactions, we introduce the
function N : Λ → Λ5 that associates to each cell c ∈ Λ, its von Neumann
neighbourhood:

N(c) = {c, c+ n, c− n, c+ e, c− e},
where n, e denote the vectors (0, 1) and (1, 0).

Totalistic 2D Cellular Automata. A local transition rule is a function φ :
{0, 1}5 → {0, 1}. In this paper, we consider only the totalistic functions, i.e.,
functions φ such that:

φ(q1, . . . , q5) = f(q1 + · · ·+ q5),

where f : {0, . . . , 5} → {0, 1}. There are 64 such totalistic rules ; we denote the
totalistic rule φ associated to a function f by the code Ti where i = f(0) · 20 +
f(1) · 21 + · · ·+ f(5) · 25.

We restrict our study to the fully asynchronous dynamics: only one cell is
updated at each time step. To define this type of asynchronism, we associate to
each local rule φ a global rule Φ : {0, 1}Λ × Λ → {0, 1}Λ where Φ(σ, c̃) is the
configuration obtained by updating cell c̃ in configuration σ, according to the
local rule φ. More formally, if we write σ′ = Φ(σ, c̃):

∀c ∈ Λ, σ′
c =

{
f(σc + σc+n + σc−n + σc+e + σc−e) for c = c̃;
σc otherwise.

Let us denote by Ut the cell updated at time t. A local rule φ and a sequence
(Ut)t∈N defines the sequence of configurations (σt)t∈N:

σ0 ∈ {0, 1}Λ,

σt+1 = Φ(σt, Ut), for t ∈ N.



186 N. Fatès and L. Gerin

As we are interested in random updates of the system, we assume that (Ut)t∈N

is a sequence of independent random variables, uniformly sampled from Λ. This
random sequence makes (σt) a stochastic dynamical system in {0, 1}Λ. Our
objective is to determine the convergence properties of this system.

For a local rule φ, we denote by F(φ) the set of the fixed points of the global
rule Φ associated to φ. It consists of the configurations that remain unchanged,
whatever the cell selected for updating:

F(φ) = {σ ∈ {0, 1}Λ , for any cell c ∈ Λ,Φ(σ, c) = σ}.

Note that for a given φ, the sets of fixed points under synchronous and asyn-
chronous updating are identical.

Definition 1. For a given function φ and an initial configuration σ0, let Tφ(σ0)
be the time of convergence of the sequence (σt)t∈N, that is, the random variable:

Tφ(σ0) = min{t ∈ N , σt ∈ F(φ)},

with min ∅ = +∞. The Worst Expected Convergence Time (WECT) of rule φ
is given by:

WECTφ(n) = max
σ0

E[Tφ(σ0)].

Intuitively, if we think of cellular automata as models of physical or artificial
systems, studying the WECT provides us with an estimation of the maximum
time needed to go back to equilibrium when a perturbation is applied.

Fatès et al. showed that the asymptotic behaviour of WECTf (n) provides a
relevant classification of the Elementary Cellular Automata with two quiescent
states [3]. More precisely, they have shown that these rules may be classified
into 5 families, according to whether WECTf (n) is Θ(n logn), Θ(n2), Θ(n3),
Θ(n2n) or infinite1.

3 Convergence Times

The examples of 2D totalistic rules that we exhibit show that we recover some
of the classes mentioned above, as well as a new one: Θ(n3/2). The five different
behaviours found in 2D are summarised in table below:

Name φ WECTφ(n) Observed behaviour
Coupon collector T63 Θ(n log n) Fast convergence to 1Λ

Epidemic T62 ≈ n3/2 Fast convergence to 1Λ

Majority T56 Θ(n2) Fast convergence to a local
equilibrium

Erratic T10 > λn (conjectured) Slow convergence
(metastability)

Parity Counter T21 infinite Noise-like evolution

1 We write fn = Θ(gn) when there exist positive numbers C−, C+ such that, for n
large enough, C−gn ≤ fn ≤ C+gn.
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3.1 A Coupon Collector Automaton

Our examination begins with the rule T63:
s 0 1 2 3 4 5

f(s) 1 1 1 1 1 1
An up-

date sets the cell into state 1 whatever the initial state. Under the synchronous
dynamics T63 reaches the fixed point 1Λ in one step. In the asynchronous case,
this fixed point is attained once each cell has been updated at least once (see
Fig. 1). This kind of process often arises in the analysis of algorithms ; it is
usually called a Coupon collector process.

t = 0 t = n t = 3n t = 7n

Fig. 1. Example of a simulation for the coupon collector rule T63. Cells in state 1 (resp.
0) are coloured in black (resp. white), a convention which is kept throughout the paper.
Simulations were obtained with the FiatLux CA simulator [4].

Theorem 1
WECT63(n) = Θ(n log n).

Sketch of proof. Remark that when k cells among the n cells are still in state
0, it takes in average n/k time steps to update one of them. Thus, the slowest
convergence time holds for σ0 = 0Λ. It is equal to:

n

n
+

n

n− 1
+ · · ·+ n

1
= Θ(n log n).

3.2 The Majority Rule

We now turn to the Majority rule T56:
s 0 1 2 3 4 5

f(s) 0 0 0 1 1 1
An update

sets cell c to the state that is most present in N(c). The global effect of the rule
is to converge quickly to equilibrium (see Fig. 2).

Theorem 2
WECT56(n) = Θ(n2).

Sketch of proof. We begin by introducing some notations. The similarity func-
tion I counts the number of neighbouring cells in the same state:

I(σ) = card{(c, c′) ∈ Λ , d(c, c′) = 1 and σc = σc′}.
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t = 0 t = n t = 3n t = 17n

Fig. 2. Left : Example of a simulation for rule T56, when σ0 is a random uniform
configuration. Right : A snake-like configuration gives a lower bound on the WECT.

For a configuration σ, we define Mq,r(σ) as the numbers of cells in state q ∈ Q,
with r neighbours in state 1.

Upper bound. We obtain an upper bound on the convergence time by showing
that the sequence I(σt) is increasing. To see why this holds, let us list all the
cases where a cell may change its state:

Pattern M0,4 M0,3 M1,0 M1,1

ΔI +8 +4 +8 +4

With the notation ΔIt = I(σt+1)− I(σt), we have that:

E[ΔIt | σt] =
1
L2

(
8M0,4 + 4M0,3 + 8M1,0 + 4M1,1

)
(σt).

Remark that if σt is not a fixed point, then this quantity is greater than 4/L2.
Using arguments on Lyapunov functions, we obtain that, for any initial config-
uration σ0:

E[T56(σ0)] ≤ L2

4
I(σ0).

As I is bounded by 4L2, it follows that:

E[T56(σ0)] ≤ L4 = n2.

Lower bound. To obtain a lower bound on the convergence time, we consider
the snake-like initial configuration drawn in Fig.2. Intuitively, this initial config-
uration is chosen in order to ensure that the only way of reaching equilibrium
is to “shrink” the snake by updating its two extremities. The snake is made of
about n/3 cells in state 1 ; as the probability to update one of the two extremities
is 2/n, we obtain:

E[T56(σ0)] ≥ C−n2.

As the lower bound and the upper bound scale in n2, the theorem is proved.
Remark that the evolution of the Majority rule is different in 1D and 2D since
the WECT of the Majority rule in 1D is of order n logn [3].
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t = 0 t = 2n t = 5n t = 8n

c
0’s

1’s

ri
Fig. 3. Left : Example of a simulation for rule T62. Right : Schematic view of a con-
figuration where a region of 1’s reaches the sphere ∂(c, ri).

3.3 The Epidemic Automaton

Let us consider the epidemic rule T62:
s 0 1 2 3 4 5

f(s) 0 1 1 1 1 1
A cell in

state 0 (healthy) turns to state 1 (infected) if one of its neighbours is in state 1;
it then remains in this state.

Up to now, the classes of convergence that we have met were already known
as they were identified for 1D cellular automata [3]. This rule has a new type of
convergence, specific to the two-dimensional case.

Theorem 3. There exist two constants C−, C+ such that, for n large enough,

C−

logn
n3/2 ≤ WECT62(n) ≤ C+(logn)n3/2.

Remark. We conjecture that one may tighten these bounds and show that
WECT62(n) is actually of order n3/2.

Sketch of proof. The first step is to prove that the largest convergence time is
obtained for the configurations which contain only one cell in state 1. For such
an initial configuration, the region of 1’s spreads all over the grid (see Fig. 3).
The second step consists in estimating the time needed for this region to cover
the whole grid.

To prove the first step, let us introduce a partial order ≺ on {0, 1}Λ by:

σ ≺ η if and only if ∀c ∈ Λ, σc ≤ ηc.

It is then enough to note that Φ conserves the order ≺ in the sense that:

∀Ut ∈ Λ, σ ≺ η ⇒ Φ(σ, Ut) ≺ Φ(η, Ut).

We therefore obtain: σt = 1Λ ⇒ ηt = 1Λ ; which proves the first step.
To obtain the bounds around n3/2, we analyse how the region of 1’s spreads

over Λ as the system evolves. The key point is to cut Λ in concentric spheres
∂B(c, ri) for some suitably chosen integers (ri) and to estimate the time needed
for the region of 1’s to reach every ∂B(c, ri) (see Fig. 3 - Right). The choice of
the sequence ri is different for the two bounds of the theorem.
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Fig. 4. Left: Three typical noise-like configurations observed in the evolution of the
erratic rule T10. Right: Two fixed points of this rule.

3.4 An Erratic Automaton

When exploring systematically the 64 totalistic rules, we observed that some of
them, e.g. T10, evolved in a metastable regime: the observation of the configu-
rations attained gives the impression that the system evolves “erratically” and
will never converge.

However, a detailed analysis of T10:
s 0 1 2 3 4 5

f(s) 0 1 0 1 0 0
shows that this

rule do possesses fixed points (see Fig.4) and that some of them may be attained
with a convenient sequence of updates.

Conjecture. There exists a constant λ > 1 such that, for n large enough,

λn ≤ WECT10(n) < +∞.

In [3], it is proved that there exist 1D CA for which the worst convergence time
is exponential in n. It seems however that the methods used in dimension one do
not apply here. While we can describe precisely the set F(T10) of fixed points, we
are not able to quantify the proximity between a given configuration and F(T10),
as opposed to the previous rules. The difficulty comes from the complexity of
the trajectories in dimension two, and from the large quantity of fixed points.

A way of tackling this problem would be to change φ = T10 into φε, a proba-
bilistic local rule defined by the following table:

s 0 1 2 3 4 5
f(s) 0 1 0 1 ε 0

The effect of φε is identical to that of T10, except if the updated cell c has four
neighbours in state 1 ; in this case, c takes the state 1 with probability ε. The
perturbation with probability ε makes the process (σt) a reversible Markov chain,
for which quantitative and efficient tools are available (see e.g. [5]). Consequently,
it may be easier to estimate some quantities concerning this new system, and
then to derive the bounds needed on the convergence time of the original system
by taking ε infinitely small.
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3.5 The Parity Counter

We finish our exploration with rule T42:
s 0 1 2 3 4 5

f(s) 0 1 0 1 0 1
It is some-

times referred to as the Parity Counter : an update on cell c turns it into 1 if
and only if the number of 1’s in N(c) is odd.

Theorem 4. If σ0 is not a fixed point, then T42(σ0) = +∞. Consequently,

WECT42(n) = +∞.

Sketch of proof. To show that T42(σ0) is infinite when σ0 is not a fixed point, we
need to prove that, unlike the erratic automaton, there is no sequence of updates
leading from σ0 to a fixed point. The argument is that all the transitions are
reversible: remark that updating a cell c changes both its state and the “parity”
of N(c), and therefore c remains unstable under the application of the rule
(although other cells in N(c) may become stable).

3.6 Concluding Remark

According to our simulations, the spectrum of convergence times that we studied
here covers most of the totalistic rules. We ask whether there are other conver-
gence types, for example in θ(n3) or in θ(n4).

Acknowledgements. Authors are grateful to P.-Y. Louis for fruitful discus-
sions, and to M. Krikun for his many comments on an earlier version of this
paper.
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Dufour, 1211 Geneva 4, Switzerland

{Bastien.Chopard,Jean-Luc.Falcone}@cui.unige.ch
http://spc.unige.ch/

Abstract. Cellular Automata are commonly used to describe complex
natural phenomena. In many cases it is required to capture the multi-
scale nature of these phenomena. A single Cellular Automata model may
not be able to efficiently simulate a wide range of spatial and temporal
scales. It is our goal to establish a Cellular Automata modeling paradigm
for multi-scale processes. Here we will demonstrate that Complex Au-
tomata, a paradigm that we recently introduced, are capable to facilitate
such modeling.

Keywords: Multi-Scale Modeling, Complex Automata.

1 Introduction

Cellular Automata (CA) are generally acknowledged to be a powerful way to
describe and model natural phenomena. [1,2,3] There are even tempting claims
that Nature itself is one big (quantum) information processing system, e.g. [4],
and that CA may actually be nature’s way to do this processing [5,6,7]. We
will not embark on this philosophical road, but ask ourselves a more mundane
question. Can we use CA to model the inherently multi-scale processes in nature
and use these models for efficient simulations on digital computers?

The ever increasing availability of experimental data on every scale, from
‘atom to material’ or from ‘gene to health’, in combination with the likewise
ever increasing computational power [8,9], facilitates modeling and simulation
of natural phenomena taking into account all required spatial and temporal
scales (see e.g. [10]). Multi-scale modeling and simulation, as a paradigm in
Computational Science, is becoming more and more important, as witnessed by
e.g. dedicated special issues [11] and thematic journals [12,13].

When using CA to model a natural process, the underlying lattice and one
iteration of the CA have a clear physical meaning in terms of lattice spacing
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and time step. We denote by A(Δx,Δt, L, T ) the spatio-temporal domain of a
CA, whose spatial domain is made of cells of size Δx and it spans a region of
size L, while the quantity Δt is the time step and T is the end of the simulated
time interval. Therefore, processes with time scales between Δt and T can be
represented and spatial scales ranging from Δx to L can be resolved. When
executing such CA on a digital computer we note that the execution time Tex

scales as

Tex ∼
T

Δt

(
L

Δx

)D

, (1)

where D is the spatial dimension of the simulated domain. Trying to model a
multi-scale system with a single CA would require to choose Δx and Δt in such
a way that the smallest microscopic details and fastest dynamical response of
the system are captured, yet the overall system size (L) and slowest dynamical
time scale (T ) need to be covered. For instance, in modeling human physiology
the relevant range of spatial scales is from nanometer to meter (i.e. a factor
109) whereas temporal scale is from microseconds to human lifetime (i.e a factor
1015). Such numbers, in combination with Eq. 1 immediately show that one will
never be able to simulate multi-scale systems with a single CA spanning a wide
range of scales.

In this paper we propose Complex Automata (CxA), a set of single scale CA
representing processes operating on different spatio-temporal scales, supplied
with adequate coupling templates between the scales, as a CA-based method-
ology to model and simulate multi-scale phenomena. These CA are typically
based on Lattice Boltzmann Models (LBM) [1,3] or other generalized CA. Be-
sides generalized CA to represent single scale models, the CxA approach also
includes Agent Based Models (ABM).

2 Multi-scale Cellular Automata

The literature on using Cellular Automata to model multi-scale phenomena is
relatively small, maybe with the exception of using CA to model land usage and
geographical systems (e.g. [14]). Furthermore, many papers exist that use CA in
multi-scale modeling, but there CA is typically coupled to other types of models
(e.g. [15]).

The bulk of CA multi-scale attempts are grid refinement methods, also termed
multi-blocks. The idea is to adapt the local grid size to the local process scale,
i.e. using a fine grid in regions where small scale processes occur and a coarse
grid where larger scales are sufficient. A common approach is to couple grids of
different scales with an overlap region [16]. To exchange information from the
coarse grid to the fine grid, an interpolation scheme must be used. However,
as both space and time scale are different, interpolation must be spatial and
temporal. To allow a smooth coupling, a re-scaling of the variables is is also
required (e.g. [17]). Another interesting way to couple a coarse and fine grid for
a CA was proposed by Weimar [18]. When the two grids are not overlapping,
each grid must provide boundary conditions for the other one. The information
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provided by the fine grid to the coarse grid is simply the averaging of the micro
cell adjacent to a macro cell. However, to reconstruct the lacking information
at microscopic boundaries, the author proposes an iterative statistical scheme
to ensure the information flowing in each boundary micro cell exhibit the same
correlations than the information flowing between micro cells.

Other ways of coupling multi-scale CA come from two theoretical frameworks.
The first one is based on higher-order CA [19]. In this framework, the CA rules
are not only able to change the cell state, but also the rules themselves, the
neighborhood and the topology. Moreover, these models are also able to take in
account hierarchical CA where higher level cells are connected to one or more
lower level cells. The second one results from the work of Israeli and Goldenfeld
[20] who have shown that it is possible to coarse-grain 1D nearest-neighbor
CA, by defining a macroscopic CA whose behavior is similar to a microscopic
CA. That is an important result because the authors have achieved the coarse-
graining of CA known to be irreducible.

3 Complex Automata

Complex Automata (CxA) were recently introduced as a modeling paradigm
for multi-scale systems using CA, LBM and Agent Based Models (ABM) as the
building blocks [21,22]. The key idea behind CxA is that a multi-scale system
can be decomposed into N single-scale Cellular Automata that mutually interact
across the scales. The decomposition is achieved by building a Scale Separation
Map (SSM) on which each system can be represented as an area according to
its spatial and temporal scales. Processes having well separated scales are easily
identified as the components of the multi-scale model.

Fig. 1. The Scale Separation Map with left a single CA and right a hypothetical CxA
modeling the same process

Fig. 1 shows a SSM, where the horizontal axis represents the temporal scales
and the vertical axis the spatial scales. On the left a CA with spatio-temporal
domain A(Δx,Δt, L, T ) is represented on the SSM. Assuming that the process
to be simulated is really multi-scale in the sense that it contains relevant sub-
processes on a wide range of scales, simulations based on the finest discretizations
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are not really feasible (Eq. 1), the approach we propose in CxA modeling is to
try to split the original CA into a number of single-scale CA and let these CA
exchange information in such a way that the dynamical behavior of the multi-
scale process is mimicked as accurate as possible. This is shown schematically
in right part in Fig. 1. In [22] we explain in much more detail how this can
be achieved and provide a large number of examples. Here we will continue to
introduce a more formal definition of a CxA, providing argument why we believe
that the CxA approach does represent a possible way to construct CA-based
models of multi-scale systems.

3.1 Preliminary Definitions

Formally, a Cellular Automaton can be defined as

CA = {(Δx,L,Δt, T ),F, Φ, finit ∈ F,u} (2)

specifying the spatial-temporal domain with discretization parameters (Δx,Δt),
the space of states (F), the initial condition (finit) and the update rule (Φ). In
Eq. (2) we include in the definition a field u, collecting the external data the
CA depends on. The state of the system is described by a f̂ tn ∈ F, denoting the
numerical solution at the n-th time step:

f̂0 = finit[u0], initial condition

f̂ tn+Δt = Φ[u; f̂n], n > 0
(3)

with u0 an external field connected to the initial condition.
Additionally, restricting to CA, LBM or ABM, we constrain the update rule

Φ to the form
Φ[u; f ] = (B[uB] ◦ P ◦ C[uC ]) [f ], (4)

i.e. written as a composition of three operators: collision C[uC ], depending on
external parameters uC , propagation P , depending on the topology of the do-
main, and boundary condition B[uB], depending on external parameters denoted
by uB. This form of a CA update rule is inspired by Lattice Gas Automata (see
e.g. [1,3]), and applied in defining coupling templates for CxA [22]. Note that
Chopard et al. discuss this in more detail in another manuscript submitted to
ACRI08.

In what follows, we let the definition of CA (2) depend on a (small) parameter
h, related to spatial and temporal discretizations (for example Δxh = h, Δth =
αh). Accordingly, the evolution space and the update rule depend on h as well:
Φh : Fh → Fh . Shortly, we will call f̂h the numerical outcome of the CAh.

3.2 Complex Automata Formalism

To begin with, as in the left diagram in Fig. 1, we consider a multi-scale sys-
tem represented as a single CAh defined as in (2). Building a CxA, instead of



196 A.G. Hoekstra et al.

describing the system with a single f̂h, we lower the dimension of the prob-
lem and the computational complexity, introducing a set of discretization pa-
rameters H = (h1, . . . , hM ) and building a corresponding Complex Automaton
CxAH = (CAh1 , . . . ,CAhM ), where each CAhm is an object as in (2). Similarly
as before, we denote with f̂H the numerical outcome of the complex automata
simulation and f̂hm the state variable of the single CAs. Note that for the evo-
lution space of a CxA it holds FCxA

H ⊂ Fh1 × . . . × FhM . In fact, part of the
single scale evolution spaces could be shared by several Automata, in case of
space overlap and single domain coupling [22].

3.3 Coupled Evolution of a CxA

For the sake of simplicity, we describe the formalism restricting to the evolution
of two coupled single scale models. From equations (3)-(4), we have the following
general representation

f̂
t1,0
1,h1

= finit,1[f̂2]

f̂
t1,n1+Δth1
1,h1

=
(
Bh1 [f̂2] ◦ Ph1 ◦ Ch1 [f̂2]

)
[f̂ t1,n1

h1
], n1 > 0

f̂
t2,0
2,h2

= finit,2[f̂1]

f̂
t2,n2+Δth2
2,h2

=
(
Bh2 [f̂1] ◦ Ph2 ◦ Ch2 [f̂1]

)
[f̂ t2,n2

h2
], n2 > 0

(5)

where two CAs are fully coupled in all the components. In detail,

– finit,1[f̂2] denotes a coupling through initial conditions (i.e. the initial con-
dition of 1 depends on the results of 2)

– BH1 [f̂2] expresses coupling through boundary conditions,
– CH1 [f̂2] expresses the coupling through collision operator.

In general, for different situations (multidomain/singledomain, time/space sep-
aration/overlap) we can restrict the set of possible couplings to a well-specified
coupling template. [22] Consider the example of a microscopic fast process coupled
to a macroscopic slow process (micro-macro coupling). The macroscopic process
takes input from explicit simulations of microscopic processes at each time step
and on each lattice site of the macroscopic process. The microscopic processes run
to completion, assuming that they are much faster than the macroscopic process
and therefore are in quasi-equilibrium on the macroscopic time scales (this ap-
proach is known in the literature as the Heterogeneous Multi-scale Method, see
[23]). The macroscopic process could e.g. be a fluid flow with takes its viscosity
from an underlying microscopic process (e.g. explicit suspension model).

In Fig. 2 we show for this example of micro-macro coupling the SMM (left)
and the coupling template (right). The later is defined in [22] and shows how
the operators as defined in (4) are coupled to each other. A close inspection of
this coupling template shows indeed that upon each iteration of the macroscopic
process the microscopic process executes a complete simulation, taking input
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Fig. 2. Micro-macro coupling example. Left: SSM. Right: coupling template.

from the macroscopic process. In turn, the output from the microscopic process
is fed into the Collision operator of the macroscopic process.

We can formulate the CxA dynamics as follows (based on Eq. (5))

f̂
t1,0
1,h1

= finit,1[f̂2]
f̂

t1,n1+Δth1
1,h1

= (Bh1 ◦ Ph1 ◦ Ch1) [f̂ t1,n1
1,h1

], n1 > 0

f̂
t2,0
2,h2

= finit,2

f̂
t2,n2+Δth2
2,h2

=
(
Bh2 ◦ Ph2 ◦ Ch2 [f̂1]

)
[f̂ t2,n2

h2
], n2 > 0

(6)

where 1 refers to the micro-scale and 2 to the macro-scale. As drawn in Fig. 1,
the micro-scale model 1 is run until completion (i.e. until the final time T1), then
a single time step Δth2 is performed for the macro-scale model.

We can now compare an estimation of the execution time of the CxA model
of Fig. 2 with that of using a single CA for the same system, as in the left part of

Fig. 1. For the single CA the execution time would be TCA = kCA
T2

Δt1

(
L2

Δx1

)D

,
which is Eq. (1) using the subscripts as introduced in Fig. 2. For the CxA the
execution time becomes

TCxA = k2
T2

Δt2

(
L2

Δx2

)D
(

1 + k1
T1

Δt1

(
L1

Δx1

)D
)

. (7)

Note that kCA, k1 and k2 are constant numbers. The execution time is deter-
mined by the total number of iterations of the macro scale process, and the time
per iteration is in turn determined by on the one hand the macro scale operators
and on the other hand the time needed for the micro scale CA simulations. Next
one can compute a speedup, comparing the single scale CA formulation and the
CxA formulation as S = TCA/TCxA. After some algebra we find

S =

(
kCA

k2

Δt2
Δt1

(
Δx2

Δx1

)D
)/(

1 + k1
T1

Δt1

(
L1

Δx1

)D
)

. (8)

Under the reasonable assumption that the execution time for a full micro scale
simulation needs much more time than a single iteration of the macro scale
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model, i.e. when k1
T1

Δt1

(
L1

Δx1

)D

>> 1, Eq. (8) reduces to S = kCA

k1k2

Δt2
T1

(
Δx2
L1

)D

.

Note that Δt2
T1

> 1 and Δx2
L1

> 1, and can be interpreted as the distance on the
SSM (Fig. 2). So, if the scale separation is large enough, the obtained speedups
can be huge, principally rendering a CxA simulation feasible.

3.4 Error Analysis

The previous arguments demonstrate the improvements in computational effi-
ciency offered by the CxA formulation. On the other hand, replacing the original
multi-scale model with many coupled single-scale algorithms, we face a partial
loss of precision.

A possible measure of this lowering in accuracy can be obtained considering
the difference in the numerical results of he original CAh and the Complex
Automaton CxAH , which we call scale-splitting error [24].

In general, a detailed and rigorous investigation of the scale-splitting error
requires a good base knowledge of the single scale Automaton and of the full
multiscale algorithm. An example of error investigation using the formalism in-
troduced in section 3.2 for a simple CxA model can be found in [24] and another
contribution submitted to ACRI 2008. [25]

4 Conclusions

In this manuscript we have introduced a methodology for CA based multi-scale
modeling and simulation. Our approach, Complex Automata, relies on the pos-
sibility to split a multi-scale model into a set of mutually couple single scale
CAs. This manuscript introduces a formalism for CxA modeling and presents a
few partial results for the case of micro-macro coupling. Development of CxA
methodology is an ongoing project, and in the near future we intend to publish
a more concise formalism, containing a larger set of examples.

Acknowledgments. This research is supported by the European Commission,
through the COAST project (EU-FP6-IST-FET Contract 033664, www.complex-
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Abstract. For the realization of nanocomputers it will be important
to have built-in defect-tolerance, which is the ability to overcome the
unreliability caused by defective components. This paper explores defect-
tolerance for nanocomputers based on Self-Timed Cellular Automata—
an asynchronously timed CA of which the functionality can be expressed
through a small number of transition rules. The proposed method as-
sumes that defects are coped with in an initial phase by detecting and
isolating them in cellular space from non-defective cells. The phase after
this—the main topic of this paper—includes a scheme to efficiently lay
out circuits on the cellular space in areas that are not affected by defects.
The scheme is self-contained, i.e., it is carried out through the transition
rules defined for the CA and does not require external circuitry.

1 Introduction

Cellular Automata(CA) have much potential as architectures for computers
built with nanometer-scale feature sizes (nano-computers), because their regular
structures and local connectivity are very suitable for manufacturing by molecu-
lar self-assembly [1,2]. Two important issues for realizing nanocomputers are (1)
the reduction of power consumption and heat dissipation and (2) reliability. The
first issue has resulted in models governed by an asynchronous scheme of timing,
which offers an energy-efficient alternative to the clock signals commonly used
in synchronous schemes. Models combining the key advantage of CA’s regular-
ity with the advantages of asynchronous timing thus offer a promising road to
the realization of nanocomputers. One such a model is the Self-Timed Cellular
Automaton (STCA), which requires only a small number of transition rules to
express the functionality required for computation. Computations on this model
are typically carried out by simulating so-called Delay-Insensitive circuits on the
cell space [3,4], which are a kind of circuit that is robust to delays in the signals
processed by it.

The second issue concerns the reduced reliability of nanometer-scale devices
as compared to their VLSI counterparts, due to defects arising during manu-
facturing. In a previous study on defects in STCA models [5], defective cells in

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 200–209, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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the cellular space are detected and isolated in an initial phase, followed by the
placement of circuit modules in free areas of the cell space that lie between iso-
lated defects. This scheme is, however, rather inefficient in its use of cell space,
since the placement of modules is rudimentary, allowing modules to be placed
only along a narrow zone that can be extended in one dimension only, but not
in a second dimension. This would leave some non-defective areas unused for the
placement of modules. The scheme in [5] also lacks completeness, in that the
placement of circuit modules is not self-contained. A more complete mechanism
would require, for example, a so-called universal constructor [6] in cellular space
to direct the detection and measurement of defect-free areas and to direct the
placement of modules.

In this paper, we present a novel scheme for defect tolerance on STCA that
is an improved version of the scheme in [5]. A constructor for placing circuit
modules is implemented that has the ability to adjust the placement location of
each module by measuring the sizes of the free areas in the cellular space. All two
dimensions of the cell space are efficiently used for the placement of the modules
into which the circuit can be subdivided. In the proposed scheme, the circuit
modules communicate with each other through a combination of strategies. First,
signals have the ability to go around defective areas autonomously, in a similar
way as in [5]. This ability is implemented through the model’s transition rules.
Second, for the case modules’ placements causes their input and output lines
to be misaligned with each other, there is a bus configuration implemented on
the cell space that carries signals from source to the appropriate destination in
a flexible way. Lacking in the model in [5], this bus lies at the basis for the
proposed model’s ability to efficiently use the two dimensions of the cell space
for laying out circuit modules.

2 Preliminaries

2.1 Self-Timed Cellular Automaton

A self-timed cellular automaton (STCA)[3] is a two-dimensional asynchronous
CA of identical cells, each of which has a state that is partitioned into four
parts in one-to-one correspondence with its neighboring cells. Each part of a cell
has a state. Figure 1 shows a cell in STCA where the states of the partitions
are denoted as pn, pe, ps, and pw. For simplicity the diagonal lines indicating
partitions in cells are left out in the remainder of the paper. Each cell undergoes
transitions in accordance with a transition function f that operates on the four
parts of the cell pn, pe, ps, pw and the nearest part of each of its four neighbors
qn, qe, qs, qw. The transition function f is defined by

f(pn, pe, ps, pw, qn, qe, qs, qw) → (p′n, p
′
e, p

′
s, p

′
w, q

′
n, q

′
e, q

′
s, q

′
w), (1)

where a state symbol to which a prime is attached denotes the new state of a
partition after update (see Fig. 2). Function f can be described by a finite set of
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Fig. 5. Transition rules implementing the RE. A ‘∗’ symbol in a partition denotes the
corresponding state ‘∗’, and a blank denotes the state ‘ ’.

transition rules on the STCA. Dummy transitions, which are transitions without
any changes of the partition states, are not included in a set of the transition
rules, so we assume that the left-hand side of Fig. 2 always differs from the
right-hand side. Furthermore, we assume that transition rules on an STCA are
rotation-symmetric, thus each of the rules has four rotated analogues.

In an STCA, transitions of the cells occur at random times, independent of
each other. Furthermore, it is assumed that neighboring cells never undergo tran-
sitions simultaneously to prevent a situation in which such cells write different
values in shared partitions at the same time.

There are several approaches to perform computation on STCAs, such as
simulating synchronous CA on them, or embedding delay-insensitive circuits
on them[7,4]; we will use the latter approach, because of its lower overhead in
terms of the number of required cell states and transition rules. We use Morita’s
Rotary Element [8] for conducting computation. This element has been proven
to be computational universal.

Rotary Element(RE) and Its Implementation on STCA. A Rotary El-
ement (RE) [8] is a logic element with four input lines {n, e, s, w}, four output
lines {n′, e′, s′, w′}, and two states—the H-state and the V-state—which are dis-
played as horizontal and vertical rotation bars respectively (Fig. 3). A signal
coming from a direction parallel to the rotation bar passes straight through to
the opposite output line, without changing the direction of the bar (Fig. 4(a));
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Fig. 10. Cellular space with four circuit
modules (Mij) and three isolated areas of de-
fectivecells (blacksurroundedbygray layers)

a signal coming from a direction orthogonal to the bar turns right and rotates
the bar by 90 degrees (Fig. 4(b)).

Embedding an arbitrary RE-circuit on the cellular space of STCA can be
achieved by the two states of a partition and the five transition rules shown in
Fig. 5 (see [6] for details). Rule #1 defines a signal used for ordinary compu-
tation. Applying it to the successive shaded cells in Fig. 6 results in a signal
proceeding northwards on a straight continuous path of cells, all bits of which
are 0. Transmitting a signal towards the east, south, or west is done similarly,
because of the rotation-symmetry of transition rules. Rules #2–4 are responsible
for routing a signal according to the direction from which the signal comes from.
The operation of the rotation bar in an RE is conducted by rule #5.

A rudimentary RE is shown in Fig. 7. The input/output paths at the sides of
this RE are bi-directional. Connecting so-called Input/Output Multiplexers [6] to
these paths results in a regular RE with four input and four output paths, all uni-
directional. Figure 8 illustrates the traces of a signal input to a rudimentary RE
from a line (a) parallel with or (b) orthogonal to the rotation bar. Since all the
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elements of RE-circuits can be realized by stable partition pairs, any circuit on
this STCA can be represented by a certain configuration of stable partition-pairs.

3 Laying Out Circuit Modules on STCA

In our model circuit modules are connected through a mesh-connected scheme,
with the nodes in the mesh represented by modules (Fig. 9). The input (resp.
output) ports of a module are matched to the output (resp. input) ports of
its neighboring modules in a one-to-one fashion, i.e., the signal lines between
modules are not merged or bifurcated.

In the underlying STCA model, each cell partition can be in one of 18 states,
which are denoted by a set of symbol {0, · · · , 9, A, · · · , H}. The partition state
‘∗’ and ‘ ’ in section 2 are mapped to the partition state 2 and 3 in this section,
respectively.
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Fig. 11. Signals in constructor. For reasons of space
only the left hand side of the constructor configura-
tion is shown.

Defects in the CA are of the
so-called stuck-at-fault type
[5], i.e., a cell’s state cannot
be updated by the cell itself
or by an outside source, but it
can still be read by neighbor-
ing cells. Defects are detected
and isolated through a proce-
dure outlined in [5]. This re-
sults in a cell space (Fig. 10)
in which defective areas (col-
ored black) are isolated by a
layer of cells (the gray cells
surrounding the black areas)
all of which are in the same
state.

The areas between defects
are used for the placement
of circuit modules. Fig. 10
shows four modules placed in
a cell space with three de-
fective (and isolated) areas.
There is also a constructor
at the top, which directs the
construction of the circuit on
the cell space. Modules ex-
change computational signals
between each other via signal
lines. Module M11 and M12 are directly connected to each other, without any ob-
stacles in between. Modules M21 andM22, on the other hand, have a large area of
defective cells in between, which obstructs signals between them. Communication
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Fig. 12. Scanning free areas, followed by placing a bus. (a) h-signal injected from the
top-left proceeds to the south. (b) When the encoded height is reached, the head starts
to scan horizontally. Each step right generates a column-check signal, which, moving
upwards, will be collected at the top of the area, but only at those columns that do not
contain defects. Upon running into the isolation around defects, the head will move
down one row, and starts a new scan. (c) When a whole row is free of defects it will
be used for the bus line, which is created as part of the scanning process. At the right
side of the area a so-called Encode-signal moves up. An Acknowledge-signal moves to
the left to open up the area below the bus line for a similar process if a new h-signal is
available. (d) The Encode-signal transforms the column-check signals at the top of the
area, (e) into a form suitable to move out of the construction area and (f) move back
into the constructor.
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Fig. 13. Preparation for placement of circuit modules. (a) The train of signals encoding
the positions of defect-free columns enters the constructor. Each of these signals encodes
the absence resp. presence of defects in its corresponding column. (b) A signal encoding
defects in a column generates a Shift-signal, which is dropped onto the w-signal below.
(c) The Shift-signals cause the w-signal to be internally shifted, such as to reflect
the proper positioning of modules in defect-free areas. (d) The train of signals and the
dropped Shift-signals are cleaned up after use. Also, the w-signal starts to move toward
the construction area to place the writing head in the appropriate position to begin
processing of the p-signal.

is made possible in this case by signals having the ability to autonomously find
their way around defects, as in [5]. Yet another case occurs between modules M11

and M21 (as well as between M12 and M22). Even though there are no defective
areas between these modules, they are misaligned due to their forced placement
between defective areas that are not aligned properly. Communications between
these modules take place through a Bus line configuration, which is described
in Section 3.2.

3.1 Scanning Non-defective Areas and Placing Modules

To place modules in the non-defective areas, we need to investigate the sizes of
these areas and adjust the constructions signals such as to make the modules
fit. Directly below the area in which a row of modules is to be placed we place
a bus line, as part of the construction process. The constructor doing all this is
attached at the top of the construction area (Fig. 10), in which the construction
signals are injected in an appropriate order.

The constructor and the signals in it are shown in Fig. 11. In the initial stage,
the signals are still static: they do not move until they receive an appropriate
start signal. There are three types of signals: h-signals, denoted by hi, express
the maximum height in unary coding of the row i of modules to be placed; w-
signals, denoted by wij , express the width of module Mij in unary coding; and
p-signals, denoted by pij , express the circuitry in module Mij (see Fig. 11).

These signals are processed at the writing head: they move the head in the
construction area and direct the head to write appropriate information in the
cells of the CA. The written information usually has the form of a stable pair of
states in adjacent cells.
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Fig. 14. Positioning of head by w-signals, followed by the placement of modules by
p-signals

To place bus lines in the construction area, the constructor will scan the area
for defects (Fig. 12).

Moving downward, this scanning process places a bus line at the first com-
pletely empty row of cells that it finds (for details see caption of Fig. 12).

An important product of the scanning process is a train of signals that encodes
for each column of cells in the area whether there is a defect. This train of
signals moves back into the constructor, and is placed in a position above the
corresponding construction signal w, with the purpose to encode the positions
of the defect-free areas in w (Fig. 13).

The actual construction of the modules on the cell space starts with a w-
signal moving into the construction area to position the writing head. The p-
signal following directly after this will then result in the modules being written
at the appropriate position, i.e. in a defect-free area (Fig. 14). Details of the
construction process can be examined on the web page in [9].
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Fig. 15. A computational signal going through a bus. (a) Basic structure of a bus line.
In this case the bus line contains two ports at its top and two ports at its bottom. (b)
Signal entering right-most port at the top. This signal is supposed to exit from the right-
most port at the bottom. (c) Signal moves along the bus line. (d) When encountering
a port at its right, the signal emits a counting signal at its head. (e) Counting signal
travels left and is reflected by the left side of bus. (f) The reflected counting signal
closes the next port at its right and is annihilated. (g) The computational signal is also
reflected, and it passes closed ports at its right, in the process opening them for the
next signal. (h) Upon encountering an open port at its right, the computational signal
exits via this port. By using counting signals to keep track of the number of ports to
be passed, the computational signal can always find its appropriate output port.

3.2 Computation by the Modules

Once constructed, the modules can receive a computational signal, which will
start the computation. Since this process is similar to that described in [5], we
will not go into the details here, except for describing how communication via the
bus line takes place, due to its novelty. The bus line contains ports that line up
with the ports of the constructed modules. These ports on the bus line have been
placed there by the construction process. A pair of ports on the bus line—one
at the top of the bus line and one at the bottom—then connects two terminals,
thus forming a connection between the corresponding modules. Transition rules
are designed such that signals always move between matching pairs. The details
of this process are outlined in Fig. 15. Again, details are on the web page in [9].
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4 Conclusion

We have presented a novel scheme for defect tolerance on STCA that is able
to flexibly place circuitry in cell space. The scheme is able to cope with defects
in the construction area, but not with defects in cells used by the constructor
itself or cells over which signals pass to and from the constructor, at the edges
of the construction area. The cells that should be defect-free may be realized by
reliable technology in implementations.

A novel element in our construction is a bus line configuration, which is used
for communication between modules that are vertically unaligned. Due to these
improvements, the circuit can be subdivided into modules in two-dimensional
space and can be placed in non-defective areas more efficiently than in the pre-
vious scheme in [5].

The number of states per partition is 18 and the number of transition rules is
342. Both numbers are much larger than those in [5]. One reason for this is due
to the use of an increased number of signal types and the need to appropriately
control all these different signals. We expect that this number can be reduced
if the bus line configuration can be applied not only for vertical connections
between modules, but also for horizontal connections, since this would make
redundant the previously proposed mechanism in [5] to guide signals around
defective areas in an autonomous way.
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Abstract. The paper proposes construction techniques for group non-
linear Cellular Automata (CA) composing smaller non-linear invertible
CA with linear group CA. We prove that such a scheme generates ma-
chines with state transitions having predictable cyclic properties. We
show that with appropriate choice of the rules of the linear CA we may
obtain invertible, balanced Boolean mappings with strong non-linearity.
Extensive experimental results are provided to support the claims made.
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1 Introduction

Cellular Automata (CA) is an important mathematical abstraction for modeling
complex behavior ([1]). It may be conceived as a discrete lattice of cells, with local
inter-connects and an array of combinational gates, deriving their inputs from
local neighborhood. A linear CA employs XOR gates, whereas use of XNOR
gates realizes what is known as complementary CA. Both the above type of
machines form the additive Cellular Automata. However if we use gates like
AND and OR gates, then we obtain a non-additive or non-linear CA. These
kind of CA are hard to predict, mainly because the super-position principle of
states does not work ([2]). There are very few methods known to analyze these
class of machines better than an exhaustive simulation which takes O(t) time
to predict the state of machine at the tth step. The results presented in ([2])
do not show construction methods for non-linear group CA with explicit group
properties, analogous to linear CA. Indeed these group properties are one of the
reasons why linear CA has become an important field of study, both from the
research and application point of view. The absence of such methods is one of
the reasons why non-linear CA has not found much applications. However they
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would be of much significance in applications like the design of strong block
and stream ciphers, which require non-linearity as one of the prime features for
their security ([3]). It has been shown in [3], that the affine nature of linear
CA is a major bottleneck to its application in cryptography [4]. However, the
cyclic properties of the linear CA structures is an important feature as they help
in performing decryption using the same encryption algorithm, thus leading to
efficient cryptographic schemes [4]. Thus it would be ideal for the application
of CA to cryptography to develop a solution which combines the best of both
the types of CA: non-linear CA with cyclic group properties. In order to achieve
this, we apply a result from [5,6].

Design of cryptographically robust Boolean functions is a challenging task
[7]. They are employed for constructing various primitives for cryptography. For
hardware based stream ciphers, they are employed as the non-linear combiner
functions of the states generated by the array of Linear Feedback Shift Registers
(LFSRs). The combiner outputs a key stream (Ki, i ≥ 0) which is XORed with
the message stream (Mi, i ≥ 0), to result in the cipher bit stream (Ci, i ≥ 0).
The operation may be represented as follows: Ci = Mi ⊕Ki.

In order to improve the throughput of stream ciphers, it is often advised in
the cryptographic literature to combine the output bits of n stage LFSR by an
n×k mapping, to obtain k bits of key streams [8]. The key bits are then XORed
with k bits of the message to obtain k bits of the cipher bits. The throughput of
the stream cipher is thus k times more than when using a single Boolean func-
tion as the combiner. However, as reported attempts show the construction of
the non-linear Boolean functions are not trivial and comes at the cost of a large
overhead on hardware. The area required to implement the Boolean functions
grow exponentially. The problem becomes even more challenging when more
than one Boolean function is desired. The non-linear mappings, often referred
to as Substitution Boxes (S-Boxes) are also used in block ciphers, like DES and
AES. For block ciphers like AES they are further required to be invertible, that
is the mappings should form a permutation. With the pressing need of provid-
ing security in resource constrained environments, like hand-held devices, smart
cards, vehicular systems, we require more elegant solutions to realize non-linear
mappings with lesser hardware requirements. This paper investigates whether
the simple rules of Cellular Automata can be used to generate invertible, non-
linear mappings with predictable cyclic structures.

In this paper, we propose a method to compose small non-linear invertible
Cellular Automata (CA) with additive group Cellular Automata to construct
large non-linear machines with predictable cyclic properties. Our claim is that
the state transitions of the composed machine posses the cyclic structures of the
additive machine and hence are easy to analyze. At the same time, the state
transitions define a mapping with the much needed non-linearity. We provide
experimental evidence to show that governing the rules of the linear CA we are
able to control the state transitions of the composed non-linear machine.

The outline of the paper is as follows: section 2 presents the preliminaries
required for the work. Section 3 shows the composition of group non-linear
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machines. Section 4 describes the construction of small non-linear invertible CA
and section 5 shows the construction of a 6 cell non-linear CA with predictable
cyclic structures. Section 6 concludes the work.

2 Preliminaries on Cellular Automata and Non-linearity
of Boolean Functions

Cellular Automaton (CA) was investigated as a mathematical model for self-
organizing statistical systems [9]. The CA structure can be viewed as a discrete
lattice of sites (cells) where each cell can assume either value 0 or 1. The next
state of a cell is assumed to depend on itself and on its two neighbours (three-
neighbourhood dependency). The cells evolve in discrete time steps according
to some deterministic rule that depends only on local neighbours. In effect,
each cell consists of a storage element (D-flipflop/DFF) and a combinational
logic implementing the next state function. The next state function (transition)
for a three neighbourhood CA cell can be expressed as follows: qi(t + 1) =
f [qi−1(t), qi(t), qi+1(t)]

Here, i denotes the position of an individual cell in the one-dimensional array
of cells and t denotes the time step in the evolution of the CA. The output state
of the ith cell at the tth and (t+ 1)th time step are respectively denoted by qi(t)
and qi(t + 1). The transition function is indicated by f and is realized through
combinational logic. The combination logic is described by a term called rule
of the CA, which is the decimal equivalent of the truth table of the next state
function, f . For example, rule 150 denotes the combinational logic: qi(t + 1) =
qi−1(t)⊕ qi(t)⊕ qi+1(t).

The state transition of a CA which uses only XORs and XNORs (additive
CA) can be expressed as Y = T (X). In the above equation T is an n×n matrix
to represent the characteristic matrix of an n cell CA. The input state of the
CA is denoted by the n-bit vector X while Y denotes the output bit vector of
the CA. An important class of CA is the group CA. A CA is a group CA iff
the determinant det T=|T |=1, where T is the characteristic matrix of the CA.
The CA under such a transformation forms a cyclic group. An n-cell maximum
length CA is a sub-class of group CA and is characterized by the presence of a
cycle of length (2n − 1) with all non-zero states.

If the state transition of the CA employs operations like AND/OR, then the
CA is a non-additive or non-linear Cellular Automata. Each output of such a CA
represents a non-linear Boolean function of the inputs. Next we present some
definitions on the non-linearity of Boolean functions.

Definition 1. Affine Function: We call h(x)=a1x1 ⊕ . . . ⊕ anxn ⊕ c an affine
function where x = (x1, . . . , xn) and aj,c ∈ GF (2). In particular, h will be called
a linear function if c = 0.

Definition 2. Non-linear Function: Any Boolean function can be represented in
the Algebraic Normal Form (ANF) as h(x) = a0⊕

⊕n
i=1 aixi⊕

⊕n−1,n
i=1,j=2 aijxixj⊕



Theory of Composing Non-linear Machines 213

. . . ⊕ a1,2,...,nx1x2 . . . xn. All the Boolean functions except the Affine Functions
are Non-linear Functions. Here, xi, ai, aij, . . . , a1,2,...,n ∈ GF (2).

We can quantify the non-linearity of Boolean functions as follows:

Definition 3. Hamming Distance: Let f and g be functions on Vn, which is a
vector of n bits. Then d(f, g)=

∑
f(x) �=g(x) 1, where the addition is over the reals,

is called the Hamming distance between f and g.

Definition 4. Non-linearity: Let ψ0,... ψ2n+1−1 be the affine functions on Vn.
Then Nf = mini=0,...,2n+1−1 d(f ,ψi) is called the non-linearity of f , where d de-
notes the Hamming Distance between the two functions f and ψi. It is well-known
that the non-linearity of f on Vn satisfies Nf ≤ 2n−1-2n/2−1, when n is even.

Definition 5. Balancedness: The vector space of n tuples of elements from
GF (2) is denoted by Vn. Let f be a (Boolean) function from Vn to GF (2).
The truth table of f is defined as (f(α0), f(α1),...,f(α2n−1)), where αi, i =
0, 1, ..., 2n− 1, denote vectors in Vn. f is said to be balanced if its truth table has
an equal number of zeroes and ones.

Anon-linear reversibleCellularAutomata essentiallygeneratesnon-linearBoolean
functions at eachoutputbit. Itmaybe easily verified that if theCAis also reversible,
then the mapping from the input to the output of the CA is one-one, and thus each
bit is also a balanced Boolean function.

3 Proposed Composition of the Non-linear Cellular
Automata with Group Properties

The construction of the group Non-linear machine has essentially two compo-
nents: a small null neighbourhood invertible non-linear Cellular Automata and a
large linear group CA. The invertible non-linear CA is denoted by the notation
f and its inverse by f−1. The linear group CA is denoted by the symbol, T . The
overall composed machine is denoted by the symbol, TNCA.

Theorem 1. If the linear Cellular Automata with T as the characteristic matrix
is a group Cellular Automata, so is the composed CA, TNCA = f ◦ T ◦ f−1.

Proof. Since, T represents a group CA, there exists an integer l such that
T l(X) = X , for all X [9]. Thus we have:
Y = T l

NCA(X) = (f ◦ T ◦ f−1)(f ◦ T ◦ f−1) . . . (l times)(f ◦ T ◦ f−1)(X) = X .
Thus for all X , T l

NCA(X) = X . Thus the composed CA, denoted by TNCA is
also a group CA.

The above result shows that the final CA represented by the transformation
TNCA is a group CA.

Thus we conjecture: We can construct group non-linear CA from invertible
non-linear CA and group linear CA. We can predict that if the group CA gen-
erates a cyclic structure among the states, so does the composed non-linear ma-
chine. It is convenient to analyze the properties of the transitions of the composed
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machines, as it can be done by analyzing the linear CA, for which we have effi-
cient mathematical methods. For example, we can state that the maximum cycle
lengths for both T and TNCA will be identical.

As we see the construction has two important parts: the construction of the
non-linear layers with inverse and the application of linear group CA. In our
construction we shall use small non-linear CA to realize the invertible non-linear
mappings. In the next section we propose a method to realize small non-linear
invertible CA.

4 Construction of Small Non-linear Invertible CA

We propose the construction of non-linear mappings of 3 bits to 3 bits. It may
be noted that the same design principle may be generalised to other bits sizes
as well. Consider a LFSR of size 3 with feedback polynomial p(x) = x3 + x+ 1,
which is a primitive polynomial for GF (23). The LFSR is loaded with the pat-
tern (1, 0, 0) and we obtain (23 − 1) = 7 patterns (Fig. 1). When the feedback
polynomial is primitive, each of these sequences are called m-sequences or max-
imal length sequences. The truth table of each of the 3 bits with an extra zero
added at the beginning is converted to an equivalent AND-XOR form using
Reed-Muller expansion [10,11]. This gives a non-linear permutation, and hence
leads to a non-linear invertible CA.

1
0
0
1
0
1
1

0
1
0
1
1
1
0

0
0
1
0
1
1
1

+

nl(3)nl(2)

CELL 1 CELL 2 CELL 3

nl(1)

0 0 0 Extra Row 

added
of zeroes

Fig. 1. The LFSR based construction of non-linear permutation in V3

Minimizing the truth-table shown in Fig. 1 the final Boolean equations are:

y1 = x1 ⊕ x3 ⊕ x2x3

y2 = x1 ⊕ x2 ⊕ x1x2 ⊕ x2x3

y3 = x1x2 ⊕ x2x3 ⊕ x1x3

Thus, the non-linear permutation is y = {y1, y2, y3}. It may be verified that
the final function is a non-linear permutation. The non-linearity of any non-zero
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linear combination is 2, which is the maximum non-linearity for a Boolean func-
tion in 3 bits. Also the resultant Boolean function is balanced.

The inverse Boolean functions are as follows:

x1 = y1 ⊕ y3 ⊕ y1y2 ⊕ y1y3 ⊕ y2y3

x2 = y1 ⊕ y2 ⊕ y1y2 ⊕ y2y3

x3 = y1 ⊕ y1y3 ⊕ y2y3

In the following section, we present the final construction of a 6 cell non-
linear Group Cellular Automata using the above composition principle. It may
be noted that although we have shown for a 6 cell structure, the results may be
generalised to other sizes by appropriately choosing the dimensions of the small
invertible non-linear CA. The modularity of the composition and CA helps in
achieving this feature.

5 Construction of 6 Cell Non-linear Group Cellular
Automata

Fig. 2 depicts the construction of a 6 cell Non-linear Cellular Automata using
3 bit invertible non-linear CA and a 6 bit linear group CA.

CA
Non−Linear Non−Linear

CA

Linear Group CA

Non−Linear Non−Linear
CA CA

Inverse Inverse

a1 a2 a3 a4 a5 a6

b1 b2 b4 b5 b6

c1 c2 c3 c4 c5 c6

d1 d2 d3 d4 d5 d6

b3

Fig. 2. The Composed 6 bit Non-linear Cellular Automata

The 3 bit non-linear CA and their inverse derive their logic from the equations
described in section 4. For the linear group CA, we have chosen null boundary
group structures with each cell having a radius of 1. The characteristic matrix
of the linear group CA is represented as:

T =

⎛

⎜
⎜
⎜⎜
⎜
⎝

b1 b2 0 0 0 0
b3 b4 b5 0 0 0
0 b6 b7 b8 0 0
0 0 b9 b10 b11 0
0 0 0 b12 b13 b14
0 0 0 0 b15 b16

⎞

⎟
⎟
⎟⎟
⎟
⎠

,



216 D. Mukhopadhyay, D. RoyChowdhury, and C. Rebeiro

where bi (1 ≤ i ≤ 16) ∈ {0, 1}. We varied the values of the b′is and noted
down the cases when the characteristic matrix was that of a group Cellular
Automata. We found that there are 3840 group Cellular Automata with the
three neighbourhood structure mentioned above.

For the various values of the characteristic matrices we observed the cycle
structure that the composed non-linear machine generates. We also noted the
non-linearity of the bits obtained from the composed function for the choices for
T ’s. We explain some cases in the form of examples.

Example 1. For a choice of the group linear CA with rules:< 90, 150, 90, 150, 90,
150 >, the composed machine is a non-linear maximum length Cellular Automata.
The linear CA is a maximum cycle length with all the 63 non-zero states lying in
one cycle. Thus, the maximum cycle length is 63. Using our theorem, we predict
that the composed machine is also a maximum length CA with all the 63 non-zero
states lying on one cycle. The diagram shown in Fig. 3 depicts the state transitions
of the composed non-linear machine and shows the correctness of our prediction.

20505731231953

1 35 29 49 7 43 38 10

56145893372422

2126248211618 40

464436261751642

41 39 11 5 32 13 0 45

332754602852434

8 61 25 55 63 15 59 30

Fig. 3. State Transitions of a 6 bit non-linear maximum length CA

The generated 6×6 mapping is a one-one mapping and is hence invertible. Each
of the bits have a high non-linearity and are also balanced. The non-linearity of the
6 bits obtained are found to be quite high {24, 24, 16, 16, 20, 22}. It may be noted
that the highest non-linearity possible for a 6 bit balanced Boolean function is 24.

Example 2. For a choice of the group linear CA with rules: < 153, 153, 153, 153,
153, 153 >, the composed machine is a non-linear Cellular Automata with cycles
of equal length.

We know from [12] that the state transitions of such a complemented linear
group CA form cycles of equal length. The length of each cycle is equal to

l = 2�log6+1 = 8 . (1)

Hence, the state transitions of the composed non-linear Cellular Automata also
forms 8 cycles of length 8 each. The diagram shown in Fig. 4 depicts the state
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Fig. 4. State Transitions of a 6 bit non-linear complemented CA

Table 1. Cycle Structure and non-linearity of the composed 6 × 6 Cellular Automata
based Mapping

Group CA Maximum Cycle Maximum Cycle Non-linearity
Rule Length of Linear CA Length of Non-linear CA

102,240,204,170,60,204 3 3 16,16,18,16,16,0
204,204,204,170,60,204 3 3 16,16,18,16,0,0
102,204,204,170,60,204 6 6 16,16,18,0,0,16
102,90,204,170,60,204 3 3 16,16,18,16,0,16

Weak 204,90,240,170,240,204 4 4 16,18,18,16,0,16
Mappings 204,102,240,170,240,204 6 6 16,18,18,0,0,16

102,102,240,170,240,204 6 6 16,18,18,0,16,0
102,90,204,170,60,204 3 3 16,16,18,16,0,16

102,240,204,170,240,204 6 6 16,18,18,16,16,0

170,240,204,170,60,204 6 6 16,16,18,16,16,16
240,170,240,170,240,204 2 2 16,18,18,16,16,16
102,170,240,170,240,240 4 4 16,18,18,16,16,16

Moderate 102,90,240,170,240,204 14 14 16,18,18,16,16,16
Mappings 204,60,204,170,60,204 6 6 16,16,18,16,16,16

170,60,204,170,60,204 3 3 16,16,18,16,16,16
170,90,204,170,60,204 12 12 16,16,18,16,16,16
204,102,204,170,60,204 6 6 16,16,18,16,16,16
102,102,204,170,60,204 12 12 16,16,18,16,16,16

90,240,170,60,90,60 6 6 24,24,24,16,16,16
102,240,170,60,90,60 6 6 24,24,24,16,16,24
204,204,170,60,90,60 6 6 24,24,24,16,16,24

Strong 102,204,170,60,90,60 6 6 24,24,24,16,16,16
Mappings 204,60,170,60,90,60 6 6 24,24,24,16,16,16

170,60,170,60,90,60 6 6 24,24,24,16,16,24
170,90,170,60,90,60 6 6 24,24,24,24,16,16
102,90,170,60,90,60 6 6 24,24,24,24,24,16
204,102,170,60,90,60 6 6 24,24,24,16,24,16
102,102,170,60,90,60 6 6 24,24,24,16,24,16
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transitions of the complemented non-linear CA and shows that indeed they have
exactly the same transition pattern as their linear counterpart (the complemented
linear CA).

The generated 6 × 6 mapping is hence a one-one mapping and is hence in-
vertible. The non-linearity of the 6 bits obtained are found to be quite high
{24, 24, 16, 18, 18, 20}.

The choice of the group linear CA has a strong influence on the final non-linearity
of the bits generated by the composed machine. We performed an extensive
experimentation on all the group rules, and found that they can be broadly
categorized into three regions:

1. Region of weak mappings: At least one bit with non-linearity 0.
2. Region of moderate mappings: All the bits have more than 16 as non-linearity

but there is no bit with non-linearity, 24, which is the highest non-linearity
for a 6 bit balanced Boolean function.

3. Region of strong mappings: There is no bit with non-linearity less than 16,
but there is at least one bit with non-linearity 24.

In Table 1 we show a snap-shot of the results from each of the three regions
mentioned above.

6 Conclusion

We have presented in the paper a composition technique for small invertible non-
linear CA with linear group CA to realize non-linear CA with group properties.
We show that the maximum cycle lengths of such composed machines may be
predicted by analyzing the linear components. We also show with extensive ex-
perimental results that choosing the group rules for the linear machine we can
generate strong non-linear mappings which are also invertible.
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Abstract. The aim of this paper is to experimentally study the com-
bined effect of the introduction of two kinds of structural perturbations
to the behavior of cellular automata. We present the results obtained
by simultaneously perturbing synchronism and topology of elementary
cellular automata. We show that very interesting and different behaviors
appear, including phase transitions and non monotonicity (i.e. introduc-
tion of both perturbations is less effective than the introduction of only
one of them). These results lead us to think that this study is worth to
be now developed more accurately.

1 Introduction

The last decade has seen the development of an interest to the effect of structural
perturbation applied to discrete dynamical model [1,2,3,4,5]. Almost all such stud-
ies were focused on the introduction of one kind of perturbation. However, in [6],
it is shown that combining two perturbations, namely the introduction of asyn-
chronism and a topology perturbation, could lead to interesting new behaviors of
the Game of Life. In particular, it has been shown that while the Game of Life
was very sensitive to asynchronism, this sensitivity was strongly decreased when
coupled with the breaking of a small percentage of links in the grid.

The aim of this paper is to develop an exhaustive study of the coupling of
the same kind of perturbations for elementary cellular automata. We will show
that very different behaviors appear. On the one hand, part of these results
were expected: some ECA are robust to both perturbations, even when applied
simultaneously, other are sensitive to only one, the other having no effect, and
some are sensitive to both of them when they are applied simultaneously. On the
other hand, some interesting and more unexpected behavior appear in this last
case. For example, the combination of both perturbation can in some cases lead
either to the vanishing of a phase transition induced by one perturbation alone
or to the appearance of a new phase transition. Moreover, rule 45 exhibits the
same behavior as the Game of Life: one perturbation makes the system robust
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to the introduction to the other, and so the effects of the perturbations are not
combined in a monotonous way.

The main conclusion of this exploratory paper is that the robustness to the
combination of different perturbations is a subject which deserves to be studied
in more details, even in very simple systems as ECA.

The paper is organized as follows. In Section 2, we describe the definitions and
in particular the definition of the perturbations we will apply to ECA. We also
present the experimental protocol. Section 3 contains the result and brief anal-
ysis of the experimental results. We classify the different observed behavior and
highlight those that are, in our opinion, the most interesting for future studies.
We end by a discussion in which we propose promising research directions.

2 Definitions and Experimental Protocol

2.1 Perturbed Cellular Automata

Definition 1. A Cellular Automata (CA) with periodic boundary condition is
a tuple consisting in

– Q a set of states,
– U := (Z/nZ)d the finite set of cells (d is the dimension, n is a parameter),
– V := {�v1, . . . , �v|V |} is the neighborhood, a finite set of vectors of Zd,
– δ : Q|V | → Q is the update rule.

A configuration specifies the state of each cell, and is thus a function U → Q.
The usual dynamics on a CA is the following: considering a configuration ct, the
next configuration ct+1 is defined by ∀z, ct+1(z) := δ(ct(z+�v1), . . . , ct(z+�v|V |)).

This early works focuses on a particular class of CA, namely the Elementary
Cellular Automata (ECA), the simplest ones: Q = {0, 1}, d = 1, V = {−1, 0, 1}.
We use the classical notation introduced by Wolfram: an ECA is denoted by
the code δ(0, 0, 0)× 20 + δ(0, 0, 1)× 22 + δ(0, 1, 0)× 22 + · · ·+ δ(1, 1, 1)× 27.

The fact that it is one dimensional implies that n is also the number of cells.
We perturb this dynamics in two ways. First, not all cells are updated at each

time step. Instead, at each time step, each cell has a fixed probability p to get
updated, independently of the other cells. p is a parameter. The case p = 1 is the
unperturbed (synchronous) case. Updating only one cell at a time would also be
a classical model [7].

Second, a cell might not always “see” all its neighbors. Instead, at each time
step, when the cell z requests the states of its neighbors to compute its next state,
it gets no answer with probability r. It then assumes the neighbor is in state q.
q and r are parameters. The case r = 0 (no link cut) is the unperturbed case.

The final dynamics is thus:

ct+1 :=

{
δ
(
c′t(z−1), ct(z), c′t(z+1)

)
with probability p

ct(z) with probability 1− p

where c′t(y) :=

{
q with probability r

ct(y) with probability 1− r

(1)
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Motivation of the Model Not updating a cell can be seen as a delay before
updating. It can also be seen as a defective cell, where we chose that a defective
cell keeps its state. When a cell does not sees one of its neighbor, it corresponds
to a defective (oriented) link between the cells.

All defects are temporary. This is necessary for ECA since otherwise a defect
would prevent all communication between its left and right sides.

2.2 Experimental Protocol

We call run the temporal evolution of a CA when all parameters are chosen.
The macroscopic measure we use on a run is the density of cells in state 1. This
measure has been shown relevant in [8]. For a configuration c, we note the density

ρ(c) := #{z ∈ U | c(z) = 1}
/
|U|

Sampled Parameters. We do one run for each possible combination of the
following parameters.

For a given choice of the rule (including the parameter q), we sample many
values of p and r, that is, we combine many strengths of synchronism and topo-
logy perturbation. For the former, we sample the whole space of synchrony rates,
including the synchronous case, by steps of 0.01: p ∈ {0.01, 0.02, . . .1.00}. For
the latter, cutting 10% of the links is already a strong perturbation, and we do
not perturb the model more. That is, r ∈ {0.00, 0.01, 0.02, . . .0.10}.

We sample both values (0 and 1) for the parameter q. For a given rule, e.g. 110,
we note the parameter q as a subscript, e.g. 1100 and 1101. For autoconjugate
rules (i.e. rules that are unchanged under the exchange of state 0 and 1), both
choices of the parameter q leads to the same dynamics (actually to symmetric
ones). We therefore study only one, which we note 105a.

When working on ECA, one usually considers only 88 rules among the 256
possible ones, thanks to symmetry considerations. The left/right symmetric of
a rule δ (i.e. the rule δ′(a, b, c) := δ(c, b, a)) leads to configurations symmetric
to the ones obtained with . Therefore, we will only consider one rule among
each pair (δ, δ′). However, the other usual symmetry, namely exchanging the
states 0 and 1, is no longer possible. Indeed, the parameter q has introduced an
asymmetry between both states.

Fixed Parameters. The following parameters are identical for all runs.

– The ring size is n=10 000 cells. [4] estimated that 2 000 was already sufficient
in a similar problem.

– The initial configuration is random (each cell is in state 0 with probability
0.5, independently from the other cells) and distinct for each run.

– To speed up computation, we do not measure at each time step, instead we
do the same number of measurements (roughly 200) in each decade.

– To detect when the density has settled to a constant value, we do a linear
regression on the last 200 measure points and wait for the fitted line to be
almost horizontal (we actually do three independent fits on three portions
of the history). We then average the density over the history.
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– If the density has not stabilized after 106 steps, we stop the simulation and
ignore this point.

Limits of the Protocol. The density might be seen as a quite rough measure,
and so we will certainly miss some phenomenons occuring in this model. However,
the variety of results shows that this measure is able to detect one kind of
sensibility to the perturbations applied here.

Another limit is that this protocol does not measure the true asymptotic
density, but instead a long enough stage where the density is stable. This is the
only stage observable experimentally if the asymptotic regime occur only after
exponential time. Nevertheless, decision to stop a run might occur early if the
density is very slowly decreasing.

Last, for each value of the parameters, we compute only one data point. The
smoothness of most surfaces shows that variance among runs is low, and that
we do not need to average over several data points.

3 Exhaustive Study of the ECA Space

We now apply this protocol to each ECA and plot ρ against p and r (Fig. 1).
Reviewing the sampling surfaces suggests the classification in four classes of
Table 1, based on the sensitivity to each perturbation. The subclasses a/, b/
and c/ are explained in Section 3.4. We now review each class.

Table 1. Classification of the ECA from their robustness against each perturbation

Topology perturbation
insensitive sensitive

S
y
n
ch

ro
n
is

m
p
er

tu
rb

a
ti

o
n

in
se

n
si

ti
v
e 00 01 20 80 81 100 23a

240 280 320 340 400 420

51a 560 600 601 740 105a

1280 1281 1300 1360 1361

1380 1520 1541 1600 1620

1680 2001 204a

41 50 121 130 15a 290 291 321 361 401 441 720 721

761 781 1040 1041 1321 1401 1601 1641 1681 170a

1721 1840 1841 2000 232a

se
n
si

ti
v
e

10 40 51 60 90 110 111 120

180 190 191 220 260 330

350 351 360 380 410 411

440 460 500 540 580 760

901 1080 1100 1101 1320

1340 1460 1640

a/ 21 61 101 241 341 381 421 450 451 461 561 730 731

741 77a 940 941 1301 1341 1381 1521 1540 1621

b/ 181 261 501 581 1060 1061 1461 178a

c/ 11 30 31 70 71 91 131 140 141 221 250 251 270

271 281 300 301 331 370 371 43a 541 570 571 620

621 780 900 1081 1220 1221 1260 1261 1400 142a

150a 1560 1561 1720

3.1 Rules Insensitive to Both Perturbations

Most of the rules in this class have a surface that is just 0 everywhere (Fig 1.a),
sometimes with an exception in the unperturbed case (p = 1, r = 0). A few
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Fig. 1. Some sampling surfaces (color online). Axis x (width) represents topology per-
turbation, y (depth) synchronism perturbation, z (height) asymptotic density. The
difference between Figures 1.a and 1.f is that in the former only the unperturbed case
(p = 1, r = 0) is non zero, whereas in the latter there is a continuous transition from
non-zero to zero, with respect to both p and r.
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rules (9%) outside this class also have a noticeably different behavior in the
unperturbed case, but this is left for further study.

Since they are by definition insensitive to the perturbations, the other rules
of this class also have a horizontal surface, (the altitude is often around = 0.5).

3.2 Rules Sensitive Only to Synchronism Perturbation

Some rules of this class undergo a phase transition when p changes (Fig 1.b).
The conditions of a conjecture by [9] are fulfilled, so this transition should belong
to the universality class of directed percolation. (For an introduction to directed
percolation in CA see [3], and for a detailed review of phase transitions see [10].)

It is interesting to note that the topology perturbation slightly shifts the
threshold (the position of the transition) of most of those rules.

The remaining surfaces of this class are smooth, for instance like Fig 1.c. Since
these rules are almost insensitive to topology perturbation, all slices along a red
line (grey for a B&W version) are nearly identical.

3.3 Rules Sensitive Only to Topology Perturbation

Some rules of this class (41, 50, 121, 130, 361, 441, 720, 721, 761, 781, 1040,
1041, 1321, 1401, 1641, 170a, 1721, 1840, 1841, 2000, 232a) are sensitive to the
introduction of topology perturbation, i.e., they have a brutal change of behavior
between r = 0 and r > 0 (Fig 1.d). A few rules actually have a density that
depends on p, but only when r = 0.

The other surfaces of this class are smooth. The only phase transitions of this
class are thus first order phase transitions (i.e. discontinuity of ρ),and they are
all located at the introduction of topology perturbation.

3.4 Rules Sensitive to Both Perturbations

This is the most interesting class, as we will see many different behaviors. We
examine specifically how both perturbations interact.

a/ Sensitive to Introduction of Perturbation. As in the class 3.3, the
surfaces of this subclass exhibit a gap between r = 0 and r > 0. This is a first
order phase transition, and it is not the only phase transition of class 3.4.

b/ Created or Destroyed Phase Transition. We have seen in section 3.2 that
one of the two ways for the density to vary when p changes is a phase transition. For
the ECA of Section 3.2, this phase transition was robust against topology pertur-
bation. Here it is not the case since the phase transition is destroyed when r > 0
(Fig 1.e). We looked at the configurations (not reproduced here due to lack of
space) and it seems that cutting a link in a region of cells in state 0 (i.e. in the
absorbing state) corresponds to reseeding an active site at this point. The config-
uration is thus constantly reseeded with active sites and 0n is no more an absorbing
state. This is the case for 181, 261, 501, 581, 1061, 1461.
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The case of 178a is the opposite: when the topology is not perturbed, this
rule is autoconjugate and can’t have a preferred state. In [11], without topology
perturbation, it is suggested that this rule could have a phase transition of
the Z2 symmetric percolation universality class when p varies. The slightest
topology perturbation introduces a bias towards 0n, which becomes the only
absorbing state. The rule then satisfies the conditions of the conjecture by [9], and
should thus belong to the universality class of directed percolation. Therefore,
we conclude that topology perturbation has created a new phase transition.

c/ Smooth. The last subclass contains the remaining surfaces, which are smooth.

Some Remarkable Rules. We now would like to point out some remarkable
rules of the present class (Section 3.4).

Rule 1060 (Fig 1.f) exhibits two phase transitions, one when p varies and the
other when r varies.

Rule 900 (Fig 1.g) is almost insensitive to a single perturbation. However,
both perturbations combined induce a noticeable decrease of the density. (This
study focuses on small r, but it is not hard to see that for high enough r, rule
900 has a vanishing density.)

Rule 1220 (Fig 1.h) has a density close to 0.5 in the unperturbed case. When
applying any one of the perturbations, the density tends to 0.6. But when apply-
ing both, the density tends to back 0.5. (However, the configurations are quite
different from the unperturbed case, only the density has been restored.) One
perturbation can be seen as a way to make the CA robust against the other per-
turbation. This is one of the rare cases where perturbations are not combining
in a monotonous way.

Rule 73 (which has the same qualitative behavior for both values of q) has
a constant asymptotic density when topology is not perturbed, for all values of
p (except p = 1). With a small perturbation of the topology, spans the range
0.3 to 0.5. The interesting effect is that introducing topology perturbation has
made the rule sensitive to synchronism perturbation. Same remark applies to
rules 140, 141, 570, 900, 150a 1560 1561 and to almost all rules of subclass a/.

The opposite behavior also exists: 45, with no topology perturbation, has a
density that depends on p. With r > 0, the density becomes constant for all p:
perturbing the topology makes the rule robust against synchronism perturbation.

4 Discussion and Perspectives

By means of dynamic perturbation, we studied topology perturbation on ECA
and its interplay with synchronism perturbation. Topology perturbation is a
perturbation on the neighboring cells, while synchronism perturbation is a per-
turbation on the central cell. The macroscopic parameter chosen, namely the
density, already allows one to see a rich set of behaviors, even if there may be
more than what this measure reveals. This is both a confirmation of the rele-
vancy of the density and a confirmation that this model could be studied further,
possibly with analytical results.
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There does not seem to be any relation between this classification and classical
classifications about synchronous deterministic CA.

The topology perturbation introduced in this paper should be studied for
itself, possibly with the following generalization of the parameter q. When a cell
does not know the state of its neighbor, it currently assumes it is in state q.
It could instead decide its state according to a Bernoulli law. Future work will
study the combined effect of r and this new parameter q.

A few surfaces contains the characteristic curve of second order phase transi-
tion. Future work should check if they belong to the universality class of directed
percolation, according to the aforementioned conjecture.
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Abstract. Real simulations are performed on a finite size of lattice. It
is therefore very difficult to predict a phase diagram on an infinitely
large lattice. Here, we present a Finite Size Stability Analysis (FSSA) to
know whether the phase is sustainable or not. Although this analysis is
a hypothesis, it enables us to determine the boundary of phase diagram.
We apply FSSA to multi-state system. For example we study ten-species
system in ecology. From computer simulations on various sizes of lattices,
we obtain the waiting time τ to extinction. The system is found to have
two phases: the coexistence of all species is either unstable or marginally
(neutrally) stable. In the latter case, τ diverges on a power law with the
increase of lattice size.

1 Introduction

In recent decades, stochastic cellular automata have been extensively studied in
various fields [1,2]. The present paper focuses on the problem “how to determine
the phase diagram?” When each site takes one of many states, then there are
many phases in stationary state (equilibrium). However, it is not easy to know
what kinds of states coexist in each phase. When a lattice size is small, annihi-
lation of almost all states always occurs. To determine the phase diagram is one
of important problems. In this paper, we present a “Finite Size Stability Anal-
ysis” (FSSA). From the result of real simulations, FSSA predicts whether the
coexistence of several states is sustainable or not on an infinitely large lattice.

For example, we consider two-state model: each lattice site takes one of two
states A or B. There are three possible phases in the final equilibrium; namely,
the survival phase of A (phase A), the survival phase of B (phase B) and the
coexistence of both states (phase A & B). In the case of contact process, the
phase boundaries can be determined by mathematics, and the dynamics is known
for various sizes of lattices [3,4].

The contact process has been introduced by Harris [5] as a simple model for
the spread of infection. It has been extensively studied in various fields, such as
mathematics [3,6,7,8,9], physics [10,11,12] and ecology [13,14]. Consider a single
species on a d-dimensional regular lattice Zd; each lattice site takes one of two
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states: either empty (E) or occupied (X) by an individual. Birth and death
processes are respectively defined by

X + E −→ 2X (rate: r) (1a)

and

X −→ E (rate:m), (1b)

where the parameters r and m represent the reproduction and mortality rates of
an individual, respectively (r > 0, m > 0). So far, many researchers have math-
ematically studied the contact process, and reported the following properties
[6,7,9,10,12,15,16]:

1) When the lattice size is infinite, the system dynamics goes into one of two
equilibrium phases; namely the species X survives (phase X & E) or goes
extinct (phase E).

2) When the lattice size is finite, the annihilation always occurs. The waiting
time τ to annihilation increases with the increase of the lattice size (L) as
shown in Fig. 1. In the case of phase X & E, the value τ diverges on an
exponential scale with the increase of L. In the case of phase E, the value τ
diverges on an log scale with the increase of L.

3) If the system locates on a phase boundary, a power law (τ ∝ Lα) holds,
where the exponent α is a positive constant.

We apply this idea to multiple-state model. Here the waiting time τ is defined
by the period until the first annihilation of a state occurs.

2 Model

We study multiple contact process on a finite size (L) of a 2-dimensional lattice
[17]. Each lattice site is empty (E) or occupied by species i (Xi), where i =
1, . . . , N . Overall reactions are defined as follows:

Xi + E −→ 2Xi (rate: r) (2a)

and

Xi −→ E (rate:m). (2b)

Here the parameters r and m are assumed to take the same value for any species,
respectively. The model of (2a) and (2b) was first presented by Miyazaki et al
[18] to explain the paradox of plankton. Many plankton species can coexist in a
pond or a lake, although they compete with each other. This contradiction is the
orgin of “paradox of plankton” [19]. The simulation is carried out in two different
ways: global and local interactions. We first describe the simulation method for
the local interaction version of lattice model:
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Fig. 1. A schematic diagram of finite size stability analysis (FSSA). We obtain the wait-
ing time τ until a state annihilate for various values of lattice size L. 1) In the unstable
phase of coexistence, τ diverges on a log-log scale with the increase of L. 2) In the sta-
ble phase, τ exponentially diverges with L. 3) The boundary case between unstable and
stable is represented by straight dotted line on a log-log scale (i.e. power law).

1) Initially, we distribute individuals on a lattice.
2) Reactions (2a) and (2b) are performed in the following two steps:

(i) We perform two-body reaction (2a). Choose one lattice site randomly,
and then randomly specify one of 2d neighboring sites. If both chosen
sites are Xi and E, then E is changed to Xi with probability r.

(ii) We perform one-body reaction (2b). Choose one lattice point randomly;
if the site is occupied by Xi, the site will become E with probability m.

3) Repeat step 2) L2 times, where L2 is the total number of a square lattice
site. This total number is called the Monte Carlo step (MCS) [20].

4) Repeat step 3) until the first species goes extinct.
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Next, we describe the method of global interaction in which the interaction
occurs between any pair of lattice sites. The global simulation is very similar to
local case, but step (i) in 2) is replaced as follows:

(i′) A pair of lattice sites is chosen not only randomly but also independently.

Under global interaction, the population dynamics of the system of (2a) and
(2b) is given by the mean-field theory. Let xi be the overall density of species i,
then we have the following dynamics:

dxi

dt
= −mxi + rxie, (3)

where e is the density of empty site (e = 1−
∑

i xi). The first and second terms
on the right hand side of (3) comes from death and birth processes, respectively.
By summing up (3) with respect to i, we have the following logistic equation:

dS

dt
= RS(1− S/K), (4)

where S is the total density (
∑

i xi) and K = 1 −m/r. Thus, when m/r < 1,
then S is stable; namely, S → K for t → ∞. When m/r ≥ 1, all species go
extinct (S → 0 for t→∞).

3 Simulation Results

We assume that our system contains ten kinds of species (N = 10) on a finite size
of square lattice. To obtain the waiting time to extinction, we set the simulation
condition as follows.

1) The values of reproduction rates for both global and local interactions are
such chosen that the stationary densities take the same value.

2) Initially, all species have the identical density which is just the same as the
steady-state density.

For various sizes of lattices, we obtain a waiting time (τ) until the first species
goes extinct. A typical result is illustrated in Fig. 2, where the vertical axis
denotes the waiting time (τ), and the horizontal axis means the lattice size (L).
In Fig. 3, we can easily know the approximation lines of both global and local
simulations on a log-log scale. All statistical analyses for Figs. 2 and 3 were
conducted in R Development Core Team [21]. From Figs. 2 and 3, we find the
following power law:

τ ∝ Lα. (5)

The value of exponent takes α = 2.1 for global and α = 2.6 for local interac-
tions. Hence, simulations for both methods exhibit the similar critical behavior.
Equation (5) always holds for any values of r or m, so long as the condition
m/r < c is satisfied. Here c is the critical value; c = 1 for global and c ≈ 0.625
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Fig. 2. Results of multiple contact process simulations (m = 0.3). All reproduction
rates (r) and mortality rates (m) of ten species take the same value, respectively
(N = 10). The waiting time (τ ) until the first species becomes extinct is plotted against
the lattice size (L). The plots of filled circles represent the results of local interaction,
where r takes values of 0.9. The plots of filled squares represent the results of global
interaction, where r takes values of 0.786. Bars indicate standard deviation (SD) of
each 20 simulation runs. Almost all plots are well approximated by τ = cLα, where we
have (c, α) = (0.010, 2.6) for local interaction (solid curve) and (0.050, 2.1) for global
interaction (broken curve).

for local interactions [12]. In contrast, when m/r ≥ c, all species go extinct. Note
that all species coexist in neutrally stable phase, but there is no stable phase.

Previous works [4] for multiple contact process reported the following out-
comes: when the lattice size is infinitely large (L→∞), the equilibrium phases
were well known. In the case of global interaction, coexistence of all species is
possible. However, in local interaction, coexistence of plural number of species
is impossible for any condition. Only one species can survive at most. After the
extinctions, the system is eventually equivalent to the contact process (single-
species or two-state system). However, Fig. 2 and Fig. 3 indicates peculiar results
never predicted from the conclusion for equilibrium analyses:

(i) Although extinction is unavoidable for local interaction, the critical behavior
is observed.

(ii) The exponent α for local interaction takes a lager value than that for global
interaction.
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Fig. 3. The same data of Fig. 2 plotted on a log-log sacale. Both vertical and horizontal
axises are correspond to Fig. 1’s. The function τ = cLα forms a line on this scale.

It is therefore found that species survive for a very long time, so long as the local
interaction is applied.

4 Conclusions and Discussions

We present a new method called finite size stability analysis (FSSA). By the use
of FSSA, we can determine whether multiple states is stable or not in each phase.
We obtain the waiting time (τ) until the first state annihilates against the lattice
size (L) as shown in Fig. 1. If the power law (5) holds, then the coexistence is
neutrally stable (boundary between different phases).

An example is an ecological model of (2a) and (2b) to explain the coexistence
of plankton species. In this system, there are eleven states: each lattice site takes
empty (E) or individual (Xi) of species i. This system evolves into one of two
phases: extinct or survival phases. When m/r ≥ c (extinct phase), all lattice sites
become empty (E). Here c = 1 for global and c ≈ 0.625 for local interactions. In
contrast, when m/r < c, the coexistence of all species becomes neutrally stable:
(5) always holds for any values of r or m. From the mean-field theory, readers
may have the following question: why the coexistence is neutrally stable in spite
of logistic equation (4). The answer is simple. Equation (4) predicts the stability
of the total density S, but the density of each species is neutrally stable [17].
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We here suggest the origin of the power law (5) for local interaction. This law
can be observed for other values of parameters, as long as all species have the
same reproduction rates and same mortality rates, respectively. Moreover, our
results never change for different number of species. We carry out simulations
for 9-, 10- and 11-species systems. When species number increases, the waiting
time (τ) decreases. However, the value of exponent never changes.

In the two-species contact process, Neuhauser [4] indicated that the prob-
lem of coexistence or competitive exclusion can be replaced by that of collision
of random walking particles. Random walking and extinction processes of many
particles on a lattice space are studied extensively in the field of diffusion-limited
reactions. According to these studies, the number of particles decreases propor-
tionally to t−β in most cases (β is a positive constant) [22,23,24]. By assuming
that extinction occurs at about 1/L particles, the extinction time τ satisfies the
relation 1/L ∼ τ−β . Therefore, we can expect the power law τ ∼ Lα. Note that
it holds for large values of L.
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Abstract. The sandpile model, introduced by Bak, Tang and Wiesen-
feld in 1987, is the standard example for a dynamic model showing Self-
Organized Criticality (SOC). Also, it has many nice algebraic properties;
for example, there is a set of configurations which is a group with a cer-
tain naturally defined addition.

We look at elements c, d of this group and try to find out how long
it takes to naively compute the sum c ⊕ d. While we can easily give an
upper bound, it is harder to find a lower bound. We prove some facts
about the number of topplings (elementary operations) that have to be
performed during the addition of two elements of the group and give a
heuristic for quickly finding local minima.

1 Introduction

The sandpile model was introduced by Bak, Tang and Wiesenfeld in 1987 [1]
as a model to explain 1

f noise. Grains of sand fall onto a grid, and if four or
more grains are lying upon a site in the grid, one grain of sand falls to the left,
right, top and bottom respectively. It has been found that the model displays
Self-Organized Criticality (SOC), which means that from some time on a critical
state is maintained if grains keep on falling randomly onto the grid.

Dhar and others [3] found many interesting algebraic properties of the sand-
pile model, especially the set of recurrent configurations (configurations which
can occur infinitely often in the process described above). One of the most in-
teresting findings was the fact that the set of recurrent configurations, together
with an addition, is an Abelian group.

In this paper, we consider the question how many topplings there will be at
least if we add two recurrent configurations. While it is hard to find the global
optimum, we introduce a probabilistic algorithm which gives us at least local
minima whose quality depends on the strategy used at one point.

2 Basics

Consider the grid Z = {0, . . . n− 1}× {0, . . . n− 1}. For each z ∈ Z, let N(z) be
the set of sites in the von-Neumann-neighborhood of z.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 236–243, 2008.
c© Springer-Verlag Berlin Heidelberg 2008
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From a configuration c : Z → N0 and a site z ∈ Z which satisfies c(z) > 3, we
get the successive configuration cz defined as
cz = c− 4ez +

∑
z′∈N(z) ez′ ,

where ∀z ∈ Z : ez(z′) =

{
1 if z′ = z

0 otherwise
.

Figuratively, if a site contains 4 or more grains of sand, 4 grains fall off this
site and onto the sites in the neighborhood or off the grid, when the site was at
the border of the grid. We say that the site toppled and a toppling occurred.

If all sites containing at least 4 grains topple at the same time and we bound
the number of grains initially in c, we get the rule for a cellular automaton.

It has been shown that the process of letting sites with at least 4 grains
topple eventually ends and leads to a configuration where each site contains at
most 3 grains of sand (cf. for example [2]). Also, the order in which the sites
topple is irrelevant, as all possible sequences lead to the same configuration, and
the number of times a site z topples during the process is also independent of
the order of the topplings. This process is called a relaxation and the resulting
configuration when starting from configuration c will be denoted by crel.

Let c be a configuration onZ. For all z ∈ Z, let fc(z) be the number of topplings
of z during the relaxation of c. Further, let B ∈ ZZ×Z be the matrix with

B(i, j) =

⎧
⎪⎨

⎪⎩

4 if i = j

−1 if i ∈ N(j)
0 otherwise.

Then crel = c−B · fc.
Further, B is invertible; both is shown in [2].
Let C be the set of configurations c : N0 → Z with crel = c. (This means:

∀z ∈ Z : 0 ≤ c(z) ≤ 3.) The elements of C are called stable configurations.
We define the operation ⊕ on C by c ⊕ d = (c + d)rel. This operation is

associative and commutative, as shown in [3].
We define the maximal stable configuration m satisfying ∀z ∈ Z : m(z) = 3

and the set of configurations R = m⊕C. The elements of R are called recurrent
configurations.

Note that for each configuration c ∈ C and for each configuration d ∈ R, there
exists a configuration e ∈ C such that c⊕ e = d:

From the definition of R, we know that there is a configuration e′ ∈ C such
that m⊕e′ = d, and therefore c⊕((m−c)⊕e′) = (c⊕(m−c))⊕e′ = m⊕e′ = d.

Also, if c is a recurrent configuration, then for all d ∈ C c⊕ d ∈ R, too.
Therefore, if we have a Markov chain (C, P ) with the states being stable

configurations and transition probability matrix satisfying P (c, d) = 0 if there
exists no z ∈ Z such that d = c⊕ ez, R is the set of recurrent configurations of
this Markov chain.

A very interesting fact about R is that (R,⊕) is an Abelian group, which is
proven in [3].

By id ∈ R we denote the identity element of the group (R,⊕).
Let b ∈ C be the configuration which satisfies
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∀z ∈ Z : b(z) = 4− |N(z)|.
(So, b(z) = 2 if z is a site in corner of Z, b(z) = 1 if z is a site on the border

of Z, and b(z) = 0 otherwise.)
It has been shown in [4] that
c ∈ R ⇐⇒ c⊕ b = c and
c ∈ R ⇐⇒ fc+b = 1,
where ∀z ∈ Z : 1(z) = 1.

3 The Problem

Consider two recurrent configurations c and d. A naive way to compute c ⊕ d
would be to compute the sum c+ d and to relax this configuration. This means
1�fc+d topplings have to be done.

It is quite easy to see that the worst case, i.e. the case for which |fc+d| =
1�fc+d is maximal, is when c = d = m; it can be shown that |fm+m| ∈ O(n4)
holds.

On the other hand, it is much harder to find a tight lower bound for |fc+d|
when c, d ∈ R, or to find configurations c, d ∈ R for which |fc+d| is minimal.
While we can find a configuration c such that m − c ∈ R for n ≤ 4, there is a
very obvious reason why there cannot be such a configuration c for n > 4: In
this case the configuration c+ d contains more than 3n2 grains of sand and the
surplus grains have to fall off the grid, which means that sites on the border of
Z must topple.

In the following sections, we will show that each recurrent configuration con-
tains at least 2n2 − 2n grains of sand, which means that during the relaxation
of the sum c + d of two recurrent configurations c, d at least n2 − 4n grains of
sand must fall off the grid.

For n = 4 we will give recurrent configurations c, d ∈ R, such that c+ d = m.
We will show how to find for c ∈ R a configuration c̄ ∈ R such that |fc+c̄| is

minimal.
We will show how we can get from a recurrent configuration c to a recurrent

configuration c′ such that fc′+ ¯(c′) ≤ fc+c̄ holds. (≤ here means component-wise
less or equal.) By repeating this process, we reach a local minimum.

4 Number of Grains in Recurrent Configurations

Let c be recurrent configuration. All grains that remain on a site z after it
toppled during the relaxation of c + b can be taken away without the resulting
configuration c′ becoming non-recurrent, since the same sequence of topplings
during the relaxation of c + b is a possible toppling sequence for c′ + b: If a site
z contained more than four grains of sand at the moment it toppled, then the
“surplus” grains are the ones that were taken away to get c′. Therefore, during
the relaxation of c′ + b each site contains exactly four grains of sand at the
moment it topples if we use the same sequence of topplings as for c+ b.
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We call a recurrent configuration c minimal recurrent, if ∀z ∈ Z : c− ez /∈ R.
This means that no grain of sand can be taken from c without getting a non-
recurrent configuration; it follows that each site contains exactly four grains of
sand at the moment it fires.

By counting the grains of sand each site contains just before it fires during
the relaxation of c+ b, we obviously get 4n2 grains. Since we counted each grain
of sand that still is in (c+ b)rel twice and each grain of sand that got lost at the
edge once, we get

4n2 = 2|c|+ |b|
and therefore, since |b| = 4n,
|c| = 2n2 − 2n .
This means that each recurrent configuration contains at least 2n2−2n grains

of sand and that the sum of two recurrent configurations c and d contains at
least 4n2 − 4n grains of sand. From this we get |fc+d| ≥ n2−4n

2 , since a toppling
can lead to the loss of no more than 2 grains of sand (except for n = 1, in which
case n2−4n

2 < 0 anyways).

5 Examples

It is easy to see that the highest n for which we can hope to find c, d ∈ R
such that |fc+d| = 0 (and therefore obviously minimal) is 4. We here give two
configurations c, d ∈ R which satisfy c+ d ≤ m.

c =

⎛

⎜
⎜
⎝

2 1 3 1
1 2 2 1
2 1 1 2
2 0 2 1

⎞

⎟
⎟
⎠ , d =

⎛

⎜
⎜
⎝

1 2 0 2
2 1 1 2
1 2 2 1
1 3 1 2

⎞

⎟
⎟
⎠

Note that c+ d = m and we get d by the point reflection in the center of the
grid. (Therefore c ∈ R ⇐⇒ d ∈ R). It is easy to verify that c ⊕ b = c and
d⊕ b = d.

However, for n = 5, we don’t find configurations c, d with fc+d = 3, which is
the lower bound we get from the inequality |fc+d| ≥ n2−4n

2 , although the proof
is rather inelegant.

6 Searching for Local Minima

Now, we take a look at larger values for n and describe a search strategy for
recurrent configurations c, d such that |fc+d| becomes small.

First, we will show how to construct c̄ ∈ R such that for all d ∈ R fc+c̄ ≤ fc+d

holds.
Then we will describe how to optimize c.

6.1 Minimizing fc+d for Fixed c

Let cbe a recurrent configuration.Then for alld ∈ R the following inequalityholds:
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fc+d ≥ fc+((m−c)⊕id):
There are no topplings during the relaxation of (c ⊕ d) + (m − (c ⊕ d)), and

therefore
c + d−B · fc+d + (m− (c⊕ d)) =

c+ d+ (m− (c⊕ d)) −B · fc+d =
c⊕ (d⊕ (m− (c⊕ d))) =
c⊕ (d+ (m− (c⊕ d))−B · fd+(m−(c⊕d))).

We define c̄ = d⊕ (m− (c⊕ d)) and get
c + d+ (m− (c⊕ d))−B · fc+d = c+ c̄−B · fc⊕c̄

⇒ c+d+(m−(c⊕d))−B ·fc+d = c+d+(m−(c⊕d))−B ·fd+(m−(c⊕d))−B ·fc+c̄

⇒ fc+d = fc+c̄ + fd+(m−(c⊕d)),
since B is invertible.
We see that fc+c̄ ≤ fc+d.
We know that d⊕ (m− (c⊕ d)) ∈ R since d ∈ R, and we know that c⊕ (d⊕

(m− (c⊕ d))) = m.
On the other hand, id⊕ (m−c) ∈ R and c⊕ (id⊕ (m−c)) = m, and it follows

that for all d ∈ R the equation id⊕ (m− c) = d⊕ (m− (c⊕ d)) holds.
Therefore for all d ∈ R the inequality fc+((m−c)⊕id) ≤ fc+d holds.
From now on, we call the configuration (m− c)⊕ id the minimizing configu-

ration of c, denoted as c̄.
The task to minimize the topplings during the relaxation of the sum of two

recurrent configurations is now reduced to finding a recurrent configuration c
such that |fc+c̄| becomes minimal.

6.2 The Cutting Algorithm

Let c be a recurrent configuration, c̄ the minimizing configuration of c and e a
configuration in C which is component-wise less or equal to c.

It can be easily shown that fc+c̄ = f(c−e)+(c̄⊕e) + fc̄+e.
This means that there are fewer topplings during the relaxation of (c − e) +

(c̄⊕e) if there were topplings during the relaxation of c̄+e. If we make sure that
c− e is still a recurrent configuration, we find a pair of recurrent configurations
which induces fewer topplings during the relaxation of their sum.

(Also, if c − e is recurrent, it is easy to see that c̄ ⊕ e is the minimizing
configuration of c− e.)

The Cutting Algorithm gives for the recurrent configuration c (and its mini-
mizing configuration c̄) a recurrent configuration d (and its minimizing configu-
ration d̄) such that d⊕ d̄ = c⊕ c̄ and fd+d̄ ≤ fc+c̄ hold.

We start with c + b, work along a possible toppling sequence for c + b (i.e. in
each time step, we choose a site that can topple in the changed configuration) and
transfer grains of sand that are left on a site z after z has toppled from c to c̄.

As in the beginning of section 4, the chosen toppling sequence for c+b is also
a toppling sequence for the configuration we get after transferring grains from
c to c̄.

After each grain transfer we let the changed configuration c̄ relax; in the end
we get the configurations d = c − e ∈ R and c̄ ⊕ e, which is the minimizing
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configuration d̄ of d. (The configuration e here is the configuration which assigns
each site the number of grains that were transferred on this site from c to c̄.)

Now, (c− e)⊕ (c̄⊕ e) = m and f(c−e)+(c̄⊕e) = fc+c̄ − fc̄+e ≤ fc+c̄.
(Note that e depends on the toppling sequence and the number of grains which

are taken transferred from each site.)
We will denote the results (c−e, c̄⊕e) of the Cutting Algorithm for arguments

c, c̄ as cut(c, c̄).
The nice thing about the Cutting Algorithm is the fact that you can repeat

it and thereby get better results:
After computing (d, d̄) = cut(c, c̄), it is often possible to find a configuration

e ∈ C, e ≤ d such that d− e ∈ R and fd̄+e 
= 0.
In pseudo code this process could be described as follows:

1: DO
2: (c, c̄)← cut(c, c̄)
3: (c̄, c)← cut(c̄, c)
4: WHILE(!exit condition)

A local minimum is reached in (c, c̄) if neither cut(c, c̄) nor cut(c̄, c) can be a
“better” pair than (c, c̄).

The exit condition in the pseudo code program should be chosen in a way
that makes it very likely that a local minimum has been reached. (A simple
possibility would be to count how many times in a row the vector fc+c̄ has not
changed and exit if this number is higher than a chosen threshold.)

6.3 The Local Minimum Condition

In this subsection we will show how to determine whether a pair (c, c̄) is a local
minimum. We will also be able to find a “better” pair (d, d̄).

A pair (c, c̄) is a local minimum if there exists no e ∈ C such that either
c− e ∈ R∧ fc̄+e 
= 0 or c̄− e ∈ R∧ fc+e 
= 0 holds, since we could get a “better”
pair (c− e, c̄⊕ e) respectively (c⊕ e, c̄− e) otherwise.

If (c, c̄) is not a local minimum, then there exists a configuration e ∈ C such
that c−e ∈ R∧fc̄+e 
= 0 or c̄−e ∈ R∧fc+e 
= 0 holds. Without loss of generality,
we assume the former. Then there exists a site z ∈ Z and a number k ∈ N such
that (c̄+ kez)(z) ≥ 4 and c− kez ∈ R; surely k ≥ 4− c̄(z) holds.

It follows that fc̄+(4−c̄(z))ez

= 0 and c − (4 − c̄(z))ez ∈ R hold, and we can

formulate a local minimum condition as follows:
If ∃e ∈ C : c̄ − e ∈ R ∧ fc+e 
= 0 holds, we can find a site z ∈ Z such that

fc+(4−c(z))ez

= 0 and c̄− (4 − c(z))ez ∈ R hold.

So we can determine whether a given pair (c, c̄) is a local minimum by looking
at each site z ∈ Z and checking for z if any of the two configurations c − (4 −
c̄(z))ez and c̄ − (4 − c(z))ez is recurrent; this has a time complexity in O(n4)
and is therefore rather slow.

(One case where it is easy to verify that a local minimum has been reached:
If both c and c̄ are minimal recurrent configurations, we know that we have
reached a local minimum.)
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We define the function check(c, c̄) which checks for all sites z ∈ Z if c− (4−
c̄(z))ez ∈ R holds. In this case, c is set to c − (4 − c̄(z))ez and c̄ to (c̄ + (4 −
c̄(z))ez)rel, and at the end of the procedure the value 0 is returned. If no site z
satisfies this condition, the value 1 is returned. (Note that |fc+c̄| decreases if 0
is returned.)

6.4 Outline of the Algorithm

For a fixed number k, we set (c, c̄) by turns to cut(c, c̄) and cut(c̄, c), each time
checking whether fc+c̄ changes.

After fc+c̄ has not changed for k runs of the loop, we use check (c, c̄) and
check (c̄, c) to see whether a local minimum has been reached or setting (c, c̄) to
a pair (c′, c̄′) with fc′+c̄′ ≤ fc+c̄ and fc′+c̄′ 
= fc+c̄.

If a local minimum has not been reached, we again use the Cutting Algorithm
until fc+c̄ has not changed for k times and use the check algorithm again.

This is repeated until a local minimum is reached, which eventually must
happen, since |fc+c̄| always decreases when the check algorithm finds that no
local minimum has been reached.

7 Analysis

There are two functions used to decrease |fc+c̄|: cut(c, c̄) and check (c, c̄).
While cut(c, c̄) is generally much faster to compute than check (c, c̄), cut(c, c̄) is

a probabilistic function and may not reduce |fc+c̄| although it would be possible;
on the other hand, check (c, c̄) reduces |fc+c̄| if (c, c̄) is not a local minimum, but
generally needs much more time to do so than a call of cut(c, c̄) does.

Therefore, we recommend using cut(c, c̄) most of the time and check (c, c̄) only
after no improvements have been made for some time.

7.1 Strategies for Choosing the Toppling Sequence

During cut(c, c̄), we have to choose a sequence for the sites of Z to topple during
the relaxation of c + b, and for each site that toppled we have to choose how
many grains we transfer to c̄.

Several strategies have been tried, in every strategy we used rectangular
distribution:

1. Random/Biased : If we choose a random strategy, we randomly choose a site
z which contains at least 4 grains at each step and let it topple.

If we choose a biased strategy, we choose a number k and pick up to k
times a site z with at least 4 grains on it and choose the first one for which
the sum of grains in both configurations is at least 8 and let it topple. If no
such site is picked, we choose the last of the k sites and let it topple.

2. Generous/Sparing: A generous strategy always transfers all grains on z after
it toppled from one configuration to the other.
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A sparse strategy only transfers grains on z from one configuration to the
other if this leads to topplings, and in this case only as many as necessary
for a toppling to occur.

Experiments suggest that a generous strategy yields the better results than a
sparing strategy, considering running time as well as |fc+c̄|.

For example, on a 200× 200 grid with k = 10, the random, generous strategy
yielded a result after 188 iterations of the inner loop and 2 check calls (which
confirmed the local optimum) a configuration c for which |fc+c̄| = 56865720.

On the same grid, the biased, generous strategy with three tries needed 183
iterations and just two check calls to verify the local minimum and yielded a
configuration c for which |fc+c̄| = 56847147.

The random, sparing strategy needed 839 iterations of the inner loop and 12
check calls to yield a a configuration c for which |fc+c̄| = 57027080.

8 Conclusion

We have introduced the problem of finding two recurrent configurations such
that the relaxation of their sum needs as few topplings as possible.

While it is easy to find a second recurrent configuration which minimizes the
number of topplings if the first configuration is given, it is non-trivial to find the
global minimum among all pairs of recurrent configurations.

We have given a probabilistic algorithm which finds local minima. The per-
formance of the algorithm depends on the strategy to choose the sequence of
sites z ∈ Z during one routine; the best strategy found is to choose the next site
randomly, although further experiments concerning the quality of the various
strategies should be done.

We conjecture that for each local minimum (c, c̄) the vector fc+c̄ is minimal,
meaning there are no recurrent configurations d, d̄ such that fd+d̄ ≤ fc+c̄ and
fd+d̄ 
= fc+c̄ hold.

Other future work includes the searching for better strategies for the choosing
of a toppling sequence for c+ b in the Cutting Algorithm and the question how
hard it is to decide whether a given pair (c, c̄) is the global optimum.
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Abstract. A number-conserving cellular automaton (NCCA) is a cel-
lular automaton such that all states of cells are represented by integers
and the total of the numbers (states) of all cells of a global configura-
tion is conserved throughout its computing process. It can be thought
to be a kind of modelization of the physical conservation law of mass or
energy. In this paper, we show a sufficient condition for a Moore neigh-
borhood CA to be number-conserving. According to this condition, the
local function of rotation-symmetric NCCA is expressed by a summa-
tion of quaternary functions. On this framework, we construct a 6-state
logically universal NCCA.

Keywords: cellular automata, number-conservation, logical universality.

1 Introduction

A number-conserving cellular automaton (NCCA) is a cellular automaton such
that all states of cells are represented by integers and the total of the numbers
(states) of all cells of a global configuration is conserved throughout its com-
puting process. It can be thought to be a kind of modelization of the physical
phenomena, for example, fluid dynamics and highway traffic flow[6].

Boccara et al[2]. studied number conservation of one-dimensional CAs on
circular configurations. Durand et al[3]. studied the two-dimensional case and
the relation between several boundary conditions. Although their theorems are
useful for deciding if a given CA is number-conserving or not, it is quite difficult
to design NCCAs with complex transition rules.

As for von Neumann neighborhood NCCAs with and without rotation-
symmetry, necessary and sufficient conditions to be number-conserved are shown
respectively[7]. According to these conditions, the local function of a rotation-
symmetric NCCA is expressed by a summation of two binary functions. Designing
the two binary functions, we can construct a rotation-symmetric NCCA easily. On
this framework, we constructed 14-state logically universal NCCA with rotation-
symmetry. (A logically universal NCCA can simulate any boolean circuits. If it
has a cyclic configuration, it can simulate a universal Turing machine.)

It seems that there is a trade-off between the size of state-number of a univer-
sal NCCA and the size of its neighborhood, and there is no rotation-symmetric
von Neumann neighborhood NCCA of which the element number of the state

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 244–251, 2008.
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set (state set size) is less than five[8]. To find a smaller state universal NCCA,
we consider Moore neighborhood which is also used widely. A necessary and suf-
ficient condition for Moore neighborhood CA to be number-conserving is shown
by Durand et al[3]. But it is still difficult to construct Moore neighborhood
NCCAs by using the condition directly.

Consequently, we show another sufficient condition for a CA to be number-
conserving. According to this condition, the local function of rotation-symmetric
NCCA is expressed by a summation of quaternary functions φ. φ indicates the
behavior of values within a block composed of four cells. Assigning a function φ
is enough to design a rotation-symmetric Moore neighborhood NCCA. It can be
thought that the transition of an NCCA can be expressed based on local flows of
value such as φ, whatever the neighborhood is. Although the shape of partition is
not unique for aneighborhood,φ is the mostnatural one in case of the Mooreneigh-
borhood.Employing thismethod, we construct a 6-state logicallyuniversal NCCA.

2 Definitions

Definition 1. A deterministic two-dimensional Moore neighborhood cellular au-
tomaton is a system defined by A = (Z2, Q, f, q), where Z is the set of all inte-
gers, Q is a non-empty finite set of internal states of each cell, f : Q9 → Q is
a mapping called a local function and q ∈ Q is a quiescent state that satisfies
f(q, q, q, q, q, q, q, q, q) = q.

A configuration over Q is a mapping α : Z2 → Q and the set of all configurations
over Q is denoted by Conf(Q), i.e., Conf(Q) = {α|α : Z2 → Q}. The function
F : Conf(Q) → Conf(Q) is defined as follows and called the global function of A.

∀(x, y) ∈ Z2,

F (α)(x, y) = f(α(x− 1, y − 1), α(x, y − 1), α(x+ 1, y − 1), α(x − 1, y), α(x, y),
α(x+ 1, y), α(x− 1, y + 1), α(x, y + 1), α(x+ 1, y + 1)).

In the case of von Neumann neighborhood, the above definition is the same
except that its local function f is f : Q5 → Q and its global function F is
defined as follow.

∀(x, y) ∈ Z2, F (α)(x, y)=f(α(x, y), α(x, y+1), α(x+1, y), α(x, y−1), α(x−1, y)).

We assume a quiescent state q such that f(q, q, q, q, q) = q.
In this paper, we only consider CAs with finite configurations, i.e., the num-

ber of cells which states are not quiescent is finite. A is said to be number-
conserving when it satisfies

∑
(x,y)∈Z2{F (α)(x, y) − α(x, y)} = 0 for all finite

configurations α.
Next we define some symmetry conditions.

Definition 2. CA A is said to be rotation-symmetric if its local function f
satisfies the following condition.

∀c, u, r, d, l, ul, ur, dl, dr∈Q, f(ul, u, ur, l, c, r, dl, d, dr)=f(dl, l, ul, d, c, u, dr, r, ur).

In the case of von Neumann neighborhood, these symmetries is defined as above.
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3 Von Neumann Neighborhood Number-Conserving
Cellular Automata

We showed a necessary and sufficient condition for a von Neumann neighborhood
CA to be number-conserving in [7].

Theorem 1. [7] A deterministic two-dimensional von Neumann neighborhood
CA A = (Z2, Q, f, q) is number-conserving iff f satisfies

∃gU , gR, gD, gL, hUR, hRD, hDL, hLU : Q2 → Z, ∀c, u, r, d, l ∈ Q,

f(c, u, r, d, l) = c + gU (c, u) + gR(c, r) + gD(c, d) + gL(c, l)
+hUR(u, r) + hRD(r, d) + hDL(d, l) + hLU (l, u),

gU (c, u) = −gD(u, c), gR(c, r) = −gL(r, c),
hUR(u, r) = −hDL(r, u), hRD(r, d) = −hLU(d, r).

Next, we derived a necessary and sufficient condition for a rotation-symmetric
CA to be number-conserving from the condition.

Corollary 1. [7] A deterministic two-dimensional rotation-symmetric von Neu-
mann neighborhood CA A = (Z2, Q, f, q) is number-conserving iff f satisfies

∃g, h : Q2 → Z, ∀c, u, r, d, l ∈ Q,

f(c, u, r, d, l) = c+ g(c, u) + g(c, r) + g(c, d) + g(c, l)
+h(u, r) + h(r, d) + h(d, l) + h(l, u),

g(c, u) = −g(u, c), h(u, r) = −h(r, u).

According to this condition, a local function of a rotation-symmetric NCCA is
expressed by a summation of two binary function g and h. The binary function g
indicates the number flow between two cells in a vertical or horizontal direction,
and h does in a diagonal direction. In a vertical or horizontal flow, a value moves
on two cells of which states are arguments of g. But in the diagonal flow case,
cells on which a value moves don’t correspond to arguments of h. This causes
divergence of the state set size.

In order to design a rotation-symmetric NCCA, we only have to define g and
h. Although it may not be a CA for divergence of the state set size, there exists a
procedure to modify these functions for construction of an NCCA after designing
g and h.

4 A Sufficient Condition Based on Quaternary Functions

Durand et al[3]. showed a necessary and sufficient condition for an NCCA in the
case of n×m neighborhood. We show the condition which is restricted to Moore
neighborhood.
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Theorem 2. [3] A deterministic two-dimensional Moore neighborhood CA A =
(Z2, Q, f, q) is number-conserving iff f satisfies

∀c, u, r, d, l, ul, ur, dl, dr,∈ Q,

f(ul, u, ur, l, c, r, dl, d, dr)=ul+f(q, u, ur, q, c, r, q, d, dr)+f(q, q, u, q, q, c, q, q, d)
+f(q, q, q, q, u, ur, q, c, r) + f(q, q, q, q, q, u, q, q, c) + f(q, q, q, q, q, q, q, u, ur)
+f(q, q, q, q, q, q, q, q, u) + f(q, q, q, l, c, r, dl, d, dr) + f(q, q, q, q, l, c, q, dl, d)
+f(q, q, q, q, q, l, q, q, dl) + f(q, q, q, q, q, q, l, c, r) + f(q, q, q, q, q, q, q, l, c)
+f(q, q, q, q, q, q, q, q, l)
−f(q, ul, u, q, l, c, q, dl, d)− f(q, q, ul, q, q, l, q, q, dl)− f(q, q, q, ul, u, ur, l, c, r)
−f(q, q, q, q, ul, u, q, l, c)− f(q, q, q, q, q, ul, q, q, l)− f(q, q, q, q, q, q, ul, u, ur)
−f(q, q, q, q, q, q, q, ul, u)− f(q, q, q, q, q, q, q, q, ul)− f(q, q, q, q, c, r, q, d, dr)
−f(q, q, q, q, q, c, q, q, d)− f(q, q, q, q, q, q, q, c, r)− f(q, q, q, q, q, q, q, q, c). (1)

It is difficult to design f which satisfies the condition. Because when we allocate
one value of f , we have to consider other 24 values at most. In addition, each
24 values must satisfies the condition. Therefore we introduce another represen-
tation of sufficient condition to be number-conserving and show the condition is
usable to design Moore neighborhood NCCAs.
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Fig. 1. An interpretation of φXX

2 3 1 2 2 22

t

2 2 3 1 2 22

t+1

1

1

Fig. 2. A configuration of a wire and a signal in Aex

A•B
B

A
A

A+BB

A

A

B'

A'

NOT

OR

AND

A

B

Crossover (input A=B=1 is inhibited)

A
A•B

B

A•B element
clock

branch

Fig. 3. A construction of basic logic elements[4]



248 N. Tanimoto and K. Imai

Corollary 2. A deterministic two-dimensional Moore neighborhood CA A =
(Z2, Q, f, q) is number-conserving if f satisfies

∃φUL, φUR, φDL, φDR : Q4 → Z, ∀c, u, r, d, l, ul, ur, dl, dr ∈ Q,

f(ul, u, ur, l, c, r, dl, d, dr) = c + φUR(c, u, ur, r) + φDR(c, r, dr, d)
+φDL(c, d, dl, l) + φUL(c, l, ul, u), (2)

φUR(c, u, ur, r) + φDR(u, ur, r, c) + φDL(ur, r, c, u) + φUL(r, c, u, ru) = 0.(3)

Proof. We assume a CA A of which f satisfies the equations (2) and (3). Then
this f suffuses (1). Therefore the CA A is number-conserving.

The local function f is expressed by a summation of four quaternary functions
φUR, φDR, φDL and φUL, see Equation (2). Each function represents the received
value by the central cell from the other three cells, see Fig. 2.

When we design the function φs, we have only to take into account the inter-
actions of four cells appeared in each φ at a time. The interaction should satisfy
the equation (3). Especially if φ ≡ φUR = φDR = φDL = φUL, the NCCA is
rotation-symmetric. To obtain the actual state-number of the NCCA by this
construction method, we need to follow the procedure as below.

1. Choose a partial state set Q̃ of size k(> 0) and design φ(i, j, k, l) for
(i, j, k, l) ∈ Q̃4.

2. Determine the state set Q by extending Q̃ to Q. This is performed by
calculating the set Q′ which contains all next values of local function
f(ul, u, ur, l, c, r, dl, d, dr) for all (ul, u, ur, l, c, r, dl, d, dr) ∈ Q̃9 and Q := Q′∪
Q̃. The domain of φ is extended from Q̃ to Q. (Note that φ(x0, x1, x2, x3) ≡ 0
for any element of {(x0, x1, x2, x3) ∈ Q|∃i, xi ∈ (Q− Q̃)})

Example 1. Let’s consider an NCCA Aex depicted in Fig. 2. It realizes structures
which can be regarded as wires and signals. A wire is a connected set of cells of
width 1 of which the states are 2. A signal is encoded by two cells whose states are
1 and 3, and it flows along a wire at speed 1, and at the end of the wire(i.e., when
it faces to three quiescent cells), the signal is terminated. The state set Q̃ex =
{0, 1, 2, 3} is 4-state and the function φex(i, j, k, l), (i, j, k, l) ∈ Q̃ex has non-
zero values only at (i, j, k, l) = (3, 1, 0, 0), (1, 0, 0, 3), (1, 2, 0, 0), (2, 0, 0, 1), thus
φex(3, 1, 0, 0) = −1, φex(1, 0, 0, 3) = 1, φex(1, 2, 0, 0) = 1, and φex(2, 0, 0, 1) = −1
realize the movement of signals. By calculating its local function fex for all
(ul, u, ur, l, c, r, dl, d, dr) ∈ Q̃ex, its state set Qex = Q̃ex. Thus the obtained
NCCA is 4-state Moore neighborhood NCCA Aex = (Z2, Qex, fex, 0).

Table 1. Defined non-zero values of g14 and h14

g14(1, 2) = 1, g14(1, 3) = 1, g14(1, 4) = 1, g14(1, 6) = 1, g14(7, 5) = 1,
g14(4, 3) = 1, g14(5, 4) = 1, g14(4, 8) = 1, g14(1, 5) = 1, g14(5, 11) = 1,
g14(−2, 8) = 1, h14(8, 5) = 1
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Table 2. Defined non-zero values of φ

φ(3, 1, 0, 0) = −1, φ(1, 0, 0, 3) = 1, φ(1, 2, 0, 0) = 1, φ(2, 0, 0, 1) = −1,
φ(4, 1, 0, 0) = −1, φ(1, 0, 0, 4) = 1, φ(1, 2, 0, 2) = 1, φ(2, 0, 2, 1) = −1,
φ(1, 2, 2, 0) = 1, φ(2, 2, 0, 1) = −1, φ(1, 2, 3, 3) = 1, φ(3, 3, 1, 2) = −1,
φ(2, 2, 1, 3) = −1, φ(2, 1, 3, 2) = 1, φ(3, 1, 2, 0) = −1, φ(1, 2, 0, 3) = 1,
φ(4, 1, 0, 1) = −1, φ(1, 0, 1, 4) = 1
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Fig. 4. Configurations of a junction(a) and a clock(b)[5]

5 A Logically Universal NCCA

Banks[1] shows a two-state logically universal von Neumann neighborhood CA,
i.e., it is possible to embed any boolean circuit into its cellular space as a con-
figuration and its transition process can simulate the circuit. His model has
configurations of a signal and a wire. Wires are allowed to have branching points
and there are two types of branching points, a junction and a Ā ·B logic element.
His model also has a clock (periodic signal generator). He shows that above ele-
ments can be embedded into his two-state von Neumann neighborhood CA and
combining these elements, he also shows that it is possible to realize AND, OR,
NOT, and signal crossover elements depicted in Fig. 3.

In NCCA case, we showed a 14-state logically universal CA A14 with von
Neumann neighborhood and rotation-symmetry. A14 = (Z2, N[−2,11], f14, 0)[7].
The flow functions g14, h14 of f14 have the values in Table 1 and satisfy
g14(x, y) = −g14(y, x) and h14(x, y) = −h14(y, x) for all x, y ∈ N[−2,11]. Val-
ues not defined by Table 1 are 0. Fig. 4 shows configurations of a junction and
a period 9 clock.
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Fig. 5. Configurations of Ā · B logic element for each inputs

In Moore neighborhood NCCA, we construct logically universal CA A6 with
rotation-symmetry. A6 = (Z2, {0, 1, 2, 3, 4, 5}, f6, 0). φ which defines f6 has the
values in Table 2. Values not defined by Table 2 are 0. A junction and a clock
are same as A14 (Fig. 4). Fig. 5 shows configurations of Ā ·B logic elements for
each inputs.

6 Conclusion

In this paper, we gave a sufficient condition for a Moore neighborhood CA to be
number-conserving and showed that the condition is usable to construct a Moore
neighborhood NCCA. According to this condition, the local function of rotation-
symmetric NCCA is expressed by a summation of quaternary functions φ. φ
indicates the behavior of values within a block composed of four cells. Assigning a
function φ is enough to design a rotation-symmetric Moore neighborhood NCCA.
Employing this method, we constructed a 6-state logically universal NCCA.

An NCCA which is constructed by φ has a stronger symmetry than the
rotation-symmetry. But the symmetry is not clear so far. In case of a larger
radius neighborhood, a construction method of an NCCA may be established by
the same approach which separates a neighborhood into several blocks.
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Abstract. This paper consists of two parts. In the first we pick up
again the question under which circumstances different pairs of a local
function and a neighborhood give rise to the same global behavior of CA
and disprove a conjecture made in an earlier paper. In the second part
we reconsider a construction showing that one can achieve universality
by only changing the (positions in the) neighborhood of a CA, while not
providing any information about the CA to be simulated in the initial
configuration. The construction uses an embedding which in some sense
is “non-local”. We show that under mild conditions this is necessary.

1 Introduction

Usually investigations of cellular automata without further discussion assume
some standard neighborhood because it is “without loss of generality”. In general
this is correct, except, of course, when one is interested in questions specifically
concerning neighborhoods. This is the guiding line of the current paper. It is a
continuation e. g. of [3] and [5] (an extended version will appear in [4]).

The rest of the paper is organized as follows: In Section 2 we introduce the
notions and notations used throughout the paper. Sections 3 and 4 concerned
with a “normal form” of pairs (f, ν) of a local function and a neighborhood
and the question under which circumstances different such pairs can give rise to
the same global behavior of CA. Finally, in Section 5 we take a second look at a
construction showing some kind of universality [5] and prove that the embedding
used for the simulation of CA necessarily has to have a certain propoerty.

2 Basics

We assume that readers are familiar with the basic concepts of cellular automata
(CA). In the first part of this paper we will consider d-dimensional Euclidean
CA for any d ∈ �+. We will write R for the set �d of all cells. In the second
part for the sake of simplicity we will assume that d = 1. The set of states of a
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single cell will usually be denoted by Q (or QA, . . . ). A local transition function
is of the form f : Qn → Q. Of course, one is interested in the case n ≥ 1. But
for technical reasons (a simpler proof of Lemma 3) we also allow n = 0; in this
case f : Q0 → Q simply is a constant.

A neighborhood is a mapping ν : �n → R, where�n denotes the set {1, 2, . . . , n}
of positive integers. As a special case we use �0 to denote the empty set. This can
equivalently be seen as a list ν with n components, written as ν(1), . . . , ν(n). Note
that for the use with a local function the order may be important. The set of all
neighborhoods of size n will be denoted as Nn.

A pair (f, ν) of a local function f : Qn → Q and a neighborhood ν ∈ Nn is
called a local structure. We call n the arity of the local structure.

Since Q and R are already implicit in f and ν we will simply speak of a CA
A = (f, ν). As usual, each local structure A = (f, ν) induces a global transition
function QR → QR (which we also denote by A) of a CA by

∀x ∈ R : A(c)(x) = f(c(x+ ν(1)), c(x + ν(2)), . . . , c(x+ ν(n))) .

The general question we are interested in is:

What can and what cannot happen when changing the neighborhood of
a local function, i. e. when going from a local structure (f, ν) to a local
structure (f, ν′)?

A restricted version of this question is: What can and what cannot happen
when permuting the neighbors of a local function, i. e. when going from a local
structure (f, ν) to a local structure (f, ν′), where ν′ is a permutation of ν?

3 Reduced Local Structures

Definition 1. A local structure is called reduced, if and only if the following
conditions are fulfilled:

– f depends on each argument, i. e. for each i ∈ �n there are q1, . . . , qi−1, qi,
q′i, qi+1, . . . , qn ∈ Q such that

f(q1, . . . , qi−1, qi, qi+1, . . . , qn) 
= f(q1, . . . , qi−1, q
′
i, qi+1, . . . , qn) .

– ν is injective, i. e. no x ∈ R appears twice in the list. Such neighborhoods are
called non-degenerate in [3].

A somewhat special case is a constant local function f and the empty neighbor-
hood. In this case f is of the form f : Q0 → Q, i. e. the only “argument list” for
f is the empty list, and ν : �0 → R is the empty list as well. This local structure
is reduced.

Obviously, for n ≥ 1 the transition function of each reduced local structure is
non-constant.
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Definition 2. Two local structures (f, ν) and (f ′, ν′) are called equivalent if
and only if they induce the same global function. In that case we sometimes
write (f, ν) ≈ (f ′, ν′).

Lemma 3. For each local structure (f, ν) there is an equivalent reduced local
structure (f ′, ν′).

Proof. Let n denote the arity of (f, ν). Assume that (f, ν) is not reduced. We
will see that n ≥ 1 and show how to construct an equivalent local structure
(f ′, ν′) with arity n− 1.

Case 1: ν is not injective. Then clearly n ≥ 2. Let i and j be indices such that
i < j and νi = νj . Define ν′ ∈ Nn−1 as

– ν′k =

{
νk iff k < j

νk+1 iff k ≥ j
, i. e. drop the j-th component of ν, and

– f ′ : Qn−1 → Q by f ′(q1, . . . , qn−1) = f(q1, . . . , qj−1, qi, qj , . . . , qn−1)
For any configuration c ∈ QR holds:

F ′(c)(0) = f ′(c(ν′1), . . . , c(ν
′
n−1))

= f(c(ν′1), . . . , c(ν
′
j−1), c(ν

′
i), c(ν

′
j), . . . , c(ν

′
n−1))

= f(c(ν1), . . . , c(νj−1), c(νi), c(νj+1), . . . , c(νn))
= f(c(ν1), . . . , c(νj−1), c(νj), c(νj+1), . . . , c(νn))
= F (c)(0)

Since application of local functions commutes with shifts, it followsF ′(c)(x) =
F (c)(x) for all x ∈ R.

Case 2: f does not depend on all arguments. Then clearly n ≥ 1. Assume that
it does not depend on argument i, 1 ≤ i ≤ n. Define ν′ ∈ Nn−1 as

– ν′k =

{
νk iff k < i

νk+1 iff k ≥ i
, and

– f ′(q1, . . . , qn−1) = f(q1, . . . , qi−1, q, qi+1, . . . , qn−1) for any q ∈ Q. Since
f does not depend on the i-th argument, f ′ is well defined.

For any configuration c ∈ QR holds:

F ′(c)(0) = f ′(c(ν′1), . . . , c(ν
′
i−1), c(ν

′
i), c(ν

′
i+1), . . . , c(ν

′
n−1))

= f(c(ν′1), . . . , c(ν
′
i−1), q, c(ν

′
i), c(ν

′
i+1), . . . , c(ν

′
n−1))

= f(c(ν1), . . . , c(νi−1), q, c(νi+1), c(νi+2), . . . , c(νn))
= f(c(ν1), . . . , c(νi−1), c(νi), c(νi+1), c(νi+2), . . . , c(νn))
= F (c)(0)

As in case 1 it follows that F ′(c)(x) = F (c)(x) for all x ∈ R. )*
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The construction above does not imply that the equivalent reduced local struc-
ture itself is unique. In fact in general it is not: As a simple example consider the
local function f : {0, 1}2 → {0, 1} : (x1, x2) +→ x1 ∧x2. Since the order of the ar-
guments xi does not matter for the value f(x1, x2) the local structures (f, (0, 1))
and (f, (1, 0)) are equivalent. At the same time both are obviously reduced.

Open problem 4. Given any non-reduced local structure (f, ν) and an equiv-
alent reduced local structure (f ′, ν′), is there always a sequence of operations as
in the proof of Lemma 3 that transforms (f, ν) into (f ′, ν′)?

4 Equivalence of Local Structures

Definition 5. For n ≥ 1 let π ∈ Sn denote a permutation of the numbers in �n.

– For a neighborhood ν denote by νπ the neighborhood defined by νπ
π(i) = νi.

– For an n-tuple � ∈ Qn denote by �π the permutation of � such that �π(i) =
�(π(i)) for 1 ≤ i ≤ n.

– For a local function f : Qn → Q denote by fπ the local function fπ : Qn → Q
such that for all �: fπ(�) = f(�π).

In the first part of the definition we have preferred the given specification over
the equally possible νπ

i = νπ(i), because the former leads (in our opinion) to a
slightly nicer formulation of the following lemma.

Lemma 6. (f, ν) and (fπ, νπ) are equivalent for any permutation π.

Proof. For any configuration c:

Fπ(c)(0) = fπ(c(νπ
1 ), . . . , c(νπ

n ))
= f(c(νπ

π(1)), . . . , c(ν
π
π(n)))

= f(c(ν1), . . . , c(νn))
= F (c)(0) )*

We are now going to show that for reduced (!) local structures the relationship
via a permutation π is the only possibility to get equivalence.

Lemma 7. If (f, ν) and (f ′, ν′) are two reduced local structures which are equiv-
alent, then there is a permutation π such that νπ = ν′.

It should be noted that e. g. for local structures with a local transition function
f which does not depend on an input the claim of the lemma is wrong. Changing
the position of the neighbor which “provides” the irrelevant input for f of course
does not change the global behavior.

Proof. Assume that there is an x which does not appear in ν′ but does appear in
ν, say at position i. Since (f, ν) is reduced, f does depend on its i-th argument
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and there are two configurations c and c̄, which do only differ at cell x, such that
F (c)(0) 
= F (c̄)(0).

Since ν′ does not contain x, it is clear that F ′(c)(0) = F ′(c̄)(0). It is there-
fore impossible that F (c)(0) = F ′(c)(0) and simultaneously F (c̄)(0) = F ′(c̄)(0).
Hence F (c) 
= F ′(c) and F 
= F ′. )*
By choosing different neighborhoods which are not permutations of each other
one immediately gets the following; compare Theorem 1 of [3]:

Corollary 8. For each reduced non-constant local function there are infinitely
many compatible neighborhoods inducing pairwise different global CA functions.

Lemma 9. If (f, ν) and (f ′, ν′) are two reduced local structures which are equiv-
alent, then there is a permutation π such that (fπ, νπ) = (f ′, ν′).

Proof. By Lemma 7 we already know that ν and ν′ are permutations of each
other: ν′ = νπ for some π; and (f, ν) ≈ (f ′, νπ). But it is clear that different local
functions induce different global functions, if they use the same neighborhood.
Hence if one assumes f ′ 
= fπ, then (f ′, νπ) 
≈ (fπ, νπ) which together with
(fπ, νπ) ≈ (f, ν) (Lemma 6) contradicts (f, ν) ≈ (f ′, νπ). )*

5 Universality Revisited

In order to keep notation simple, we will only consider one-dimensional CA in
this section.

5.1 A Short Review of the Construction

In a previous paper [5] we have sketched a construction which allows to do the
following:

Fix an arbitrary set of states QA of cardinality a ≥ 2 and consider the set of
all CAAi with local structures (fi, νi) of arbitrary local functions fi : Qni

A → QA

of any arity ni and compatible arbitrary neighborhoods νi ∈ Nni .
Then there is

– one set of states QB of cardinality b,
– one embedding E : QR

A → QR
B of configurations and

– one local function g : Qk
B → QB (k = 5 in [5])

such that
– for each (fi, νi) one can effectively construct a neighborhood ν′i ∈ Nk such

that
– for each configuration c : R→ QA

– using (g, ν′i) on initial configuration E(c) simulates each step of each cell of
the CA given by (fi, νi).

In the construction we use QB = QA ×Q′ where Q′ contains the symbols ◦ and
(among others) and the embedding is defined as

E(c)(x) =

{
(c(x), ◦) if x = 0
(c(x), ) otherwise
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5.2 Discussion of the Embedding

In this subsection we will discuss the embedding E in more detail.
The idea of setting a special marker in one cell has appeared in the literature

before. Durand-Lose [1] has used it in his construction to simulate irreversible
one-dimensional CA on reversible one-dimensional CA for infinite configurations.
This result has to be contrasted with a theorem by Hertling [2] stating that
such a simulation is impossible. Both authors are right, simply because they use
different notions of simulation. In particular, Durand-Lose uses an embedding
of configurations which does set a special marker in cell 0, while Hertling only
consider embeddings of a certain type called weak morphisms. E is a weak
morphims if there is an integer m such that

E(σ(c)) = σm(E(c))

holds for all configurations c; here σ is the shift (∀x : σ(c)(x) = c(x+1)). Clearly,
an embedding setting a special marker in cell 0 violates this requirement.

Open problem 10. We note in passing that in addition Hertling’s notion of
simulation is not compatible with that used by Durand-Lose, and that it is
an open problem whether all of the differences are really necessary in order to
be able to realize a simulation of irreversible CA on reversible CA for infinite
configurations.

We now turn to the universality construction mentioned above and have a closer
look at spatially period configurations.

Definition 11. A configuration c is spatially periodic or simply periodic1 if there
is a positive integer p ≥ 1 such that σp(c) = c. If � is the smallest such integer
we also say that c is �-periodic.

It should be clear that the application of a global CA function F maps configura-
tions with period p to configurations with period p again. The smallest positive
period may decrease from � to a divisor of �.

Observation 12. If σp(c) = c and E(σ(c)) = σm(E(c)), then E(c)=E(σp(c))=
σpm(E(c)). I. e., under weak morphisms periodic configurations have to be em-
bedded into periodic ones and the period can increase by at most a constant
factor (m).

For the moment fix some arity n and consider all Ai with local structures
(fi, (1, 2, . . . , n)) of this arity. There are aan

different such CA.
We will use a periodic configuration cn which as its building block uses a de

Bruijn sequence of length an. That is, the an subwords of length n starting at
positions 1, 2, . . . , an in cn are pairwise different (and their union is Qn

A). Con-
figuration cn has smallest positive period an. Hence, according to Observation 12
c′n = E(cn) has a smallest positive period of at most man.

We are interested in running some CA Bi with (g, ν′i) on the periodic config-
uration c′n. In general the following holds:
1 We will not consider periodicity in time in this paper.
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Lemma 13. Let c denote an �-periodic configuration for some CA B = (g, μ)
and let B′ = (g, μ′) where μ′ denotes the neighborhood with μ′(i) = μ(i) mod �
for all i. Then for all t ≥ 0 holds:

Bt(c) = B′t(c) .

This is so since c and all of its successor configurations have period � and hence
it does not matter if the position of a neighbor is shifted by a multiple of �.

Theorem 14. If the embedding is a weak morphism, it is impossible to achieve
universality as described in Subsection 5.1.

Proof. Configuration cn has been chosen such that all aan

different CA produce
aan

different successor configurations. Assume that c′n is �′-periodic. According
to Lemma 13 there are at most �′k different global behaviors possible for the
Bi when starting from c′n. Thus one needs �′k ≥ aan

. Writing a′ for a1/k and
denoting the minimum positive period of cn by � this means �′ ≥ (a′)�. In other
words the periods of configurations have to grow exponentially in �. Since we
want to be able to simulate all CA Ai, one can choose n sufficiently large and
increase the gap between � and �′ arbitrarily. Comparing this with Observation 12
immediately gives the claim. )*

Open problem 15. The embedding described in Subsection 5.1 does more
than “significantly” increasing the period length of periodic configurations. It
completely breaks spatial periodicity. It is an open problem whether that neces-
sarily has to be the case.

For the sake of a simple proof of Theorem 14 we have assumed that one wants to
be able to simulate all CA. Looking at the proof one can see that we only used
the fact for each of the neighborhoods (1, 2, . . . , n) we used all local functions of
arity n. But in fact somewhat weaker conditions suffice: For example the number
mn of local functions using such a neighborhoods does not have to be aan

. One
only needs that the condition �′k ≥ mn implies that �′ grows more than linearly
in �. To this end k

√
mn ∈ ω(an) is sufficient, e. g. mn ≥ (an)2k.

6 Summary and Outlook

We have shown that “factoring out” relations by permutation different reduced
local structures are exactly those which give rise to different global CA functions.

The universality contruction shows what can be achieved by changing the
neighborhood if the local function is chosen carefully. We have proven that in
order to achieve universality, the embedding cannot ever be a weak morphism.

It remains the main open problem for future research to find ways of charac-
terizing at least partially how much can possibly happen for local functions if
they are not designed for a specific task, but coming from a non-trivial set of
local functions.
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Abstract. Complex Automata (CxA) have been recently introduced as
a paradigm to simulate multiscale systems as a collection of generalized
Cellular Automata on different scales. We present a basic mathematical
framework to investigate the behavior of a CxA model depending on scale
separation and modeling choices. In particular, a simple CxA model for
a reaction-diffusion system, based on the lattice Boltzmann method, will
be formally analyzed. Theoretical error estimates will be derived and
numerically validated.

Keywords: Complex Automata modeling, reaction-diffusion, lattice
Boltzmann method, asymptotic expansion.

1 Introduction

Complex Automata (CxA) are a recently proposed paradigm for simulation of
multiscale systems [5,6,7,10]. A CxA is based on the idea that an algorithm de-
signed to simulate a process spanning a wide range of temporal and spatial scales
(a multiscale algorithm), can be replaced by a collection of single scale models,
simulating relevant sub-processes of the original system. Addionally, these single
scale algorithms are constrained to Cellular Automata (CA), lattice Boltzmann
methods (LBM), or Agent-Based models (ABM). These algorithms (which can be
regarded as generalized CA), have in common a specific structure of the update
rule which allows computationally efficient implementations (see [3,7] for more
details and other properties of the CxA approach). This procedure improves the
performance of the multiscale simulations, at the expense of loss of accuracy.

Aim of this paper is to introduce a formalism for the CxA modeling and inves-
tigate the scale-splitting error, i.e. the difference between the numerical solution
obtained using a single algorithm based on fine time and space discretizations
and the numerical solution obtained using a CxA model.

We focus on a simple benchmark, based on a reaction-diffusion system solved
with the lattice Boltzmann method, which is introduced in section 2. A CxA
model based on an operator splitting approach will be constructed. In section 3
we discuss error definitions and estimates, while numerical validations are shown
in section 4.
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2 Complex Automaton for a Reaction-Diffusion System

We consider a reaction-diffusion process for a concentration field ρ(t, x)

∂tρ = d∂xxρ+ κ(ρλ − ρ), t ∈ (0, Tend], x ∈ (0, L]
ρ(0, x) = ρ0(x) (1)

with periodic boundary conditions in x, initial condition ρ0, ρλ(x) being a given
function. With ρλ(x) = sin(λx), for λ

2π ∈ Z, (1) has the analytical solution:

ρ∗λ(t, x) = exp(−(4dπ2 + κ)t) sin(2πx) +
κ

dλ2 − κ
sin (λx) . (2)

To consider a multiscale model, we assume the reaction to be characterized by a
typical time scale faster than the diffusion. Assuming problem (1) to be written
in non-dimensional units, it corresponds to have ‖κ‖ # ‖d‖.

Lattice Boltzmann Method. To solve numerically (1) we employ a lattice
Boltzmann method (LBM) (see [1,2,9] and the references therein). The space
interval is discretized with a regular grid of step size Δxh = h, which we denote
as Gh = {0, . . . , Nx−1}. We use the so-called D1Q2 model [9], a one-dimensional
scheme where each grid node j ∈ Gh holds two particle distributions, f̂1 and
f̂−1 representing the population densities moving forward and backward, with
discrete velocities ci ∈ {−1, 1}. We denote the numerical solution with f̂ =(
f̂1, f̂−1

)
. The update rule has the form

f̂
tn+1
i (j+ci) = f̂ tn

i (j)+
1
τ

(feq
i (ρ̂tn(j))− f̂ tn

i (j))+h2 1
2
R(ρ̂tn(j)), i = 1,−1 , (3)

where R(ρ) = κ(ρλ − ρ) and ρ̂ = ρ(f̂ ) := f̂1 + f̂−1 is the numerical solution for
the concentration field. Time steps are indexed by n ∈ N0 and have length Δth
such that, for all h:

Δth
Δx2

h

= const. (4)

The equilibrium distribution in (3) is defined as feq
i (ρ) = ρ

2 , for i = 1,−1.
The parameter τ is chosen according to the diffusion constant [2] as

τ =
1
2

+ d
Δth
Δx2

h

. (5)

Observe that τ is independent from h in virtue of (4). It can be shown [2,8] that
the above described algorithm yields a second order accurate approximation of
the solution of (1).

The variable f̂h is an h-grid function, i.e. a real-valued function defined on a
discrete grid: f̂h : Gh → IR2. Introducing the set Fh =

{
φ : Gh → IR2

}
we have

f̂h ∈ Fh. Moreover, using the subscript h for the operators acting from Fh to
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itself, we introduce a propagation operator Ph, which acts on a grid function
shifting the value on the grid according to ci:

(
Ph f̂h

)

i
(j) = f̂i,h(j − ci),

and the (local) reaction and diffusion operators ΩRh
and (resp.) ΩDh

, defined in
the right hand side of (3):

(
ΩRh

f̂h
)

i
= h2 1

2
R(ρ(f̂h)),

(
ΩDh

f̂h
)

i
=

1
τ
(feq

i (ρ(f̂h))− f̂i,h),

Finally, denoting with Ihthe identity on Fh, we can rewrite (3) in a compact
form as a generalized CA-update rule:

f̂ tn+1
h = Ph(Ih +ΩDh

(τ) +ΩRh
)f̂ tn

h = Φhf tn

h , (6)

where f̂h is the state variable and Φh = Ph(Ih + ΩDh
(τ) + ΩRh

) is the update
rule.

Note that, since ΩDh
depends linearly on feq

(
ρ(f̂h)

)
− f̂h and feq(ΩRh

(f̂h)) =

ΩRh
(f̂h), we have

∀f̂h ∈ Fh : ΩDh
ΩRh

(f̂h) = 0. (7)

Conversely, we observe that

∀f̂h ∈ Fh : ΩRh
(Ih +ΩDh

)(f̂h) = ΩRh
(f̂h). (8)

Proof. It follows observing that ΩRh
depends only on the moment of f̂h, and the

diffusion operator preserves the concentration, i.e. ρ
(
f̂h +ΩDh

f̂h
)

= ρ(f̂h).
Equation (7) allows to split the LB algorithm (6) in the equivalent form

f̂ tn+1
h = Ph(Ih +ΩDh

(τ))(Ih +ΩRh
)f̂ tn

h = DhRh f̂ tn

h , (9)

separating reaction Rh = Ih +ΩRh
and diffusion Dh = Ph(Ih +ΩDh

(τ)).

CxA Formalism and Scale Separation Map. We define a Complex Au-
tomaton, composed of two Automata CAR (reaction) and CAD (diffusion), in-
troducing a coarser time step for the diffusion model, i.e.

ΔxD = ΔxR = h, ΔtD = MΔtR = Mh2 , (10)

for M ∈ N0. In practice, it corresponds to execute M steps of the reaction (CAR),
followed by a single diffusion step1. In this case the CxA model is analogous to
an operator splitting approach [1].

1 In this paper, we focus on time coarsened diffusion. Depending on the problem, the
diffusion process can be coarsened both in space and time. With a more general
formulation and more complicated calculations, the results we will present can be
generalized to this case as well [4].
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(a) (b) (c)

Δth

(RD)

Tend
Δth Tend

(R) (D)

ΔtD=TR Δth Tend

(R) (D)

ΔtDTR

Fig. 1. The SSM for the reaction-diffusion problem. In (a) reaction (dashed line) and dif-
fusion (solid line) are considered as a single multiscale algorithm. In (b) the diffusion time
step ΔtD is larger than the original Δth. (c) The two processes are completely separated
in time, e.g. when a very fast reaction yields an equilibrium state in a time TR � ΔtD.

The information regarding time and space scales of the single scale models,
and the way these sub-processes are coupled together is contained in the so-
called Scale Separation Map (SSM) [6,7] (shown in Fig. 1 for the considered
example). Each single scale model of the CxA (in this case a CAR and CAD)
defines a box on the SSM, whose edges depend on the discrete resolutions, i.e.
ΔtR = Δth = h2 for the reaction and ΔtD = Mh2 for the diffusion, and on
the temporal domains. The reaction is run up to a time TR, then re-initialized
after a diffusion time step. If TR = ΔtD (Fig. 1b), the two processes are not
completely separated. Fig. 1c sketches the case when reaction leads very quickly
to an equilibrium state in a typical time which is even smaller than the discrete
time step of the diffusion.

To describe formally the CxA model, we introduce a vector of parametersH =
(hR, hD), towhich the corresponding discretizations (ΔxR, ΔtR) and (ΔxD, ΔtD),
present in the CxA model, are related.

Denoting with tR,nR and tD,nD the time steps (with tm,nm = nmΔtm, for
m = R or D), of reaction and diffusion algorithms, we describe the evolution
of the system with state variable f̂H =

(
f̂R,hR , f̂D,hD

)
, whose components are

updated according to

(CAR) (CAD)
f̂ tR,0
R,hR

= f̂
tD,nD

D,hD
,

f̂
tR,nR+1

R,hR
= RR,hR f̂

R,tnR

R,hR
, nR=0,...,M−1

f̂0
D,hD

= f̂ init
D,hD

(ρ0),

f̂
tD,nD+1

D,hD
= DD,hD f̂

tD,nD
+MΔtR

D,hD
.

(11)

A few comments are necessary to explain the formalism introduced in (11). Initial
conditions for the algorithm CAR, are obtained taking the results after a certain
interation of CAD. As next, M iterations are performed, according to an update
rule depending only on the reaction process. On the right, the new state of the
diffusion Automaton CAD is computed starting from the output state of CAR.
With f̂ init

D,hD
(ρ0) we denote the initial condition, which is function of the initial

concentration in (1)2.
2 In more general cases, where both coarser grid in space and time are used, we need

to introduce opportune mappings between the discrete spaces, like a projection (fine
to coarse) and a lift (coarse to fine) operators.
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Note also that in (11) we have introduced the operators RR,hR and DD,hD ,
which depend on Δx and Δt of the different algorithms. In the considered case,
ΔxD,hD = ΔxR,hR = h yields RR,h = Rh. The coarsening in time affects the
diffusion operator, since it depends on τ , which must be modified according to
(5). If ΔtD,h = MΔth,

τD =
1
2

+Md . (12)

Finally, observe that this example is a special case where the two processes act
on the same variable, and it is possible to write the algorithm only depending
on f̂D as

f̂
tnD+1

D,h = DD,hRM
h f̂

tD,nD

D,h . (13)

3 Error Investigations

A CxA model replaces a single multiscale algorithm (Ah) related to a discretiza-
tion h, with a collection (CxAH) of coupled single scale models, depending on
coarser discretizations defined by H . The simplification in terms of complexity
yields an improvement of the performance, which is paid by a possible loss of
precision. Focusing on the benchmark (1), the algorithm (Ah) is defined by (9)
(a standard lattice-Boltzmann scheme), while CxAH corresponds to the par-
ticular operator-splitting approach (11). We are interested in quantifying the
difference between the numerical solutions of (Ah) and (CxAH), which we call
scale-splitting error [4].

A formal definition of the scale-splitting error depends in general on the par-
ticular problem and on the specific quantities of interests. In this case, since our
algorithm is designed to approximate the variable ρ, we define the scale-splitting
error at time iteration tN taking the difference (after both reaction and diffusion
have been executed) between ρ(f̂h) (numerical solution of the fine-grid algorithm
(9)) and ρ(f̂D,hD ) (the output of the CxA model (11)):

E(ρ;M, tN ) =
∥
∥
∥ρ
(
f̂ tN

h

)
− ρ

(
f̂ tN

D,hD

)∥∥
∥ . (14)

Note that the scale-splitting error is a measure of a difference between discrete
systems (the two algorithms).

Differences Between Discrete Operators. In the following, we will use
hR = hD = h. Since f̂h is the solution of (9) and f̂D,h is obtained from (11) (in
the form (13)) we rewrite (14) as

E(ρ;M, tN ) =
∥
∥ρ
(
(DhRh)M f̂ tN−MΔth

h −DD,hRM
h f̂ tN−ΔtD

D,h

) ∥
∥

≤
∥∥ρ
(
(DhRh)M −DD,hRM

h

)
f tN−ΔtD

D,h

∥∥+ C(h,D,R)E(ρ;M, tN −ΔtD)
(15)

(usingRR,h = Rh and tN−MΔth = tN−ΔtD), whereC(h,D,R) is an opportune
constant depending on the reaction and diffusion operators andE(ρ;M, tN−ΔtD)
is the scale-splitting error at the previous iteration.
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From (15), we conclude that the distance between the numerical solutions can
be estimated by measuring the distance between the algorithms (in an operator-
norm)

EA−CxA(M) :=
∥
∥ρ
(
(DhRh)M −DD,hRM

h

)∥
∥

≤
∥
∥ρ
(
(DhRh)M −DM

h RM
h

)∥
∥+

∥
∥ρ
((
DM

h −DD,h

)
RM

h

) ∥∥ =

= E(1)(M) + E(2)(M) .
(16)

To analyze (16) we use an argument based on asymptotic analysis [8]. First,
we assume that the numerical solution (a h-grid function) can be approximated
by an ansatz of the form

f̂ tn

h (j) ≈ fh(tn, xj) = f (0)(tn, xj) + hf (1)(tn, xj) + h2f (2)(tn, xj) + . . . , (17)

where fh(t, x) is an asymptotic expansion with smooth and h-independent coeffi-
cients. Estimates of (16) can be derived applying the different discrete operators
to the ansatz (17) and using the smoothness hypothesis.

Commutation Error. The contribution E(1) can be estimated by a function
of [Dh,Rh] = DhRh −RhDh, i.e. the commutator of the operators Rh and Dh.
It can be shown that, for any function fh in the form (17)

[Dh,Rh](fh) = O
(
h3κ∂x(ρ(fh)− ρλ)

)
. (18)

Informal proof: Using the properties (7)-(8), the commutator involves only the
exchange of the operations Ph and Ih + ΩRh. Assuming the smoothness of the
coefficients of fh, the difference can be estimated replacing the shifting operated
by Ph with a spatial derivation, and using ∂xR(ρ) = −κ∂x(ρ− ρλ) [4].

By counting the number of times the commutator appears in the difference
(DhRh)M −DM

h RM
h , we have (by induction)

∥
∥ (DhRh)M −DM

h RM
h

∥
∥ ≤M(M − 1)

∥
∥[Dh,Rh]

∥
∥ = O(M2h3κ) . (19)

Time-Coarsening Error. The termE(2) in (16)derives fromthetime-coarsening
of the diffusion part of the original lattice Boltzmann algorithm. Starting from
ansatz (17) and analyzing the operators DM

h (τ) and DD,h(τD) (defined as in
(12)) we obtain [4].

ρ
(
DM

h −DD,h(τ(M))
)
fD,hD = O(M2d3h2) . (20)

In conclusion, (19)-(20) yield

EA−CxA(M) = O
(
M2κ

)
+O

(
M2d3

)
. (21)

4 Numerical Results

Considering problem (1), we are primarily interested in the difference between
the simulation results f̂h of algorithm (9) and f̂D,h of (11). In the following
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numerical tests, both simulations are performed, evaluating the scale-splitting
error (depending on the simulation parameters) as

E(κ; d;λ;M) = max
N

{
1

Nx(h)

∥
∥
∥ρ
(
f̂ tN

h

)
− ρ

(
f̂ tN

D,h

)∥∥
∥

1

}
. (22)

To ”measure” the scale separation in a particular setting, we introduce the ad-
ditional non-dimensional parameter σ = κ

λ2d (where λ determines ρλ(x) in (1)).
In Fig. 2a we show the results for the scale-splitting error as a function of M ,

fixing h and κ, for different values of d. This choice is due to the fact that the grid
size is related to the reaction rate for stability reasons. In general, for better scale
separation (larger values of σ) we obtain lower scale-splitting error. The order

(a) (b) (c)
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Fig. 2. (a): Scale-splitting error (22) as a function of M for different values of σ
(h = 0.02, λ = 4π, κ = 10, d ∈ {0.5, 1, 2.5, 5}). (b): Fig. (a) in double logarithmic scale,
showing the maximum scale-splitting error versus M . The dashed lines show reference
slopes 1 (bottom) and 2 (top). (c): Error (22) (range of moderate M), compared to
the error of the original (fine-discretized) algorithm (3) (dashed line) with respect to
the exact solution (2).

plot in Fig. 2b shows that the size of the splitting error increases superlinearly
for moderate values M (see (21)), becoming linear when M increases too much.
The transition starts earlier for larger σ (if κ is bigger with respect to d). Due
to the simple derivation, (21) overestimates the errors. A deeper analysis [4] can
be used to explain this effect.

Fig. 2c compares the scale-splitting error as a function of M (for moderate
values) with the error of the original LBM (9) with respect to the exact solution
(2). We note that for small M , the scale-splitting error is of the same order as
the discretization error, i.e. the loss of accuracy of the CxA model is comparable
with the numerical error produced by the orginal algorithm.

Conclusions and Outlook. We proposed a basic formalism to describe math-
ematically a Complex Automata model for reaction-diffusion. For this problem,
we discussed a methodology to analyze the CxA, which combines asymptotic
expansion techniques with general properties of the considered discrete systems.
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Although we focused on a particular benchmark, we believe that a more gen-
eral formalism can be constructed, on the basis of the one proposed here. De-
tailed investigations of different types of CxA multiscale coupling will be topic
of a forth-coming research.
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Abstract. The simulation of the effect of intermittent flow in polycrystals is 
performed on the basis of cellular automata and relaxation element method. 
Each cell (representing element of a structure) has an ability to switch its state 
by discrete jump in stresses (or plastic deformation), prescribed by a definite 
relaxation element which is put in the center of the cell. Interaction of the field 
of internal stresses from structural elements, undergone plastic deformation 
occurs automatically, following the superposition principle. The results are in a 
good agreement with known experimental findings. 

1   Introduction 

On the macrolevel one can distinguish three types of plastic strain localization: 
Lüders band propagation, the phenomenon of Portevin-Le Chatelier Effect and the 
neck formation at the stage of prefracture [1-5]. For the description and simulation of 
the above effects the more suitable and perspective is the Relaxation Element Method 
(REM), developed by the authors [6-10]. The definition of the change in the field of 
stresses in solid under loading as a result of the decreasing in elastic energy in the 
local volume, undergone plastic deformation is laid down on the basis of the method. 
For such a purpose a „tensor of relaxation“, characterizing the changing field of 
elastic stresses in the local volume as a result of its plastic deformation is used. 

In the present work the results of the simulation of the plastic strain localization in 
polycrystalline materials with the effect of Portevin-Le Chatelier is represented. 

2   The Peculiarities of the Simulation by Relaxation Element 
Method 

The developed models on the basis of REM operate on principle of cellular automata. 
The calculation fields is divided into a number of cells, playing the role of elements of 
structure (for example, grains in polycrystals). Each cell has an ability to switch its 
state by discrete jump in stresses (or plastic deformation), prescribed by a definite 
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relaxation element which is put in the center of the cell. Decrease in the elastic energy 
in the cell is accompanied by stress increase beyond the cell, where plastic 
deformation took place. In such a manner, an element of structure is able to increase 
discretely the degree of plastic deformation and as stress concentrator effect the stress 
state of the nearest neighbors. The state of all structural elements changes 
simultaneously in a definite time interval. The involvement of the structural elements 
into plastic deformation is realized by the setting of criterion, for example critical 
shear stress at the center of the cell under the influence of external applied stress σ  
(Mises-Tresca - criterion). Interaction of the fields of internal stresses from structural 
elements, undergone plastic deformation occurs automatically (following the 
superposition principle). 

When simulating the process of crystallites involvement into plastic deformation it 
was assumed, that plastic deformation of crystallites occurs on the scheme of pure 
shear. The grain of polycrystal have been represented in the form of RE of round 
shape, in which the stress relaxation along the conjugate direction at an angle of 45° 
with respect to tensile axis is realized. The field of internal stresses of such a defect is 
characterized by stress of pure shear [10] 
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Here r - is the distance from the center of the family of RE to the point with the 
coordinates (х, у), а - is the radius of RE, Δσ defines the value of stress relaxation of 
the pure shear inside the RE, β - defines the value of the gradients of plastic 
deformation. The more β, the higher are the gradients. Shown in Fig. 1 are the 
distributions of the inhomogeneous stress fields of shear stresses τ (а) and shear strain 
γ р (b) at β = 6. 

 

Fig. 1. Distributions of stress τ (а) and shear strain γ р (b): h = 0, β = 6 

Each act of element involvement into plastic deformation matches a definite time 
interval which we defined from physical reasoning. So, for example in the macroband 
of polycrystals Al-Al2O3 with the dimension of crystallite being equal to 40 μm there 
is not less than 4х103 grains. The band is formed for 1-2s. Hence, a separate grain is 
involved into plastic deformation in the time of order dt = 5х10-4s. 
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In this work with accounting of the rigidity of the testing device the increment of 
the external stress dσ  in the time interval dt during which the stress relaxation in the 
value Δσ occurs has been calculated. The following equation has been used 

b)M(SE

)3Eb(M

0

2
0

l

adtv
d

+
Δ−

=
σπσ .                                            (2.2) 

Here M - is the rigidity of the testing machine v0 - is the velocity of the clamps of testing 
machine in unloaded state, a - is the radius of crystallite, S, l0 and b - are the cross-
section, length and the width of the working part of the specimen correspondently. 

The involvement of a separate grain into plastic deformation takes place when in its 
center the τ  exceeds the critical shear stress τcr, which for example one can connect with 
the stress of dislocation unpinning [1-3, 10]. Parameter Δσ include in itself the 
mechanisms of plastic deformation, i.e. the ability of the material to plastic formchanging 

Δσ =2(τmax − τ0), 

where τmax - is the maximum shear stress in the direction at an angle of 45° with 
respect to tensile axis (according to Mises-Tresca criterion), τ0  - is the stress of plastic 
flow, which , for example can be connected with the resistance to the free movement 
of dislocations. σ-ε diagram have been constructed by sum of the dσ - increment. 

Let us represent the update rules of stress state of structural elements in the given 
model of cellular automata: 

1. In the initial state the structural elements in the calculation field are identical and 
obeys the law of elastic deformation. At this stage in the equation (2.2) left term in 
brackets, which is responsible for the contribution of plastic deformation is equal 
zero. In the modeled specimen exists a homogeneous stress field. At the stage of 
elastic deformation the increase in external stress is equal to 

0

0

SE/M
E

l

dtv
d

+
=σ  .                                                         (2.3) 

 The discrete increasing in external stress in the value (2.3) takes place till the 
instant of time, when external stress σ doesn’t exceed the 2τcr. value 

2. At σ >2τcr the coordinates of the point are prescribed, in which the relaxation 
element with its own field of internal stresses is placed (2.1). The value а 
characterizes the dimension of structural element or RE. In the given model a was 
taken to be equal one half of the distance between calculation points. The value 
Δσ is defined according to the equation Δσ =2(τmax − τ0), where τ0 < τcr. Since all 
elements are identical, then the coordinates of the first point are defined 
arbitrarily. In such a manner, simultaneously the change in the state of all 
elements of structure in a time interval dt = 5х10-4s takes place. The stress state in 
the calculation points starting from this instant of time became not identical.  

3. Further the procedure is realize in cycle. In the changed stress field the coordinates 
of the point are defined, in which the maximum value of shear stress is observed 
in the direction of 45° with respect to the tensile axis. If τmax >τcr, than the increase 
of the external stress is calculated according to the formulae (2.2) and a new 
relaxation element is placed in the given point. If τmax <τcr, then the increment is 
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calculated following the formulae (2.3) and the internal stresses are summed until 
the situation arises when τmax >τcr. And only after that in the given point the 
relaxation element is placed.  

3   Results 

The influence of the rigidity of the machine on the loading curve of the polycrystals 
of low-carbon steel with E = 210000 MPa is represented in Fig. 2. The curve 1 for 
«soft» mode of loading (M = 1.3x102 kN/mm) has a stair-case type. As the rigidity of 
the machine M increases from 1.3x102 to 1.3x108 kN/mm the curve takes more 
serrated type. The flow tooth arises and increases. The amplitude of the oscillations of 
the external stress increases. At all curves the flow plateau is observed, then comes 
the stage of strain hardening, caused by the increasing of the stress fields from 
relaxation elements. Yield plateau is formed on the mechanism of Lüders band 
propagation, when the crystallites are involved into plastic deformation consequently 
filling the working part of the specimen. Repeated involvement takes place at the 
higher external applied stress. 

 

Fig. 2. The influence of the rigidity of the machine М on the type of loading curves: М 
(kN/mm) = 1.3 x102 (1), 1.3 x103 (2), 1.3 x105(3), 1.3 x108(4) 

Loading rate effects essentially the σ−ε curves. The less the rate of loading, the 
more pronounced is the effect of intermittent flow (Fig.3). Increase in the rate of 
loading result in decrease in the amplitude of oscillations of external stress. Starting 
from the definite rate of loading there is no oscillations on the loading curves. 
(curve5). Further increase in the rate of loading results in the decreasing of “tooth” 
and then the yield plateau (Fig.3). The flow stress increases and the effect of sharp 
yield flow disappears (curves 7 and 8 in Fig.3). 

Along with the influence of the rigidity of the machine and loading rate which 
defines the boundary conditions of loading, the influence of the τcr characteristics of 
the material itself has been considered under the same other parameters of the model. 
Shown in Fig.4 are the σ−ε - curves for the different τcr values. If the dislocations are 
not pinned by atmospheres of admixtures (when τcr = τ0), then the phenomenon of 
interrupted flow is not observed (low curve). As the τcr increases the Portevin-Le 
Chatelier effect appears and enhances. At that time the flow stress, yield flow and 
amplitude of peaks at loading are increased on loading diagram. 
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Fig. 3. The influence of the applied rate of the movement of the clamps on the type of loading 
diagrams: v

0
, mm/s = 0.001 (1), 0.01 (2), 0.02 (3), 0.03 (4), 0.04 (5), 0.05 (6), 0.08 (7), 0.1 (8) 

 

Fig. 4. The influence of τ
cr

 stress on the type of loading curves τ
cr = 200(1), 100(2), 80(3), 

60(4), 40(5) 

The performed simulation allowed revealing qualitative and quantitative changes 
of loading curve depending on the characteristics of material itself and boundary 
conditions of loading. The obtained regularities of the quantitative and qualitative 
changes in loading diagrams of polycrystals are in a good agreement with known 
experimental data [1, 3, 12-14]. 

4   Conclusions 

In the present work the important result, testifying to the high predictive power and 
advantages of the simulation of plastic deformation on the basis of cellular automata 
in the form of relaxation elements are obtained. They are in a good agreement with 
known experimental findings:  

- Effect of intermittent flow is the consequence of the formation of meso- and 
macrobands of localized deformation; 

- In the changing field of stresses the jump-like movement of the process of the 
localization of deformation along the gauging section of the specimen takes place. 
Increase in the loading rate suppresses the effect of intermittent flow; 

- Saw-tooth type of the σ -ε  curves is typical for the rigid mode of loading (device 
with the high value of modulus of rigidity), in the soft mode of loading the σ -
ε curves have stair case type; 
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The following peculiarities of the development of strain localization have been 
elucidated:  

- The formation of the macroband occurs on the mechanism of Lüders band 
propagation and is accompanied by decreasing in the external stress  

- The structure of the formed macroband is consists of a number of mesobands, 
oriented along the direction of the maximum tangent stresses.  

- Accumulation of the fields of internal stresses in the volume of a polycrystal results 
in the effect of strain hardening. 

- The reason of PLC-effect can be the difference in the stress of the start of 
dislocation unpinning and the lower stress of their free movement.  
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Abstract. Theoretical analysis of random walk on percolation lattices has pre-
dicted that, at the occupied site concentrations of above the threshold value, a 
characteristic crossover between an initial sub-diffusion to a final classical dif-
fusion behavior should occur. In this study, we have employed the lattice gas 
automata model to simulate random walk over a square 2D site-percolation lat-
tice. Quite good result was obtained for the critical exponent of diffusion coef-
ficient. The random walker was found to obey the anomalous sub-diffusion re-
gime, with the exponent decreasing when the occupied site concentration 
decreases. The expected crossover between diffusion regimes was observed in a 
configuration-dependent manner, but the averaging over the ensemble of lattice 
configurations removed any manifestation of such crossovers. This may have 
been originated from the removal of short-scale inhomogeneities in percolation 
lattices occurring after ensemble averaging. 

1   Introduction 

To treat the static and dynamic properties of systems with inherent disorders, theory of 
percolation has proven useful in a large variety of areas. Biological evolution, protein 
diffusion in biological membranes, disease epidemics, forest fires and social phenom-
ena are some relatively new examples of the wide applicability of this theory [1-5]. In 
spite of this, there exist some purely theoretical challenges in the area and much effort 
has been dedicated to solve them, with theoretical and computational tools [6]. 

The static and dynamic properties of site percolation lattices have been extensively 
investigated during the recent decades using theoretical, computational and even ex-
perimental methods [7-9]. It is well known that, as the concentration P of the occu-
pied sites approaches a threshold value of Pc, an infinite cluster of the occupied sites 
over which the unbounded diffusion or conduction can take place is formed [10]. For 
P>Pc, the probability of an occupied site to be on the infinite cluster, P∞ is given by 
the characteristic exponent β through the scaling formula  
                                                           
∗ Corresponding author. 
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P∞ ∼ (P-Pc)
β (1)

while P∞ is zero for P<Pc [11]. There is also a percolation correlation length, ξ, which 
for length scales r ≥ ξ, the percolating lattice appears homogeneous, but for r<ξ, it ex-
hibits a self-similar fractal geometry. ξ is zero for P=1, but as P approaches Pc from 
the right side, it diverges as [12] 

ξ ∼ (P-Pc)
-υ (2) 

For site-percolation lattices with Euclidean dimension of d=2, Pc, β and υ are known 
to be 0.592746 [13], 5/36 [11] and 4/3 [12], respectively. 

Extensive efforts have been made to study the dynamic properties of percolation 
lattices such as diffusion or conduction over them and relate these properties to the 
static characteristics of such lattices. It is self-evident that below Pc, diffusion and 
conduction will be ultimately restricted by the perimeter of finite clusters, but at 
Pc<P<1 where ξ ≠0, it has been conjectured [14,15] that the diffusing (or conducting) 
particle would undergo an anomalous sub-diffusive behavior, obeying the law 

<R2>1/2 ∝ Nk (3) 

where <R2>1/2 is the ensemble average of the Euclidean displacement, N is the number 
of time steps, and k is an exponent equal to 1/2 for classical diffusion and less than 
1/2 for the sub-diffusion regime. It is believed that for <R2>1/2 >>ξ, the diffusing par-
ticle will behave classically (i.e. k=1/2), but the diffusion coefficient D will scale 
through the following relation [16] 

D ∼ (P-Pc)
μ (4)

For d=2, the initial value of k occurring when <R2>1/2 << ξ has been numerically cal-
culated as 0.348 [17]. The Alexander-Orbach (AO) conjecture, pointing out that the 
spectral dimension (defined as 2kDf where Df is the fractal dimension) is independent 
of d and equal to 4/3 [18], suggests that the dynamic exponent µ  must be related to the 
static ones through the following relation: 

µ=[(3d-4)υ-β]/2 (5)

so that for d=2, the dynamic exponent µ  should be as 91/72 (i.e. about 1.264) [7,8]. 
However, the AO conjecture, although remains as a remarkably accurate estimate, is 
not precisely correct and the true value of spectral dimension is slightly smaller than 
4/3 for d<6 [8]. Therefore, the dynamic exponent µ  may be different from that pro-
posed by the AO conjecture. In past, a variety of techniques have been employed to 
estimate µ , including numerical methods, analytical approximations such as series ex-
pansions, small cell real-space renormalization technique, ε-expansion method and 
even experimental techniques and values ranging from 1.20-1.32 have been reported 
for µ  in d=2 [8,16, 19-22]. It is also assumed that the change of diffusion regime oc-
curs after some characteristic crossover time,τ, which diverges at P=Pc, so that at the 
percolation threshold, the diffusion is anomalous for all N [15,16]. 

This study aimed at simulating random walk on percolation lattices using the lat-
tice gas automata (LGA) approach. LGA are discrete dynamical systems in regard 
with space, time, and the states of the system. Each point in a regular spatial lattice, 
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called a cell, can have a finite number of particles. The particles in the lattice move 
according to a local rule. That is, the movement of a particle at a given time depends 
only on its own state one time step previously, and the states of its nearby neighbors 
at the previous time step. All cells on the lattice are updated synchronously. Thus the 
state of the entire lattice advances in discrete time steps. Many LGA are two-
dimensional due to visualization and computational concerns, but higher-dimensional 
lattices certainly exist [23,24]. Using LGA approach, we explored first how the diffu-
sion coefficient (D) depends on the concentration of the occupied sites (P) in the  
lattice and obtained the related exponent of μ. Since the obtained value of μ was rea-
sonably consistent with the literature [8,16,19-22], we were convinced that our model 
has grasped the essential features of the studied phenomenon. Thereafter, the nature 
of diffusion regime and its dependence on P was investigated. More specifically, we 
examined if and how the theoretically-expected transition between anomalous sub-
diffusion and classical diffusion regimes occurred. It was found that the cross-over 
between two regimes occurs in a configuration-dependent manner and the averaging 
over the ensemble of configurations removes any manifestation of such crossovers. 
The time required for crossover to occur was also found to be configuration-
dependent. 

2   Results and Discussion 

All simulations were conducted with the Lattice Gas Automata (LGA) of the square 
2D lattices of size L=1000. This size is longer than the estimated correlation length of 
the lattice if P is sufficiently higher than Pc (P=0.61 and higher), so the lattice seems 
to be large enough to represent the theoretically-predicted crossover. Lattices of simi-
lar size have been previously employed to manifest such crossovers [e.g. 16]. The 
conducting sites where the random walker was permitted to enter were introduced 
randomly in specified concentrations, according to a uniform random distribution. 
Random numbers were generated by Mersenne Twister (MT19937) algorithm [25]. 
The walker is initially located at the center of the lattice. At each step, the walker 
must select one of the occupied sites within its von-Neumann neighborhood with 
equal probabilities to enter. No waiting time is allowed. The transition rule remains 
unchanged during the whole process of 150,000 time steps.  

For each concentration of conducting sites (P), the random walk was simulated over 
10000 random configurations and the ensemble average of the squared Euclidean dis-
placement of the random walker (<R2>, where <> indicates its ensemble-average) was 
plotted against time steps (N) and the effective diffusion coefficient (Deff) was esti-
mated through calculating the slope of this plot in double linear scale. Fig. 1 displays 
how Deff varies as P is changed between 0 and 1. As expected, Deff was effectively zero 
at P below a critical value of (P'c) about 0.60 and started to smoothly increase above it. 
The more accurate examination of the concentration dependence of Deff between Ps of 
0.50 and 0.60 revealed that Deff was 0.0000 at P<0.57, 0.0005 at P=0.57, 0.0019 at 
P=0.58, 0.0096 at P=0.59 and 0.0193 at P=0.60 (see the Inset of Fig.1). It is well 
known that the percolation threshold Pc is around 0.592746 where the single infinite 
cluster is first formed [13]. At P<Pc, it is expected that the diffusion will ultimately be 
restricted by the perimeter of finite clusters, so that providing the simulation is long 



 Lattice Gas Automata Simulation of 2D Site-Percolation Diffusion 277 

enough, the diffusion coefficient will be effectively zero. The non-zero value of Deff at 
P=0.57-0.59 may be caused by the insufficiency of 150,000 time steps for the random 
walker to reach at the boundary of the large finite clusters. Thereafter, considering the 
dynamic scaling law D ~ (P-P'c)

µ, log(Deff) was plotted against log(P-P'c) (Fig. 2) to 
estimate the value of µ. The calculated µ  was 1.251±0.010, reasonably consistent with 
the values proposed by Alexander-Orbach conjecture [18] and reported in some refer-
ences [8,16,19-22]. The obtained value for µ  was found to be nearly independent of 
lattice size, within the range of L=1000-5000. 

To investigate if the random walk on the percolation lattice obeyed the classical or 
anomalous regime of diffusion, the squared Euclidean displacement of the random 
walker (<R2>) was plotted against time steps (N) in double logarithmic scale for each 
concentration of conducting sites (P) above P'c. As manifested in Fig. 3, log <R2> 
seems to vary linearly with log (N) at all studied Ps above P'c, although the slopes of 
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Fig. 1. Effective diffusion coefficient (Deff) dependence on P, the concentration of the occupied 
sites. Inset shows this dependence for P between 0.50 and 0.60 
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Fig. 2. The scaling behavior of D with (P- P'c) 
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Fig. 3. Log-Log plot of the mean square displacement, <R2>, versus N for various concentra-
tions of the occupied sites, P. P varies between 0.66 and 0.61 from top to down. The inset 
shows how k varies with P. 
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Fig. 4. The behavior of k with LogN for various concentrations of the occupied sites, P.  
P varies between 0.66 and 0.61 from top to down. 

the linear plots (2k) smoothly decrease with P (see the inset of Fig. 3). Similar to µ , 
the obtained values for k were insensitive to lattice size within the range of L=1000-
5000. These results may be taken to indicate that, when P approaches P'c from the 
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right side, random walk on percolation lattice progressively demonstrates the sub-
diffusive behavior. This was in contrast with a fixed value of about 1/3 expected ac-
cording to the theory [15]. However, at P sufficiently higher than threshold, deviation 
from the theoretically-expected k of 1/3 and significant dependence on P have been 
previously reported [e.g. in 16]. 
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Fig. 5. Log-Log plot of R2 versus N. A) for lattice configurations generated with random seeds 
of 1 or 3. B) for lattice configurations generated with random seeds of 2, 19 or 23 
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Theoretical analysis of anomalous diffusion on percolation lattices have frequently 
shown that, at Pc<P<1 where ξ≠0 (ξ denotes the correlation length of the lattice) and 
the fractal cluster structure influences random walk on the lattice [26], the random 
walker would initially exhibit the anomalous sub-diffusion behavior (with k<1/2), but 
after a characteristic crossover time τ, the random walker would behave classically 
(with k=1/2) [15,16]. To examine if such a crossover could be simulated by our LGA 
model, the local value of exponent k was estimated for different N from the slope of 
log R2 versus log (N) plot. Figure 4 demonstrates the evolution of k in a wide range of 
N, where 1<log(N)<5. In contrast with theoretical prediction, k was found to fluctuate 
around a nearly constant value along the course of walk at all Ps examined, and nei-
ther the characteristic crossover nor any smooth change from anomalous sub-
diffusion to normal diffusion regime was observed.  

While no characteristic crossover could be represented in diffusion behavior when 
the Euclidean displacements were averaged over the ensemble of LGA configurations, 
it was observed that, at numerous LGA configurations but not all of them, a sharp tran-
sition can be found between two regimes of diffusion. Fig. 5A depicts two of the ob-
served crossovers between various diffusion regimes. However, this phenomenon is 
strongly configuration-dependent and in several LGA configurations, this transition is 
completely disappeared (see Fig. 5B). Interestingly, the crossover time τ also revealed 
prominent configuration dependency. In order to obtain the crossover time τ, we used 
the interception point of two fitted lines before and after the transition observed in the 
graph of R2 versus time. As Fig. 6A-B demonstrates, for random configurations gener-
ated with specific seeds showing a characteristic crossover, the crossover time τ steps 
upward when P approaches P'c from the right side although the extent and accurate po-
sition of this upward stepping are variable for different random seed numbers. 

Finally, our results may be taken to indicate that the transition between two diffu-
sion regimes is manifested in a configuration-dependent manner and the ensemble  
averaging over the lattice configurations disappears such transitions. This effect of 
ensemble averaging has previously been reported for the anisotropic nature of random 
walk over two-dimensional percolation clusters [27]. This effect may be originated 
from the removal of short-scale inhomogeneities in percolation lattices due to  
ensemble averaging.  

3   Conclusion 

We have employed the lattice gas automata model to simulate random walk over a 
square 2D site-percolation lattice. For the critical exponent of diffusion coefficient 
quite good result was obtained and the random walker was found to obey the anoma-
lous sub-diffusion regime, with the exponent decreasing when the occupied site con-
centration decreases. The expected crossover between diffusion regimes was observed 
in a configuration-dependent manner, but the averaging over the ensemble of lattice 
configurations removed any manifestation of such crossovers. Finally, our results may 
be taken to indicate that the transition between two diffusion regimes is manifested in 
a configuration-dependent manner and the ensemble averaging over the lattice con-
figurations disappears such transitions which may have been originated from the en-
semble averaging. 
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Abstract. In the present study, characteristics of the acoustic field in
an enclosure bounded by fractal walls are investigated using Cellular
Automata (CA). CA is a discrete system which consists of finite state
variables arranged on uniform grid. The dynamics of CA is expressed
by temporary updating the states of cells according to the local in-
teraction rules, defined among a cell and its neighbors. In this paper,
the effect of fractal shaped boundary structure to the reverberation and
sound absorption characteristics of an enclosure is investigated for two
dimensional acoustic wave propagation model described by CA. Local
rules are provided for the construction of fractal patterns as well as
representation of wave propagation phenomena. It is known by the nu-
merical simulations that the damping enhancement and also frequency-
selective absorbing behavior is seen for specific fractal patterns and stage
numbers.

1 Introduction

Among various kinds of sound dissipation schemes, the use of absorptive ma-
terials such as porous materials is the most common and significant technique
which is widely used for room acoustics and various electric devices. However,
the application of such dissipative materials may be limited by their weights,
placement and costs. Basically, such absorbing materials can mitigate sound ef-
fectively at mid and high frequency range, whereas it is physically well known
that they are not much effective for the low frequency regions.

On the other hand, the sound may be reduced by appropriately arranging the
acoustic boundary or the sound transmission paths where the sound waves are
well diffracted and interfered with each other so that the reverberation charac-
teristic is changed. Several works have been done regarding this issue, where the
wave is dissipated depending on the irregularity of the perimeter [2]-[7]. It is also
reported that certain acoustic modes are trapped within a part of such irregular
boundary which contributes to enhance the damping effect.

The fractal nature would be a measure for evaluating complexity of the bound-
ary.The geometric definition of fractal structure, namely the fractal dimension
was first proposed by Mandelbrot in 1975 [1], in order to describe the irregular-
ity of object geometries. The self-similar patterns can be seen in many natural
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systems such as in coastlines, clouds, snow flakes and even in economic trends,
where the fragments having similar patterns to the whole structures. Typical
applications of fractal geometry include artistic designs of computer graphic
pictures, engineering applications as the way to analyze spatio-temporal char-
acteristic of images and information. Their intrinsic physical properties are also
of general interest and various kinds of researches have also been done with the
expectations that any peculiar phenomena may appear due to its self-similarity.

Among many physical processes, the wave responses in fractal structures have
been attracted a wide interest and several studies have been done regarding the
problem of wave localization in structural vibrations, acoustic waves and elec-
tromagnetic waves. The problems of vibrations and acoustic waves within the
regions which is bounded by fractal patterns, namely a fractal drum or a fractal
cavity were consistently studied by Sapoval et. al [2]-[4]. They have shown ana-
lytically that the waves are localized near the perimeter in these surface fractals.
They have also shown from more general aspect that the surface irregularities
play a role in damping characteristics of the cavity which is contributed by the
wave localization. Gibiat et al. have shown specifically for one-dimensional acous-
tic wave propagation in Cantor-like waveguide that the self-similar structure
appears in the frequency response characteristics and that the wave is trapped
within such structure [5]. Moreover, the recent work of Kirihara et al.’s have
shown experimentally that the incident microwave is confined in the central air
cavity of the Menger-sponge fractal by measuring the intensity profile of electric
field [7]. The more strong localization of microwaves can also be observed by
increasing the fractal stage. As far as the acoustic problems are concerned, such
peculiar effects originated by the fractal nature are worth studying with possi-
ble application to the room acoustics or the noise control engineering where the
reverberation and attenuation characteristics can be controlled. However, the
problems may seem rather pattern specific and more extensive research should
be done in more effective way for modeling and performing simulations. The Cel-
lular Automata would be a good candidate for that purpose, due to its simplicity
but potentiality to express the complex phenomena.

In this paper, both the fractal boundary structure and the acoustic wave model
are developed using Cellular Automata (CA), where the acoustic wave propa-
gation is simulated in two dimensional cavity having fractal geometric pattern
at the boundary. The wave model is based on past studies by authors where the
two dimensional acoustic problems were solved [11,12]. In the present model, the
energy dissipation takes place at the boundary where the wall of the cavity is
assumed to be lightly damped without frequency dependence. Response charac-
teristics of fractal patterns which are different in fractal dimension and length of
perimeter are compared for the acoustical properties such as the reverberation
and dissipation. The effect of the stage number which characterizes the elabo-
rateness of each pattern is also investigated. It is shown that the CA approach is
highly compatible with the problems involved. The results also showed that the
frequency-selective absorbing behavior is seen for the different fractal patterns
and stage numbers, as indicated by the past studies.
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Fig. 1. Definition of neighbor in two dimensional acoustic model. Two state variables,
sound pressure P and particle velocity V , are placed in each cell.

2 The Cellular Automata Model for Wave Propagation

Cellular Automata model for simulating acoustic wave propagation is shown
in this section. CA has been developed for modeling wide range of phenomena
including many physical processes [8]. Specifically the wave propagation mod-
els have been studied by researchers based on Cellular Automata [9]-[12]. The
simple finite difference scheme obtained by linear wave equation is referenced
for developing local interaction rule, in a sense that discretized wave equation
yields to an expression of local relationship of wave amplitudes. The rule is then
extended to a more practical case, yet time and space are treated as discrete
integers. Definitions for state variables and local interaction rules are presented
in the following subsections.

2.1 Space Partitioning and State Definition

Two dimensional space is discretized into rectangular cells, where state of each
cell is distinguished by two integers; i) zero for acoustic media, ii) 1 for lightly
absorptive wall. Additionally, two variables which express the sound pressure and
particle velocity in four neighbor directions are defined for the acoustic medium
state. These variables are updated at each simulation step according to the local
interaction rules which describe the relationship between a cell and its cross-
located four neighboring cells as shown in Fig.1. Following Cellular Automata
convention, time and space are treated as integers. In order for the model to be
comparable with actual dimension, we assign unit cell length dx = 0.001[m], and
also c = 344[m/s] for sound speed.

2.2 Definition of Local Rules

State parameters given in each cell is updated every discrete time step according
to a local interaction rule. First, the particle velocities in four directions are
updated in time with respect the difference of sound pressure between adjacent
cells, whose update rule is described explicitly as,

Va(x, t + 1) = Va(x, t)− {P (x + dxa, t)− P (x, t)} . (1)
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Va represents particle velocity of media and P the sound pressure. Two dimen-
sional cell position is expressed as a vector x and discrete time step as t. A suffix
a in (1) signifies index of four neighbors. The particle velocity further obeys the
next (2), which expresses linear energy dissipation mechanism.

Va(x, t) = (1− n · d) · Va(x, t) . (2)

In the above (2), n represents number of neighbor cells with absorbing wall state,
d a damping constant per unit cell. In the present study, d is given as 0.001. The
pressure is then updated according to the rule described by (3),

P (x, t + 1) = P (x, t)− c2a
∑

a

Va(x, t + 1) , (3)

where ca denotes the wave traveling speed in CA space. Sound pressure and
particle velocities are updated according to the local rule described by above
three equations.

Since calculation is carried out between nearby cells that are separated only a
unit length at every step, any physical quantities cannot have the transport speed
exceed to this calculation limit. The maximum wave speed becomes ca = 1/

√
2

for two dimensional space, therefore the wave front travels 1/
√

2 of unit length
per calculation step [11].

3 Generating Fractal Pattern with CA

The fractal geometries of two dimensional acoustic cavity are produced according
to a set of rules within the Cellular Automata framework. Among many patterns
that were tested, six fractal patterns which are different in fractal dimension are
shown here. The elementary patterns consisting of 5 × 5 cells that are used for
the boundary construction are shown in Fig.2. The filled square signifies that
the cell is a part of wall, and the unfilled a vacant space.

Fig. 2. Elementary patterns for generating fractal structure. Fractal dimension of re-
spective pattern is: (a) 1.00, (b) 1.37, (c) 1.76, (d) 1.59, (e) 1.59, and (f) 1.68.
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Fig. 3. Set of local rules for fractal pattern growth. Rule in (a) generates self-similar
pattern according to pre-assigned elementary structure. In (b), a single cell is enlarged
to a set of cells having the same state. In both rules a cell is amplified to larger area
consisting of 5 × 5 grids.

Fig. 4. An example of generated 125×125 cell pattern for respective fractal level based
on elementary pattern no. 3

To generate gross structure of fractal walls with respect to each fractal stage, a
set of rules consisting of self-similar growth and enlargement functions should be
defined. The self-similar pattern growth rule is used to emphasize elaborateness
of fractal pattern, whereas the enlargement rule is applied for simply magnifying
the original pattern. These rules are schematically shown in Fig.3. Following
each of these rules, a cell is enlarged to a set of cells consisting of 5× 5 grids for
single calculation. By combining these rules arbitrarily and calculating for three
times, gross structures of 125 × 125 cells having fractal geometry will appear
corresponding to respective fractal stage number. Examples of fractal picture
compared by the stage number varying from stage 1 to 3 for elementary pattern
3 are shown in Fig.4. Starting from a single wall state cell, stage 1 pattern is
obtained where the self-similar growth rule is applied once and subsequently the
enlargement rule twice. Stage 2 can be calculated by applying the former rule
twice followed by latter once. Additionally, stage 3 is obtained by the application
of the latter rule three times. It is known from these figures that the self-similar
structure is expressed at higher stage numbers.

4 Wave Propagation in a Cavity with Fractal Boundary

Simulations are performed for two-dimensional acoustic wave which propagates
inside the cavity having fractal geometric patterns developed in Sect.3. Schematic
of the acoustic field is shown in Fig.5. The simulation space is divided into 625×625
cells, where the unit size of a cell is assumed to be 1[mm] which is compatible with
physical dimension of 6.25× 6.25[m]. The twelve identical fractal blocks made of
125×125 cells clusters around the acoustic cavity and constitutes the boundary. A
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Fig. 5. Spatial arrangement of two-dimensional acoustic field

Fig. 6. 1/3 octave band sound pressure level of fractal acoustic cavity

sound source is located at (130, 130), whereas the time history of the sound inside
the cavity is observed at (430, 430). Since the choice of random excitation is an ap-
propriate way to know the approximate acoustical characteristics of an acoustic
field, the white noise filtered with cutoff frequency of 12.5[kHz] is driven by as-
signing forced particle velocity to the cell. In the following subsections, the gross
characteristics regarding reverberation and the damping of sound inside fractal
bounded acoustic cavity are shown.

4.1 Frequency Response of Sound Pressure Inside Fractal Cavity

While generating random noise, the simulation is carried out for 400, 000 itera-
tions which approximately corresponds to the actual time of 8 seconds. Based on
the measured time history of the last one second at the observation point, the 1/3
octave band frequency analysis of the sound pressure level for respective fractal
boundary pattern is performed. Among six patterns, the frequency responses for
the first three patterns are shown in Fig.6. In each pattern the response is also
compared by the stage number. As seen from Fig.6(a), the response for pattern
0 where the shape of the perimeter is simply consisted of straight lines is not
influenced by the stage sequence, since the geometry is not changed by pattern
transformation. The slight change in the pressure level is due to the alteration of
the cavity volume. The pressure level is holistically decreased according to the
stage number in Fig.6(b) and (c), since the length of perimeter as well as the
gross damping effect increases. Also specifically in Fig.6(c), the selective damping
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enhancement can be seen around 100 and 400[Hz] depending on the stage num-
ber. Though it remains conjectural, a certain effect may take place due to the
coincidence between the wavelength of sound and the size of concaves in the
perimeter. Additionally, the overall sound pressure level for respective fractal

Fig. 7. Overall sound pressure level

Fig. 8. Absorption coefficient for different boundaries

pattern is shown in Fig.7. In Fig.7(a), the overall pressure decreases according to
the stage development in every pattern. Also it is known that the larger fractal
dimension value does not always contribute to larger decrease in overall pressure.
Results of all patterns and stages are plotted altogether in Fig.7(b). The figure
signifies that the damping of sound pressure inside cavity strongly depends on
the length of perimeter, rather than the fractal dimension of elementary pattern.

4.2 Equivalent Absorption Coefficient

In order to evaluate the sound dissipation in a room, statistical absorption co-
efficient is practically derived based on the Eyring’s equation [14], written as:

Tr =
0.161V

−S loge(1− α)
, (4)

where the reverberation time Tr is defined as the amount of time in which the
sound pressure decreases naturally over time as much as 60dB relative to the
pressure when shutting down the source excitation. In (4), V signifies the volume
of the cavity and also S the surface area, respectively. Using (4) and measured
reverberation time, the absorption coefficient α is reversely calculated for each
1/3 octave band. The sound absorption characteristics for the fractal pattern



Study on Acoustic Field with Fractal Boundary Using Cellular Automata 289

of 0, 1 and 2 are specifically shown in Fig.8. As easily predicted from Fig.6,
significantly low and unchanged absorption characteristic is seen for the acoustic
cavity with pattern 0 regardless of the stage number increment. On the other
hand, the results of fractal pattern 1 and 2 as in Fig.8(b) and (c) signify that
the sound is dissipated as large as the stage number increases. These results
imply that even with the limited amount of absorptive treatment on walls, the
sound is effectively damped by providing structural irregularity on the boundary.
The frequency-selective behavior must depend on the geometric nature of fractal
patterns, which should further be investigated.

5 Conclusions

In the present paper, the acoustic wave propagation in a cavity bounded by frac-
tal walls are modeled and investigated using Cellular Automata. Local rules are
provided for both the generation of fractal patterns and the representation of
wave propagation phenomena. The reverberation and the damping characteris-
tics of the cavity having fractal boundary with different patterns and stages are
compared. It is known that the damping of sound inside cavity strongly depends
on the length of perimeter, rather than the fractal dimension of elementary pat-
tern. The results also showed that the frequency-selective absorbing behavior is
seen for the different fractal patterns and stage numbers. Such pattern specific
feature must further be investigated as the future issue.

References

1. Mandelbrot, B.B.: The Fractal Geometry of Nature. Freeman, San Francisco (1982)
2. Sapoval, B., Gobron, T.: Vibrations of strongly irregular or fractal resonators.

Phys. Rev. E 47(5), 3013–3024 (1993)
3. Sapoval, B., Haeberle, O., Russ, S.: Acoustical properties of irregular and fractal

cavities. J. Acoust. Soc. Am. 102(4), 2014–2019 (1997)
4. Felix, S., Asch, M., Filoche, M., Sapoval, B.: Localization and increased damping

in irregular acoustic cavities. J. Sound Vib. 299, 965–976 (2007)
5. Gibiat, V., Barjau, A., Castor, K., Chazaud, E.B.: Acoustical propagation in a

prefractal waveguide. Phys. Rev. E 67, 066609 (2003)
6. Hobiki, Y., Yakubo, K., Nakayama, T.: Spectral characteristics in resonators with

fractal boundaries. Phys. Rev. E 54(2), 1997–2004 (1996)
7. Kirihara, S., Takeda, M., Sakoda, K., Honda, K., Miyamoto, Y.: Strong localization

of microwave in photonic fractals with Menger-sponge structure. J. Euro. Ceram.
Soc. 26, 1861–1864 (2006)

8. Chopard, B., Droz, M.: Cellular Automata Modeling of Physical Systems. Cam-
bridge University Press, Cambridge (1998)

9. Chen, H., Chen, S., Doolen, G., Lee, Y.C.: Simple Lattice Gas Models for Waves.
Complex Systems 2, 259–267 (1988)

10. Sudo, Y., Sparrow, V.W.: Sound Propagation Simulations Using Lattice Gas Meth-
ods. AIAA J. 33, 1582–1589 (1995)



290 T. Komatsuzaki and Y. Iwata

11. Komatsuzaki, T., Sato, H., Iwata, Y., Morishita, S.: Simulation of Acoustic Wave
Propagation using Cellular Automata. Trans. JSCES 1, 135–140 (1999)

12. Komatsuzaki, T., Iwata, Y.: Modeling of Sound Absorption by Porous Materials
using Cellular Automata. In: El Yacoubi, S., Chopard, B., Bandini, S. (eds.) ACRI
2006. LNCS, vol. 4173, pp. 357–366. Springer, Heidelberg (2006)

13. Wolfram, S.: A New Kind Of Science. Wolfram Media Inc. (2002)
14. Morse, P.M., Ingard, K.U.: Theoretical Acoustics. Princeton University Press,

Princeton (1986)



The Heart Pacemaker by Cellular Automata on

Complex Networks

Danuta Makowiec

Institute of Theoretical Physics and Astrophysics, Gdańsk University,
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Abstract. Specially desinged network of Greenberg-Hastings (GH) cel-
lular automata is shown to be a reliable approximation to cardiac pace-
maker. A complex network is built basing on a square lattice where some
edges are rewired locally and with preference to link to cells which are
more connected to other cells. GH automata are systems with cyclic in-
trinsic dynamics where three possible cell’s states are characterized by
timings — time steps spent in each state. Complex networks of GH au-
tomata evolve rhythmically with periods determined by timings. Diver-
sity of oscillations coexisting in the system depends on network topology.
Large variety in oscillations is interpreted as effectiveness to response to
actual needs of a body.

Keywords: Greenberg-Hastings cellular automata, complex networks.

1 Introduction

The regular impulses, that result in rhythmic contractions of the heart, begin at
the cardiac pacemaker called the sinoatrial node (SA node) [1]. The sinoatrial
(SA) node is a piece of the cardiac tissue (3 mm wide and 7 mm long) located
on the right atrium. The action potential originates in the SA node and then
travels across the wall of the atrium to the atrioventricular (AV) node. In the
same time the activity of the SA node spreads throughout the atria causing
the atrial contraction. Then, the specialized conduction pathways: bundle of His
and Purkinje fibers conduct the impulse throughout the ventricles causing the
ventricle’s contraction in an unison way.

Cellular automata have been used to model biological systems of different
types, see, e.g., [2] for the review. In particular, cellular automata are known to
model excitable media very well. The simplest cellular automata which are used
to model the cardiac tissue are known as Greenberg-Hastings (GH) [3,4]. In order
to include the heterogeneity of the real cardiac tissue, different cell connections
between cellular automata have to be considered [5,6].

In the present work, following facts known from the SA node physiology, we
propose a network which reconstructs the heterogeneity of the canine cardiac
tissue, Section 2. Then we discuss properties of the GH cellular automaton in
order to model activity of a SA nodal cell, Section 3. Finally, in Section 4, we
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present results indicating that the specially constructed network of GH-type cel-
lular automata leads to a reliable approximation of the cardiac pacemaker. The
system evolves rhythmically with the period determined by intrinsic dynamics
of the cellular automaton. Depending on the underlying network the diversity of
oscillations varies. The large variety in oscillations we interpret as readiness of
the system to the effective response to the actual needs of the body.

2 The Network Topology

For a long time the heart tissue was considered as syncytium - multi nucleated
mass of cytoplasm that is not separated into individual cells [7]. Due to develop-
ment of electron microscopy it became clear that cardiac cells — myocytes, were
long and individual units, bounded on either end by intercalated discs. Then, it
was shown that each disc was a gap which separated the opposed cell membranes.
Each gap junction consists of many mechanisms which provide a pathway for
direct cell-to-cell communication. Hence, in a simplified picture, one can see the
cardiac tissue as a network consisting of branched chains of elongated cells which
are connected by gap junctions — the only way to transmit the interactions.

There are known some network characteristics of cardiac tissue. It appears
that a typical myocyte which builds the canine SA node has about 4.8 ± 0.7
nearest neighbors which are located as follows [8]: (a) about 0.7±0.5 are side-to-
side neighbors, (b) about 0.6±0.7 are end-to-end neighbors , and (c) about 3.5±
1.9 are lateral neighbors. Hence about 74% connections are lateral. Moreover,
it is known that side-to-side and lateral connections have relatively small gap
junctions, and therefore, their efficiency in transmiting signals is considered as
less effective than in the case of the end-to-end connections.

To replicate the nodal properties let us consider a square lattice and introduce
preferences to askew connections in the following way:

(I) For a given probability d, a vertical or horizontal link is created with d/2
probability while any askew edge is created with 2 ∗ d probability.

It is easy to check that the canine SA network is about to be restored if we
work with d = 0.45, see Fig. 2. The cells from the leftmost column and right-
most column form the interface to crista terminalis cells — cardiac tissue which
conducts signals from the SA node to the AV node. Therefore, we additionally
link them via horizontal connections. Moreover, we connect unlinked cells cells
to their nearest right cells. By these two extra rules, some additional horizontal
connections are added. Finally, in case of d = 0.45, a resulting network has about
10% vertical, 11% horizontal and 79% askew connections.

The introduced structure is flat. To make the surface uneven we propose the
local rewiring procedure which additionally sets the preference to the connec-
tivity between a cell and the network. The rewiring algorithm consists of the
following rules: see Fig. 2: let p is probability of rewiring then
(II) for a given cell A a less connected cell is unlinked. The probability to unlink
a B cell from a vertex A is calculated as: punlink = p

deg(B) , where deg(B) is
degree of a vertex B. The rewiring is local what means that a new cell B′ which
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Fig. 1. Construction of a network: most
of connections are diagonal because of
(I) rule; the leftmost and rightmost
cells of each row (input to crista ter-
minalis) are connected end-to-end with
their neighbors; red lines illustrate the
rewiring rule (II). Color on-line.

Fig. 2. Changes in the electrical poten-
tial on the membrane of a typical cell
from the SA node, adapted from [1],
color on-line

will be linked to the cell A is chosen from actual neighbors of B automaton. To
preserve the line structure, any horizontal connection is forbidden to be rewired.
Unlinking from a leaf is forbidden also.

In Fig.3 left we show vertex degree distributions in networks resulted after
applying the above algorithm to each edge with p = 0.01 and repeating the pro-
cedure 0, 100 and 500 Monte Carlo steps (MCS). It appears that due to locality
in rewiring, the network is only slightly modified. In Fig.3 right a typical exam-
ple of connections is shown. A network is almost flat and slightly heterogeneous
— there are several vertices with the vertex degree larger two times than the
average vertex degree.

3 The FRA Cellular Automaton

In the simplified picture, there are three main stages in a cell dynamics which
we will call firing, repolarization and activity as it is indicated in Fig. 2. Being
in the firing state a cell initiates the action potential in the neighboring cells.
But to read the signal from a neighbor, the cell has to be in the activity state. If
the cell is in the repolarization state then there is no way neither to be excited
nor to excite the other cell. If a cell does not receive a stimulus from a neighbor,
then after some time the cell starts firing because of its intrinsic cycle dynamics.

The above description suggests considering a cellular automaton as a three-
state automaton F,R,A which performs intrinsic cyclic evolution F → R →
A → F → .... Let us assume that there are fixed numbers of steps nF , nR, nA

during which each automaton stays in corresponding states. This proposition
is related to the original GH cellular automata [3]. Our modifications follow
considerations of Bub et.al [9] — we skip constraints for self-excitation of a cell.
Here, each automaton after spending nA steps in A state changes its state to F .
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Fig. 3. Left figure: the vertex distribution in the networks considered. Right figure: a
piece of a typical connections. Neighbors of a vertex with high degree are presented
- red lines; green lines describe links of Moore neighbors of the vertex. Numbers are
degrees of vertices. Color on-line.

The introduced intrinsic dynamic rule is deterministic what is closely related
with the physiologically observed fact that the lengths of the fast depolarization
and repolarization are strongly fixed. Hence any changes in timings nF , nR and
nA from a period to a period should be rather limited. Therefore, let us consider
the little probable possibility of shortening each of nF , nR and nA value. It effects
in that there is a nonzero probability for a switch of the actual automaton state to
the next state in its intrinsic cycle. Formally, we propose that cellular automaton
performs the stochastic evolution governed by the following rule:

(σ
s

)
(t) t→t+1+−→

⎧
⎨

⎩

(
next(σ)

1

)
with probability ( s

nS
)ξ

(
σ

s+1

)
with probability 1− ( s

nS
)ξ

(1)

where σ is any of F,R,A states, s counts the number of steps which an automaton
actually stays in a σ state and next means the subsequent state in the intrinsic
cell cycle. If ξ >> 1 then we restore the deterministic evolution. Notice that
for ξ > 1 only very few last steps could be skipped and therefore the effective
timings are closely determined by values of nF , nR and nA.

Finally, let as assume that the threshold for firing an automaton by its nearest
neighbors equals to 1, i.e., at least two neighbors in the firing state are needed
to switch an automaton from the state of activity to the firing state. However,
since the horizontal connections are known to be more efficient than others, we
additionally assume that the influence of the horizontal connections is doubled
— only one left or right neighbor being in the firing state is able to activate the
cell. We will refer to described cellular automata as FRA-CA.
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4 Results

Our earlier studies of FRA-CA have provided that in case of the two FRA-
CA evolving according to the deterministic version of 1, only the three stable
solutions are possible, [10,11]:
• the rules adjusted evolution: if the result of both rules: intrinsic and interactions
between the automata, is the same;
• the alternating impacts evolution: if within each period two events of impacts
take place. The first event means A automaton is impacted by B automaton —A
automaton is switched to firing. Then the second event occurs — B automaton
is impacted by A automaton what switches B automaton to firing.
•the quiet evolution: there are not any impacts between the automata.

One can say that the alternating impacts evolution is the maximally active
dynamics since both cells of a pair intensively interact with each other. Because
of the intensity of impacts the intrinsic periods of both automata are shortened
to the shortest period possible T ∗ = nF + nR + 1. The other two evolutions are
also periodic but the period is equal to the intrinsic period of the FRA-CA, i.e.,
T = nF + nR + nA.

Moreover, it has appeared that in case of a line of many FRA-CA with open
boundary, the system always reaches the periodic state and only one of the two
periods happens — either T or T ∗. Depending on the model parameters the
probability to find which period occur is different. If nF ≤ nR then the solution
with the period T happens. If nF > nR then the solution with the period T ∗

is significantly more probable. It also has been found that if nR > nF then all
automata from a line follow the rules adjusted evolution. Case of nR > nF is
physiologically important because it is known that the time used by a myocyte for
the fast depolarization is shorter than the time spent on repolarization processes
or during the slow depolarization [12].

At present we ask whether stationary evolution of FRA-CA distributed on
networks described in Section 2 with dynamics (1) is periodic. The network state
is evaluated by number of FRA-CA staying in the firing state in the leftmost
column Ileft and in the rightmost column Iright. These currents are assumed to
imitate signals which arrive to outputs — the crista terminalis. Additionally, we
also consider a total signal Itotal which counts all cells which are in firing state.

To identify oscillations in the signal we calculate the power spectrum S(f) of
signals by the Fast Fourier Transform. In Fig.4 we show representative signals
obtained for various model parameters from networks consisting of N = 10 000
FRA-CA. It appears that oscillations of the total signal Itotal are rather weak.
But the signals from the borders of the networks Ileft and Iright are noticeable
periodic. There are evident maxima in all plots of power spectra. These maxima
are located close to 1/T ∗ and / or 1/T . They are moved a little to the right and
wide because of the stochasticity of the intrinsic dynamics.

Let us assume that a given frequency f is present in a signal if its power
spectrum S(f) value is greater than 10−7. In Fig. 5 we present all frequencies
extracted in this way from the spectra of Itotal, Ileft and Iright when nF = 10,
nA = 20 and for different values of nR. The results are collected according to
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Fig. 4. Typical time series of the output signals Itotal, Ileft and Iright and their power
spectra (log plots) for different networks. Timings are given above the plots of time
series. Color on-line.

the three types of network settings: no rewiring, 100 MCS of rewiring and 500
MCS of rewiring.

It appears that in case of non rewired lattice the system oscillates with one
dominant period. For nR significantly smaller than nF (here nR < 6) the period
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Fig. 5. Dominant frequencies identified in the output signals Itotal, Ileft and Iright in
different networks. Black points correspond to 1/T and 1/T ∗ frequencies. Color on-line.

is about T ∗. But then the evolution switches to oscillations with the period T
what indicates that most of FRA-CA is not influenced by neighbors and rather
follow the intrinsic cyclic dynamics. This observation does not hold if the network
is modified by rewiring. In case of a little modification (100 MCS) for any nR

the active oscillations with T ∗ period are always present. Moreover, the same
time the wide spectrum of possible oscillations between the T ∗ and T periods is
present in the system. Hence the interactions among cells vividly influence the
system evolution. Finally, if the network is strongly modified (case of 500 MCS)
then only two basic oscillations T and T ∗ are present and T ∗ is dominant.

5 Conclusions

In the following by simulations we have investigated influence of topology of a
network to oscillations of multi FRA-CA systems. We have found that all systems
considered evolve rhythmically with the periods determined by the cell’s intrin-
sic dynamics. However, in case of the heterogeneous network more oscillations
coexists together. Moreover there is not present the transition in the dominant
oscillation when timings are changed. Therefore the FRA-CA on the heteroge-
neous networks seem to better reconstruct properties of the real pacemaker —
such systems can answer more flexible to external regulating systems.

The simulations were performed with 10 000 FRA-CA. In case of humans it
is known that the SA node consists of about 70 000 cells[1]. Hence to obtain
on-to-one mapping we should increase the size of simulated systems. Moreover,
it is known that the SA nodal cells are not identical. Fortunately, the differences
between cells are systematic — the further from the center of the sinus node
the cell is located, then the difference between a center cell and a periphery
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cell is more evident. Therefore the work on enlarging the system, should also
incorporate the fact of the cell diversity.

The presented investigations are only preliminary and are not claimed to be
completed. However, we hope that by comparing the physiologically known prop-
erties and our results we provide hints on the cellular network of the SA node.

Acknowledgment. Author thanks to University of Gdańsk for support: BW-
5400-5-0090-08.
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Abstract. In this paper, we propose a new way to display alphabetical
signs in order to write messages on a cellular phone in the Japanese
language.

1 Introduction

In [1], the second author tackled the problem of defining a good way to put
messages on a cellular phone in a very new approach. The idea is to use the pen-
tagrid, a tiling of the hyperbolic plane, thoroughly studied from an algortihmic
point of view by the first author, see [5]. The pentagrid was already used by the
first and the second author in order to define a colour chooser, see [2].

The approach of [1] was confirmed by tests, however performed on a small
number of persons.

In the next section, we remind the minimal features of hyperbolic geometry
in order the reader could understand the basic material of the paper. In the
following section, we describe the proposal. Then, we describe the first results
on the work for implementing the proposal on cell phones.

2 A Few Words on the Pentagrid

We use the model of the hyperbolic plane devised by Poincaré in the last third
of the 19th century. In this model, the hyperbolic plane is the set of points which
lie in the open unit disc of the Euclidean plane whose border is the unit circle.
The lines of the hyperbolic plane in Poincaré’s disc model are either the trace

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 299–306, 2008.
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of diametral lines or the trace of circles which are orthogonal to the unit circle,
see figure 1. We say that the considered lines or circles support the hyperbolic
line, h-line for short and, most often, simply line when there is no ambiguity.

A

p

P
Q

l

q

m

s

Fig. 1. The lines p and q pass through A and are parallel to the line �, with points at
infinity P and Q, on the border of the unit disc. The h-line m passes through A too
and is non-secant with �: it does not cut it, neither in the unit disc nor outside.

The angle between two h-lines are defined as the Euclidean angle between the
tangents to their support. This is one reason for choosing this model: hyperbolic
angles between h-lines are, in a natural way, the Euclidean angle between the
corresponding supports. In particular, orthogonal circles support perpendicular
h-lines.

A striking property of this geometry is that there is no rectangle. From this,
one can prove that two lines of the hyperbolic plane are non-secant if and only
if they have a common perpendicular.

Contrary to the Euclidean plane were there are only three kinds of tilings
based on the recursive replication of a regular polygon by reflection in its sides
and of the images in their sides, here there are infinitely many such tilings. This
was proved by Poincaré in late 19th century. In one of these tilings, called the
pentagrid, the regular polygon is a pentagon with right angles.

Figure 2 sketchily remembers that the tiling is spanned by a generating tree.
Now, as indicated in figure 3, five quarters around a central tile allows us to
exactly cover the hyperbolic plane with the pentagrid.

In the right-hand side picture of figure 3, we remember the basic process
which defines the coordinates in a quarter of the pentagrid, see [5]. We number
the nodes of the tree, starting from the root and going on, level by level and,
on each level, from the left to the right. Then, we represent each number in the
basis defined by the Fibonacci sequence with f1 = 1, f2 = 2, taking the maximal
representation, see[3,5].

The main reason of this system of coordinates is that from any cell, we can
find out the coordinates of its neighbours in linear time with respect to the
coordinate of the cell. Also in linear time from the coordinate of the cell, we can
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Fig. 2. On the left: the tiling; on the right: the underlying tree which spans the tiling
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Fig. 3. On the left: five quarters around a central tile; on the right: the representations
of the numbers attached to the nodes of the Fibonacci tree

compute the path which goes from the central cell to the cell. Further references
on this system and on hyperbolic geometry can be found in [5] and [4].

Now, as the system coordinate is fixed, we can turn to the application to
keyboards for cell phones.

3 The Proposal

The proposal is based on the idea to use the pentagrid to display hiraganas
and katakanas, the syllabic alphabets of the Japanese language.

Looking at the pentagrid of figure 4, does not it seem that the pentagrid is
fit for the Japanese language? Indeed, the phonetic writing of Japanese, using
hiraganas and katakanas is based on ten series, in which the letters are ordered
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u
vw

x
yz

a
b

c
d ef

g h

i
j

k
l
m

n

o
p

q
r s

t

Fig. 4. The proposal of keyboard from [1]

in relation to the vowels they contain. Now, the Japanese language has five
basic vowels, a, i, u, e and o, following the traditional Japanese order, the
corresponding hiraganas being: , , , and .

This keyboard is displayed in figure 5, where each sector, spanned by a Fi-
bonacci tree, is devoted to the syllables associated to the same vowel. The cor-
responding vowel is put at the root of the tree. The others are displayed level by
level, following the traditional order while going from the left-hand side border
to the right-hand side one of a sector.

However, the project of this keyboard, which we are developping does not
stop on this representation of the hiraganas. Of course, a similar keyboard may
display the katakanas, as their traditional order is exactly the same as that of
the hiraganas. Now, standard Japanese language makes use of Chinese charac-
ters named kanjis. The main goal of the project is to give access to the kanjis
themselves, using the display of the Japanese keyboard, see figure 5.

Indeed, each kanji has several pronunciations represented by a hiragana or
a katakana. The idea is to go from the pronunciation to the kanjis. Now, sev-
eral kanjis have the same pronunciation and the same syllabic sign represents
several kanjis. Nevertheless, this system seems to be convenient: once a hira-
gana/katakana is selected, a new viewer displays the possible kanjis inside a
pentagrid view. In such a display, the kanjis can be ordered by the number of
strokes as in traditional dictionaries.

4 For the Cell Phones

The project is still under progress. Below, we can see pictures taken from an
experiment performed in Japan under the supervision of the third author. In
figure 6, we can see a snap shot of the screen. On the screen, the different parts
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Fig. 5. The Japanese keyboard

of a mobile phone are represented, in particular the screen of the mobile phone.
In the display of the figure, the hiraganas are displayed in the reverse order with
respect to the order of figure 5.

But the work did not stop with tests on a computer. It is now on the imple-
mentation on an actual mobile phone. Figure 9 displays a picture of what can
be seen by a user of an actual mobile phone on which the keyboard with the
pentagrid appears on its screen.

Our VirHKey is implemented on a platform of iappli Development Kit for
DoJa (FOMA) Version 3.00 which is a Java-based software development work-
bench supplied with NTT Docomo Inc. for cell phone. Figure 6 is a screen
snapshot of the application software.

Figure 7 illustrates some functions for inputting Japanese characters using the
VirHKey implemented on the cell phone. It also gives a correspondence between
a screen and keys on the cell hpone. Each key indicated by numbers operates as
follows:

– 1: terminate the VirHKey
– 2: input a character displayed at center cell
– 3: change a default input mode into a special character input mode
– 4, 5, 6, 8, and 9: move a character around into the center cell
– 7: display characters being input
– 10: delete one character
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Fig. 6. Screen snapshot of iappli Development Kit for DoJa developing the VirHKey
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Fig. 7. Screen snapshot of Functions for inputting Japanese characters using the
VirHKey

participant A

participant D

participant C

participant B

# of 

input

characters

per

one

minute

Trials

Fig. 8. Screen snapshot of Usability test for inputting Japanese characters using the
VirHKey
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Fig. 9. The Japanese keyboard on an actual cell phone, from an experiment at the
University of Electro-communications of Osaka

We have made a small usability experiment for inputting Japanese character
using the VirHKey. See figure 8. The vertical axis shows the number of characters
input for one minute by each testee. It is noted that input errors are excluded.
The horizontal axis means the trials. As can be seen, input performance at each
testee is growing progressively to about twice in comparison with the initial per-
formance, however, its absolute performance is not so good in comparison with
the standard Japanese character input scheme. The biggest reason is that all
of the testees are not familiar with the character arrangement in VirHKey. The
Japanese consists of many characters including alphabets in a usual communi-
cations on mobile phones. We usually have to hit several keys to get a desired
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character. For example, to select “(ho)” one has to press a key at six times in a
standard input scheme. But on VirHkey one has to press a key 9, 2, 4 and key
5 at each stroke, totally four times. The number of strokes is smaller than the
standard way, however, we have to change the key at each stroke. The input per-
formance should be improved after trials. We are convinced the VirHkey would
be efficient useful for general-purpose intelligent terminals with small display
areas and devices where relatively large number of characters must be tackled.

This is very interesting! However, the work does not stop here. As previously
mentioned, the project deals with kanjis too. For this, the big problem is the
input of all the kanjis and their associations to the hiraganas and katakanas.
There are data bases for such associations but the related problems are, of course,
beyond the scope of this paper.

5 Conclusion

It seems to us that this project is very promising. The tests on users seems
to indicate that the proposed tool is very efficient. We are convinced that the
project, completed with the kanji version will meet a great success.
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Abstract. Cellular automata are usually updated synchronously and
thus deterministically. The question of stochastic dynamics arises in the
development of cellular automata resistant to noise [1] and in simulation
of real life systems [2]. Synchronous updates may not be a valid hypothe-
sis for such simulations and most of these studies use stochastic versions
of cellular automata.

In [3,4,5,6], the authors study different classes of cellular automata un-
der fully asynchronous dynamics (only one random cell fires at each time
step) and α-asynchronous dynamics (each cell has a probability α to fire
at each time step). They develop tools and methods to ease the study of
other cellular automata. In [4,6], they analyze 2D Minority under fully
asynchronous dynamics for Von Neumann and Moore neighborhoods.
The behavior of this cellular automaton under these dynamics is surpris-
ingly rich. The energy of a configuration is an useful information. In [4],
it is proved that configurations of energy greater than 5mn

3 (where m and
n are the length and the width of the configuration) will not appear in
the long range behavior of 2D minority for Von Neumann neighborhood.
In this paper we improve this bound to 18m

4 �n
4 �. The proof is based

on an enumeration of cases made by computer. This method could be
easily tuned for other cellular automata or neighborhoods.

1 Introduction

Cellular automata are attractive models for complex systems in various fields,
like physics, biology or social sciences. An example of challenging issue in biology
is to predict the expression of genes in a set of cells which share the same gene
regulatory network. Cellular automata can be used to model such systems [2,7].
Classically cellular automata update synchronously. However models for natural
phenomena rather update asynchronously.

Empirical studies [8,9,10] have shown how widely the behavior can change
when introducing asynchronism. However only few mathematical analyses are
available and they mainly concern one-dimensional stochastic cellular automata
[3,5,11]. Providing analyses of 2D rules remains a real challenge. For instance the
mean-field approach does not succeed in approximating tightly such stochastic
dynamics [12]. The cellular automaton 2D Minority is studied under fully asyn-
chronous dynamics (at each time step only one random cell chosen uniformly

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 307–314, 2008.
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Step 0N Step 1N Step 5N Step 20N Step 50N Step 300N Step 381N

Fig. 1. A typical evolution of 2D Minority under fully asynchronous dynamics on a
configuration of N = 50 × 50 cells

fires) in [4,6]. 2D Minority is a rule with negative feedback. Such rules are ac-
knowledged to be harder to analyze [13]. In [4,6] the authors develop tools for
studying 2D asynchronous cellular automata. Ongoing works show their results
hold for the classes of 2D Threshold cellular automata. This class has been
intensively studied under synchronous dynamics [14] and exhibits interesting
behaviors under fully asynchronous dynamics.

In this paper, we continue the study of 2D Minority under fully asynchronous
dynamics with Von Neumann neighborhood. Figure 1 shows a classical evolution
of fully asynchronous 2D Minority. In [4], it is proved that any initial configu-
ration will reach almost surely a stable configuration after O(N2N+1) steps on
expectation (where N is the number of cells of the configuration). Nevertheless it
is conjectured that this time is polynomial in N . The energy of a configuration is
useful to describe the behavior of 2D Minority. This notion was first introduced
in Ising model [15] or Hopfield networks [13]. In [4], it is shown that:

1. The energy of a configuration is between 0 and 4N .
2. The energy of a stable configuration is between 0 and N .
3. The energy is non-increasing according to time.
4. The energy drops below 5N/3 after O(N2) steps on expectations.
5. The dynamics converges almost surely to a stable configuration from an

initial bounded configuration in O(N2) steps on expectation. Bounded con-
figurations correspond to final steps of a classical execution of 2D Minority
(After step 50N the configurations of figure 1 are bounded configurations).

In this paper we improve point 4: the energy drops below 18,m
4 -,

n
4 - after

O(N2) steps on expectation (where m and n are the length and the width of
the configuration: N = mn). The proof relies on an enumeration of cases by
computer. Nevertheless, our method could be easily adapted for other cellular
automata or neighborhoods. Moreover, a more accurate bound could be found
with more precise computations (but cannot be lower than N because of point 2).
Finally our results is of interest to prove the conjecture. Only a small gap sepa-
rates configurations of energy less than 18,m

4 -,
n
4 - and bounded configurations.

2 Definitions

We consider in this paper the 2D 2-states cellular automaton Minority under
fully asynchronous dynamics over finite configurations with periodic boundary
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conditions. Except for the main theorem, all notations and results are introduced
or proved in [4].

Definition 1 (Configuration). We are given two positive integers n and m,
let N = nm. We denote by T = Zn × Zm the set of cells and Q = {0, 1} the
set of states (0 stands for white and 1 for black in the figures). We consider the
Von Neumann neighborhood: the neighbors of each cell (i, j) are the four cells
(i, j ± 1) and (i± 1, j). A n×m-configuration c is a function c : T → Q; cij is
the state of the cell (i, j) in configuration c.

Definition 2 (Stochastic 2D Minority). We consider the fully asynchronous
dynamics of 2D Minority. Time is discrete and let ct denote the configuration
at time t; c0 is the initial configuration. The configuration at time t + 1 is a
random variable defined by the following process: a cell (i, j) is selected uniformly
at random in T and its state is updated to the minority state in its neighborhood
(we say that cell (i, j) fires at time t), all the other cells remain in their current
state:

ct+1
ij =

{
1 if (ctij+c

t
i−1,j + cti+1,j + cti,j−1 + cti,j+1) ≤ 2

0 otherwise

and ct+1
kl = ctkl for all (k, l) 
= (i, j). A cell is said active if its state would change

if fired.

Definition 3 (Potential). The potential vij of cell (i, j) is the number of its
neighboring cells in the same state as itself. By definition, if vij ≤ 1, then the
cell is in the minority state in its own neighborhood and is thus inactive (its
state will not change when fired); whereas, if vij ≥ 2 then the cell is active and
its state will change if fired.

Definition 4 (Energy). The energy E of configuration c is defined as: E =∑
(i,j)∈T

vij .

Thus the energy of a configuration is positive and less than 4N . The next fact
shows that an energy drop is irreversible.

Proposition 1 (Energy is non-increasing). Under fully asynchronous dy-
namics, the energy is a non-increasing function of time and decreases each time
a cell with potential ≥ 3 fires.

The next theorem shows that configurations of high energy will not appear in
the long range behavior of 2D Minority. The next parts are dedicated to the
proof of this theorem.

Main Theorem 1 (Initial energy drop). The random variable T = min{t :
E(ct) < 18,m

4 -,
n
4 -} is almost surely finite and E[T ] = O(N2).
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3 Proof

The proof is based on the correlation between high energy configurations and
local patterns. For example a configuration of energy higher than 3N has at
least a cell of potential greater than 3. Firing such a cell decreases the energy of
the configuration. The bound of 5N/3 proved in [4] was obtained by considering
two facts. Firing two adjacent cells in opposite states of potential 2 decreases the
energy of the configuration in two steps. Configurations of energy higher than
5N/3 admit at least a cell of potential 3 or two adjacent cells in opposite states
of potential 2. Here we formalize this approach.

3.1 Decreasing Sequences

Definition 5 (decreasing sequence). Given a configuration c, a finite se-
quence S = (ci)1≤i≤j of cells (j is the length of the sequence) is a decreasing
sequence if firing the j cells c1 to cj leads to a configuration of lower energy after
j steps. The neighborhood N (S) of a sequence is a set containing the cells of the
sequence and their neighbors.

Note that if for a configuration c a decreasing sequence of length j exists then
there exist decreasing sequences of length k ≥ j. A sequence remains decreasing
by adding any cell at the end of the sequence.

Fact 2 (evolution of a decreasing sequence). Given a configuration ct and
a decreasing sequence S = (ci)1≤i≤j of length j. then :

– with probability 1
N the cell c1 fires : either the energy decreases or S′ =

(ci)2≤i≤j is a decreasing sequence of ct+1.
– with probability |N (S)|−1

N a cell c0 of N (S) different from c1 fires : either the
potential of c0 is ≥ 3 and the energy drops or the potential of c0 is 2 and
S′ = (ci)0≤i≤j is a decreasing sequence or the potential of c0 is ≤ 1 and S
is still a decreasing sequence.

– with probability N−|N (S)|
N a cell which is not in N (S) fires: the energy may

drop but S is still a decreasing sequence.

Definition 6 (hypothesis H(E, j)). We call H(E,j) the hypothesis that all
configurations of energy E admit a decreasing sequence of size less j.

Definition 7 (random walks RW j). Given j ∈ N
∗ the random walk RW j

is a sequence of random variables (Xt)t≥0 taking their value in {0, . . . , j} such
that X0 = j and :

P (Xt+1 = Xt − 1) P (Xt+1 = Xt) P (Xt+1 = Xt + 1)
if Xt = 0 0 1 0

if Xt ∈ {1, . . . , j − 1} 1
N

N−5j
N

5j−1
N

if Xt = j 1
N

N−1
N 0

Fact 3. Given j ∈ N∗ and the random walk RW j = (Xt)t≥0 then T ′ =
min{t|Xt = 0} is almost surely finite and E[T ′] = O(jjN).
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Lemma 1. Consider a configuration c0 of energy E and j ∈ N, suppose that
H(E, j) is true then the random variable T = min{t : E(ct) < E} is almost
surely finite and E[T ] = O(jjN).

Proof. The proof is based on a the coupling between (ct)t≥0 and RW j =
(Xt)t≥0. To define the coupling we need that at each time step t either E(ct) < E
or Xt = 0 or there exists a decreasing sequence S = (ci)1≤i≤Xt for configuration
ct. At each time step t we update Xt and ct according to the following coupling :
if E(Ct) < E or Xt = 0 then Xt updates according to the rule of the random
walk and independently fire a random cell of ct chosen uniformly. Otherwise
Xt = k with k 
= 0 and we consider a decreasing sequence St = (ci)1≤i≤k of ct

of size k and :

– if Xt = j, with probability

⎧
⎪⎪⎨

⎪⎪⎩

1
N Xt+1 = Xt − 1 and c1 fires.

N−1
N

Xt+1 = Xt and one cell is selected uni-
formly at random among the N − 1
other cells.

– if 0 < Xt < j, with prob.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
N Xt+1 = Xt − 1 and c1 fires.

|N (S)|−1
N

Xt+1 = Xt+1 and one cell is selected
uniformly at random among N (S).

5j−|N (S)|
N

Xt+1 = Xt+1 and one cell is selected
uniformly at random among the N −
|N (S)| other cells.

N−5j
N

Xt+1 = Xt and one cell is selected
uniformly at random among the N −
|N (S)| other cells.

According to this coupling, each cell of ct is updated uniformly and Xt evolves
according to the rule of the random walk. Now we prove by recurrence over t
that this coupling is coherent that is to say that either E(ct) < E or Xt = 0 or
there exists a decreasing sequence S = (ci)1≤i≤Xt for configuration ct. At time
t = 0, X0 = j and since E(c0) = E then by H(E, j) there exists a decreasing
sequence of size j. Now if at time t :

– E(ct) < E then E(ct+1) < E since energy is non-increasing (see Proposition
1).

– Xt = 0 then Xt+1 = 0.
– Xt = j and E(ct) = E then by hypothesis of induction there exists a de-

creasing sequence S = (ci)1≤i≤j :
If Xt+1 = Xt then either E(ct+1) < E or E(ct+1) = E and by H(E, j)

there exists a decreasing sequence S′ of size j.
If Xt+1 = Xt−1 then cell c0 fires and according to fact 2 either E(ct+1) <

E or E(ct+1) = E and (ci)2≤i≤j is a decreasing sequence.
– Xt = k where 0 < k < j and E(ct) = E then by hypothesis of induction

there exists a decreasing sequence S = (ci)1≤i≤k:
If Xt+1 = Xt then the fired cell is not in N (S) and either E(ct+1) < E

or E(ct+1) = E and S is still a decreasing sequence.
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If Xt+1 = Xt−1 then cell c1 fires and according to fact 2 either E(ct+1) <
E or E(ct+1) = E and (ci)2≤i≤j is a decreasing sequence.

If Xt+1 = Xt+1 then cell c0 fires and according to fact 2 either E(ct+1) <
E or E(ct+1) = E and (ci)0≤i≤j is a decreasing sequence.

Thus the coupling is well defined. We call T ′ = min{t|Xt = 0}. Either
E(cT

′−1) < E or E(cT
′−1) = E and at time T ′ − 1 a cell of potential ≥ 3 (a

decreasing sequence of size one) fires. Thus T ≤ T ′ and moreover E[T ] ≤ E[T ′].
According to lemma 3, E[T ′] = O(jjN) and thus E[T ] = O(jjN).

Theorem 4. If for all configurations of energy E there exists j ∈ N∗ such
that for all E′ > E the hypothesis H(E′, j) are true then given a configuration
c0 the random variable T = min{t : E(ct) < E} is almost surely finite and
E[T ] = O(jjN2).

Proof. We call t0 = 0 and for i ∈ N∗ if E(cti−1 > E) we define ti as ti =
min{t|E(cti) < E(cti−1 )}. We define k ∈ N such that T = tk. According to
lemma 1 for i ≤ k, E[ti−ti−1] = O(jjN). And since the energy of a configuration
is between 0 and 4N : k < 4N and then E[T ] = O(jjN2)

In the next part, we present a method to prove H(E, j) by considering finite
local patterns.

3.2 Enumeration of Acceptable Coloring

We consider finite patterns of cells and colorings (i.e. the state of the cells) of
a pattern. We present an algorithm which enumerates all the possible colorings
of a pattern and eliminates colorings which imply a quick energy drop. The
remaining colorings are called acceptable. Finally, we compute the maximum
energy contained by a pattern matching an acceptable coloring.

Definition 8 (Pattern). A pattern P is a subset of {0, . . . , n} × {0, . . . ,m}.
The pattern P centered on cij is the set of cells ∪(k,l)∈P{ci+k,j+l}.

Definition 9 (Interior). The interior of P is the pattern {(i, j) ∈ P|(i±1, j) ∈
P and (i, j ± 1) ∈ P}.

Definition 10 (Coloring). A coloring f of P is a function f : P → Q. We say
that the pattern P centered on cell ci,j matches coloring f if for any (k, l) ∈ P, we
have f(k, l) = ci+k,j+l. We denote by CP the set of all the colorings of pattern P.

Definition 11 (k-acceptable). A coloring f of CP is k-acceptable if there ex-
ists a configuration c such that there is no decreasing sequence of length k in c
and there is a cell ci,j such that the pattern P centered on ci,j matches f .

If a coloring f is not k-acceptable then f is not k′-acceptable for all k′ > k.

Definition 12 (Relative Potential). Consider a pattern P centered on cell cij
which matches a coloring f of CP and (k, l) ∈ P, the relative potential v′kl(f) is
defined as the number of neighboring cells of cell ci+k,j+l which are in the same
state as ci+k,j+l and which are in the pattern P centered on cell cij.
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Fact 5. Consider a coloring f of CP , (k, l) ∈ P and a pattern P centered on
cell ci,j matching f . If (k, l) is in the interior of P then v′kl(f) = v(k+i)(l+j),
otherwise v′kl(f) ≤ v(k+i)(l+j).

A coloring f of CP admitting (i, j) ∈ P such that v′ij(f) ≥ 3 is not 1-acceptable.

Definition 13. For each pattern P, we define the oriented graph GP = (CP , E).
There is an oriented edge between coloring f1 to coloring f2 if :

– there is (i, j) ∈ P such that f1(i, j) 
= f2(i, j)
– for all k, l 
= (i, j), f1(k, l) = f2(k, l)
– v′i,j(f1) = 2

Fact 6. If there is a path of length i from a coloring f1 to a coloring f2 in GP

and if f2 is not k-acceptable then f1 is not (k + i)-acceptable.

Algorithm 1. Given a set of coloring C0, this algorithm computes a set of col-
oring C1 such that C1 ⊂ C0 and for all coloring f of C0\C1 there exists a path in
GP from f to f ′ such that f ′ ∈ CP\C1 or f ′ is not 1-acceptable:

1 - Compute C′0 = {f ∈ C0|∀(i, j) ∈ P , v′ij(f) ≤ 2}.
2 - Compute the graph G′ = (C′0 ∪ {d}, E) where there is an edge between two

colorings f and f ′ if and only if there is an edge between f and f ′ in GP ; there
is an edge between coloring f and d if there exists a coloring f ′ ∈ CP\C′0 such
that there is an edge between f and f ′ in GP .

3 - Compute C1 = {f ∈ C′0| there is no path between f and d in G′}.
The complexity of this algorithm is O(|C′0|2 + |C0|).
Fact 7. Consider a set of colorings C0 ⊂ CP and k′ such that colorings of CP\C0
are not k′-acceptable. Consider C1 the result of algorithm 1 applied to set C0, then
there exists k such that all colorings of CP\C1 are not k-acceptable. In particular,
this result holds for C0 = CP .

We apply this algorithm to pattern P = {0, . . . , 3}2 in order to prove the main
theorem. All enumerations of cases in the next proofs are made by computer.

Theorem 8. Consider a configuration c. There exists k such that if there exists
(i, j) ∈ T such that

∑
(k,l)∈{0,...,3}2 v(i+k)(j+l) > 18 then there exists a decreasing

sequence of length k in c.

Proof. Consider the pattern P = {0, . . . , 3}2. Applying algorithm 1 to C0 = CP
leads to a set C1 which contains 1092 colorings whereas |C0| = 65536. We now con-
sider the pattern P ′ = ({−1, . . . , 4}2\{(−1,−1), (−1, 4), (4,−1), (4, 4)})2. The
interior of P ′ is P . Applying algorithm 1 to set C′0 = {f ∈ CP′ |f|P ∈ C1} leads to a
set C′1. According to fact 7, there exists k such that all colorings of CP′\C1 are not
k-acceptable. Computing C′1 using C1 is much faster than computing C′1 from CP′

.
For each coloring f of C1, we have maxf ′∈C′

1|f ′
|P=f (

∑
(i,j)∈P v′ij(f

′)) ≤ 18. Ac-
cording to fact 5, if the pattern P ′ centered on cell (i, j) matches the coloring f ′

of CP′
then

∑
(k,l)∈P v′kl(f

′) =
∑

(k,l)∈P v(i+k)(j+l). Thus if a pattern P centered
on cij is such that

∑
(k,l)∈P v(i+k)(j+l) > 18, then the corresponding coloring is

not k-acceptable. Thus there is a decreasing sequence of length k in c.
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Theorem 9. There exists j such that H(E, j) is true for every E > 18,m
4 -,

n
4 -.

Proof. Consider a configuration c and the pattern P = {0, . . . , 3}2. There
exists j such that if cij is such that

∑
(k,l)∈P v(i+k)(j+l) > 18 then there ex-

ists a decreasing sequence of length j in c. Suppose that there is no cell cij
such that

∑
(k,l)∈P v(i+k)(j+l) > 18. If n = 0 mod 4 and m = 0 mod 4

then E(c) =
∑

(i,j)∈T vij =
∑

0≤i<n/4,0≤j<m/4(
∑

(k,l)∈P(v4i+k,4j+l)) ≤
18nm

16 . If n 
= 0 mod 4 and m = 0 mod 4 then E(c) ≤∑
0≤i≤n/4,0≤j<m/4(

∑
(k,l)∈P(v4i+k,4j+l)) ≤ 18,n

4 -
m
4 . In the two other cases

we also have E(c) ≤ ,m
4 -,

n
4 -. This imply thatH(E, j) is true for E > 18,m

4 -,
n
4 -.

Applying this result to theorem 4 proves the main theorem.
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11. Fukś, H.: Probabilistic cellular automata with conserved quantities. Nonlinearity
17(1), 159–173 (2004)

12. Balister, P., Bollobás, B., Kozma, R.: Large deviations for mean fieldsmodels of prob-
abilistic cellular automata. Random Structures & Algorithms 29, 399–415 (2006)

13. Rojas, R.: Neural Networks: A Systematic Introduction, ch. 13 - The Hopfield
Model. Springer, Heidelberg (1996)

14. Goles, E., Martinez, S.: Neural and automata networks, dynamical behavior and
applications. Maths and Applications, vol. 58. Kluwer Academic Publishers, Dor-
drecht (1990)

15. McCoy, B., Wu, T.T.: The Two-Dimensional Ising Model. Harvard University Press
(1974)



The Diffusion of Perturbations in a Model of

Coupled Random Boolean Networks

Roberto Serra1, Marco Villani1, Chiara Damiani1,
Alex Graudenzi1, and Annamaria Colacci2

1 Dipartimento di scienze sociali, cognitive e quantitative
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Abstract. Deciphering the influence of the interaction among the con-
stituents of a complex system on the overall behaviour is one of the
main goals of complex systems science. The model we present in this
work is a 2D square cellular automaton whose of each cell is occupied
by a complete random Boolean network. Random Boolean networks are
a well-known simplified model of genetic regulatory networks and this
model of interacting RBNs may be therefore regarded as a simplified
model of a tissue or a monoclonal colony. The mechanism of cell-to-cell
interaction is here simulated letting some nodes of a particular network
being influenced by the state of some nodes belonging to its neighbour-
ing cells. One possible means to investigate the overall dynamics of a
complex system is studying its response to perturbations. Our analyses
follow this methodological approach. Even though the dynamics of the
system is far from trivial we could show in a clear way how the interaction
affects the dynamics and the global degree of order.

Keywords: genetic network model, random Boolean network, cellular
automaton, interaction, cell-criticality.

1 Introduction

One of the main goals of complex systems science is deciphering the influence of
the interactions among the system components on the global dynamics. In this
work we introduce a model in which another level of complexity is added: the
system components are themselves well-know models of complex systems, i.e.
random Boolean networks.

Random Boolean networks are a simplified model of genetic networks [1] and
the statistical analysis of their dynamical properties has proven fruitful in the
description of general emerging features of real networks [2,3,4,5,6].

The theme of interaction turns out to be deeply relevant when speaking of the
so-called “criticality” of living organisms. The idea that evolution would drive
living organism in a region of the space of parameters close to the boundary
between order and chaos [2,7] is an intriguing general hypothesis to investigate

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 315–322, 2008.
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and, since it applies to organisms as a whole rather than to their individual
constituents, it makes particular sense to study the way by which the single
elements constituting the whole system (i.e. single cells) interact and how their
interaction affects the overall dynamical regime. Therefore, the aim of this work
is to analyse the relationship between the dynamics of a single, isolated RBN
(which has been extensively studied in the past) and that of a collection of
interacting networks: the model we are going to present is a 2-D lattice cellular
automaton in which of each cell (which is meant to simulate a biological cell)
hosts a complete RBN. This model could be regarded as a simplified description
of a tissue in a multicellular organism, or of a colony of unicellular organisms:
at this level of modelling the two cases are rather similar, since all that matters
is that neighbouring cells influence each other.1 The particular kind of cell-
to-cell interaction we want to represent implicates that the state of a cell is
determined by both its own genetic network and the state and of its neighbouring
cells. Cellular automata are particularly appropriate to simulate the evolution of
phenomena that depends on local rules, since every entity of the system change
its state taking into account what happens in its neighbourhood[12].

A particularly effective means to examine the dynamical regimes of complex
systems is studying their response to perturbations. The analyses presented in
this work follow this approach, in order to root out the different responses to
small perturbation in case of either isolated or coupled networks.

2 Random Boolean Networks (RBN)

For an exhaustive description of the model of random Boolean networks please
refer to [2,8,9]. Here we will only outline its main features.

A RBN is an oriented graph constituted of N Boolean nodes, which represent
the genes of a specific genetic network. A node is active (value = 1) if its corre-
sponding gene synthesises its protein, inactive (value = 0) otherwise. The direct
or indirect influences of genes on the expression of other genes in real networks
are represented in the model by directed links (if the activation of gene A influ-
ences the activation of gene B, node A will be an input of node B). Therefore,
the activation of a certain node depends on the value of its input nodes, accord-
ing a specific Boolean function. The updating of the network is synchronous,
the time is discrete and both the topology and the Boolean function associated
to each node do not change in time (this is the so-called quenched model [9].
In “classical” RBNs each node has the same number of ingoing connections kin
and its input nodes are chosen at random with uniform probability among the
remaining N − 1 nodes (self-coupling and multiple connections are forbidden).
The analysis of the dynamics that show up in RBNs reveals the presence of
two typical dynamical regimes, which can be defined as “ordered” and “chaotic”
1 Note that, according to the usual biological interpretation of RBNs, the attractor of

a given network is associated to the cell type: therefore a tissue should be composed
by cells which are all in the same attractor. This condition is not imposed in our
model.
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[2,9]. The dynamical regime of a RBN depends primarily on two parameters, the
average connectivity of the network K =< kin > and the bias p.2

3 Multi Random Boolean Network (MRBN)

The model of Multi random Boolean network (MRBN) has been introduced in
a previous work with different features and a different name [10]. In this section
we will briefly describe its most important characteristics.

A Multi random Boolean network is a cellular automaton in each of whose
cells is hosted a complete random Boolean network. In our case, we have a 2D
square lattice automaton with M2 cells. The neighbourhood we consider is of the
von Neumann type (composed by the cell itself and its N, E, S, W neighbours)
and the overall topology is toroidal. Every RBN of the MRBN is identical in

Fig. 1. (Left) The spatial shape of the CA is that of a torus, the neighbourhood is
of the Von Neumann type. (right) The interaction mechanism for the central cell in
the figure (nodes are numbered row by row from the top-left corner): nodes 2 and 5
of all the neighbouring cells can produce a specific signal molecule (triangle-shaped)
according a specific Boolean function. If at least one of the neighbours of the central cell
produces its signal molecule then the receptor of the central network (white-coloured)
is active. Afterwards, the activation value of the receptor influences its output nodes,
i.e. nodes 2 and 3 inside the central cell.

terms of number of Boolean nodes (N), topology (i.e. the ingoing and outgoing
connections per node) and Boolean functions associated to each node, while
the initial activation states of the genes are assigned randomly. The choice of
homogeneous RBNs for all the cells of the automaton is due to the fact that
the cells of a given multicellular organism or monoclonal colony share the same

2 p is the probability that the output of a certain Boolean function associated to a
node is equal to 0. In this case we refer to the average value of p for the whole set
of N nodes.
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genetic material. In our model, the common structural features of the RBNs, i.e.
number of nodes, topology and Boolean functions per node, define their common
genome.

Real cells interact in many different ways. In this work we only consider the
particular kind of interaction that occurs when certain molecules synthesized in
a particular cell bind to specific membrane receptors of its neighbouring cells,
so influencing the internal dynamic of the cells which host the receptors. In our
model, every cell of the MRBN owns a certain number of nodes defined as recep-
tors, whose ratio on the total number of nodes is defined as interaction strength,
f . The activation state of a receptor is determined by the presence of a certain
entity defined as signal molecule, produced by some genes in the neighbouring
cells (according a specific Boolean function), but it is not affected by the pres-
ence of the signal molecule synthesized by the cell itself. The receptor has its
own outputs and they can be either receptors or internal nodes of the network
(Fig. 1). The interaction mechanism depends on the choice of an interaction rule.
In this work we suppose that if at least one of the cells in the neighbourhood
of cell A produces a signal molecule, then the correspondent receptor in cell A
is active (value = 1), inactive (value = 0) otherwise. Note that receptors are
considered as actual nodes of the network (e.g. a network with N = 100 and
f = 10% owns 90 internal nodes and 10 receptors).

It is important to specify that, in order to isolate the influence of the interac-
tion strength, it is necessary to keep the other structural features of the MRBN
fixed, i.e. dimension of the lattice M , topology of interaction, interaction rule
and genome of each RBN.

4 Experiments

The simulations have been made on 100 distinct MRBNs, different in terms of the
genome of their characterizing RBNs. All the MRBNs are 20*20 square lattices
and the RBNs are composed of N = 100 nodes. 3 Past researches demonstrated
how MRBNs whose RBNs are characterized by different genomes may show
deeply different behaviours and this is the reason why it is important to make
specific analysis on single MRBNs. The parameters of the RBNs in the cells are
chosen in such a way to be “critical” [9], even though the dynamical behaviour of
each single realization may be highly different from the average critical dynamics
[11]. The networks are “classical” RBNs, with an equal number of incoming
connections per node (kin = K = 2). The input nodes are chosen at random
with uniform probability excluding self-couplings and multiple connections. The
Boolean functions are assigned with uniform likelihood on the set of all the
possible functions. The initial states of the nodes are chosen at random for every
RBN, independently from those of the other cells. In order to investigate the
influence of the interaction strength on the dynamic, we analysed the differences
3 Obviously, real networks are much larger in terms of number of nodes and interacting

cells. Future researches will be aimed to study lager simulated networks and to
investigate on possible scale properties of such systems.
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in the behaviour of each single MRBN in presence of different values of the
interaction strength.4

One possible method to investigate the dynamical regime of complex systems
in general is to analyse their response to perturbation. A large sensitivity to
the initial conditions of the system is usually related to disordered (or chaotic)
systems, while, vice versa, a low sensitiveness (higher robustness) refers to or-
dered systems. For what concerns RBNs one possible means to discriminate the
dynamical regimes is to observe the variation in time of the Hamming distance
between a “control” network (wild type WT ) and a perturbed network (PN).
In our case the perturbation is the flip of one node chosen at random, i.e. the
change of the activation value of one node in the initial condition of the net-
work.5 The variation of the Hamming distance in time is a relevant parameter
since it provides a clear indication on how the dynamics of two systems diverge.
In the case of a flip perturbation, a Hamming distance tending to 0 is peculiar of
ordered networks, a value close to 1 is related to critical networks, while values
higher than 1 refers to chaotic ones [9].In the simulations on MRBNs a node is
chosen at random in a random cell and its initial activation value is flipped. It
is then possible to calculate the variation of the Hamming distance of the whole
automaton and the number of cell affected by the perturbations, i.e. the number
of cells whose Hamming distance is higher than 0 after a certain transient.

5 Results

As clarified in the introduction, the primary aim of this research is decipher-
ing the relation between the dynamical behaviour of a single random Boolean
network and the emerging dynamics of a collection of coupled RBNs. We firstly
analysed the variation of the Hamming distance in time of perturbed isolated
RBNs with “critical” structural parameters. Although the average variation of
the Hamming distance on the whole set of networks closely resembles the results
of past studies of the same kind [9], there is an interesting aspect which is hidden
by an analysis on average values. RBNs with identical structural parameters can
indeed behave in a highly different way in response to perturbations and it is
actually possible to group networks on the basis of the variation of the Hamming
distance in time (Fig. 5(left)):

– Ordered behaviour: networks with average Hamming distance tending to
values lower than 0.5

– Chaotic behaviour: networks with average Hamming distance tending to
values higher than 1.5

– Critical behaviour: networks with average Hamming distance tending to val-
ues in the range 0.5 and 1.5.

4 Every simulation on every MRBN is repeated 150 times. The simulation runs differ
for the choice of the set of the receptors and for the initial condition of the nodes of
the RBNs constituting the MRBN.

5 Note that receptors and signal molecules also can be chosen for the flip.
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Grouping the networks in the three classes above, we found out that: about 50%
of the networks belong to the ordered group, 25% of the networks to the chaotic
one and the remaining 25% belongs to the critical class. It is interesting to notice
how the Hamming distance reaches its asymptotic value after a relatively small
number of time steps for all the analysed RBNs. Coupling RBNs into MRBNs,

Fig. 2. (Left) Variation of the average Hamming distance in time for the three classes
and for the complete set of 100 isolated RBNs (on 150runs). (right) Variation of the av-
erage simulation runs for the three classes and for the whole set of MRBNs in which the
overall Hamming distance after 100 time steps is higher than 0, for different values of the
interaction strength. The values in correspondence of f = 0 refer to the isolated RBNs.

we could study the changes of the dynamics in response to different value of
the interaction strength. We focused our attention on some significant values
of the interaction strength, i.e. 2%, 10%, 20%.6 Once more it turns out to be
fruitful to observe the behaviour of each MRBN separatedly; furthermore, we
decided to keep the distinction in three groups on the basis of the dynamics
of the isolated characterizing RBNs7 (e.g. MRBNs whose characterizing RBNs
have been signed as critical when analysed sigularly will be defined as critical
MRBNs). Since for a certain number of MRBNs the Hamming distance reaches
its asymptotic value after a large number of time steps, we decided to analyse
the system after a precise transient (i.e. 100 time steps). In Fig. 5(right) we
can notice how the number of runs in which the Hamming distance is higher
than 0 after the transient (in other words, the number of runs in which the
perturbation is not completely absorbed by the system) dramatically decreases
when the RBNs begin to interact and, then, it diminishes monotonously as the
interaction strength raises. The trend is analogous for all the three classes of
MRBNs, even if the magnitudes are substantially different and coherent with
the specific degree of order.

Apparently, the system would tend to more ordered states in correspondence
of higher values of the interaction strength, for all the three classes of behaviour.
6 Higher values of the interaction strength would entail a too large ratio of receptors

over the number of internal nodes.
7 Note that this classification of the MRBNs is possible because their characterizing

RBNs are exactly those previously analyzed and grouped in three classes.
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Fig. 3. (Left) Variation of the average ratio [Hamming distance/number of perturbed
cells] after 100 time steps for the three different classes and for the whole set of 100
MRBNs (on 150 runs) for different values of f . The values in corrispondence of f = 0
refer to the average Hamming distance of the isolated RBNs. (right) Variation of the
average number of perturbed cells after 100 time steps for the three different classes and
for the whole set of MRBNs (150 runs) for different values of the interaction strength.

Nevertheless, the dynamics is far more complex. Figure 3 shows that if we con-
sider an isolated RBN and we perturb it, the average Hamming distance reaches
a value slightly higher than the critical value 1, while when the cells begin to
interact within a MRBN the average value of the Hamming distance over the
number of perturbed cells decrease and it continues to decrease as the interac-
tion strength raises. On the other hand, in correspondence of higher values of
the interaction strength the average number of cells involved in the perturba-
tion plainly increases. Note that, even though the typical trends in the observed
variables are analogous for the three classes, also in this case the differences in
the magnitude are remarkable. Hence, the distinction in classes turns out to be
robust also when RBNs interact and three distinct dynamical behaviours can
indeed be identified.

From these results we can notice how a higher interaction strength may either
contribute to brake the perturbation, or allow the diffusion of perturbations that
hit a larger number of cells, although involving fewer nodes within each of them
(on the average). We may ascribe this peculiar behaviour to the features of
the specific interaction mechanism we adopted and, in particular, to the role of
receptors in the overall dynamics. Nevertheless, further analyses on the model
are needed to reach a definitive conclusion.

6 Conclusions

A first remark is about the intrinsic complexity of the model. The dynamical be-
haviour that shows up is far from trivial and so is its interpretation. Nevertheless,
the analyses made on the model provided some interesting cues.

The approach that involves perturbations to examine the response of the sys-
tem has proven to be effective for different reasons. First of all, it allows to
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clearly discriminate three classes of RBNs on the basis of their actual dynamical
regime, i.e. ordered, critical or chaotic. Once again, it is possible to demonstrate
how networks with identical critical structural parameters can indeed show sub-
stantially different dynamic behaviours when analysed singularly. Besides, the
dynamic behaviour of isolated RBNs is actually confirmed and enhanced when
RBNs are coupled, even though we observe a general shift toward the ordered
regime region in correspondence of a stronger interaction.

Yet, as we have shown, interaction leads to dynamic behaviours indeed hard
to interpret. Therefore, further development of the model are needed, primarily
aimed to grasp the relation among the features of the interaction mechanism and
the overall dynamics: for instance, the study of the effect of different interaction
rules, or the analysis of MRBNs whose RBNs are characterized by a constant
number of internal nodes for different values of the interaction strength.
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Abstract. The purpose of this research is to generate impact sounds
often used as sound effects through physical simulation using cellular
automaton (CA). The authors designed a model based on the wave prop-
agation CA model. In the model, desired sound is generated by setting
several parameters. This paper shows the effects of each parameter on
the sound, and shows that various impact sound can be generated by
the model. Production cost of sound effects can be reduced by using this
model.

Keywords: sound generation, physical simulation, cellular automaton.

1 Introduction

Sound effects are used to emphasize artistic and other content in movies, video
games, music, or other media. The most commonly-used production methods for
sound effects are: (1) to record real sound, edit and then use it, (2) to generate
sound effects using a synthesizer, (3) to process recorded sound similar to the
desired sound, or (4) to use prerecorded sample collections for sound effects.

However, there are a number of problems. In the first part, recording real
sounds can be expensive since a sound source must be prepared. Second, synthe-
sizers are unsuitable for generating realistic sounds. Finally, prerecorded sample
collections do not contain enough sound varieties. With these considerations in
mind, if real world sounds are reproducible on a computer it should lead to cost
reductions.

The purpose of this research is development of a tool generating sound effects
through physical simulation. There are a number of different types of sound
effect. For example, impact sound, aerodynamic sound, explosion sound, and
friction sound. In this research, the authors have modeled impact sounds often
used as sound effects as the first step. An object is vibrated when a shock is
applied to the object. This is recognized as an impact sound by the propagation of
it via the air. Therefore, impact sounds are generable by modeling the vibration
of an object.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 323–328, 2008.
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2 Related Study

Digital waveguide is known as a method of generating sound through physical
simulation [2]. This is a efficient method for modeling one-dimensional waveguide
such as string or air column. A lossless digital waveguide is realized as discrete
form of d’Alembert’s solution of the one dimensional wave equation, and the
vibration is obtained by superposition of a right-going wave and left going wave.
A major advantage is high calculation speed because this method consist of
multiple delay lines. A delay line can be operated with just two fetch, store and
arithmetic operations. This method is adopted by most modern physical model-
ing synthesizer. However, nonlinear vibration can not be dealt directly because
this method is premised on commutativity of linear time-invariant system. In
addition, modeling with this method is not simple because it has complicated
parameters.

In this research, the authors designed a physical simulation model based on
wave propagation CA model [1] to model vibration of objects. This model can
express complex shaped object and can introduce nonlinearity with a simple
parameter. This model can be set parameters and extended easily because of
simple structure of the model.

3 Wave Propagation CA Model

The wave propagation CA model proposed by Morisita and others is a CA
application for solving wave propagation problems [1]. In this model, the space
is divided with a square lattice. Each divided space has two state values. The
state values are defined as sound pressure p and its rate of time change G by
a real value. In a one-dimensional case, as shown in Fig. 1, two directions are
considered as the neighborhood. The rule for wave propagation is defined as
follows.

P(i) P(i+1)P(i-1)

nighborhood

Fig. 1. The neighborhood of the One-dimensional wave propagation CA model

p(i+ 1, t)− 2p(i, t) + p(i− 1, t)
= G(i, t+ 1)−G(i, t) , (1)
p(i, t+ 1) = p(i, t) +G(i, t+ 1) . (2)

This model is mathematically equivalent of mass spring model whose mass
points can move only vertically (Fig. 2.) This interpretation allows definitions of
fixed ends, free ends, dampers and others. The property of the vibrated object
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Mi-1 Mi Mi+1 Mi+2spring

mass point

Fig. 2. One-dimensional mass spring model. Circles represent mass points, and polyg-
onal lines represent springs. In this model, the mass points vibrate vertically, not
horizontally.

can be set more in detail. In addition, it has also a big advantage that nonlinearity
can be introduced.

In a general physical simulation of sound generation, the sound of plucked
string is generated from an initial waveform as in the left figure of Fig. 3 [2].
Similarly, the sound of a plucked string is generable by giving a form as an
initial state of a one-dimensional wave propagation CA model as shown in the
left figure of Fig. 3. The sound of a striking string is generated by giving it an
initial state like the thick solid line of the right figure of Fig. 3. The Impact
sound can be generate by the two-dimensional model. The sound is generated
by sampling vibration of a certain mass point at each time step.

q r

Fig. 3. Initial states of plucked string and struck string. Dashed lines represent state
of a string in equilibrium, and thick solid lines represent initial state of plucked string
or struck string. q is the plucking position and r is striking position.

4 Proposed Method

A two-dimensional object can be expressed by the mass spring model as shown
in the left figure of Fig. 4. However, the computational effort is very large be-
cause there are a lot of mass points and springs. In three dimensional-model,
computational effort is huge. Therefore, in this research, the authors designed
a model based on wave propagation CA model (the right figure of Fig. 4.) In
this model, computational effort can be greatly reduced because the object is
expressed by a wire frame composed of mass points and springs.

However, the sound quality depends on the number of mass points and springs
that express the object. Higher quality sound can be generated by more mass
points and springs. Fig. 5 shows it. However, computational effort increase with
number of points. There are trade-offs between quality and computational effort.
When there are enough of mass points and springs, even if those are increased,
sound quality is hardly changed. Therefore, it is important to find the adequate
number of mass points and springs.
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Fig. 4. Two-dimensional object. The left figure shows the object expressed by mass
spring model, and the right figure shows the expressed by the model designed by the
authors.

Fig. 5. The results of spectrum analysis of the generated sounds. A horizontal axis
represents frequency and a vertical axis represents energy. The right figure shows the
result of the sound generated by more mass points and springs than the left one.

5 Parameters

Many parameters are needed for generating an impact sound using the model.
In order to generate a desired sound, it is important to understand the effect
of each parameter on the sound. The authors defined the parameters which do
not affect tone but affects the pitch and length of sound as the basic parameter,
and the parameters which affect tone as the tonal parameter. The effect of each
parameter on the sound are described below.

5.1 Basic Parameters

An explanation of basic parameters is described below. Each mass points has
the basic parameters.

Coefficient of damping
Coefficient of damping affect decay of sound. Higher coefficient of damping makes
shorter sound. Lower value makes long sound. Zero value makes a sound without
decay. For example, resonant object is expressed by setting low value.

Spring modulus and mass
Spring modulus and mass affect the pitch of the sound. The pitch of the generated
sound is control by setting of sprimg modulus and mass.
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5.2 Tonal Parameters

An explanation of tonal parameters is described below.

Shape of the object
The sound of plucked string is generated using a one-dimensional model. The
sound of striking a plate is generated using a two-dimensional model. Bigger
object makes lower pitch sound, and smaller object makes higher pitch sound.
If the object size is very small and the spring modulus is very low, the sound
quality would be low because high frequency tone is lost. However, long time
is required for generating a sound from large size object. The adequate size
object should be used with consideration for balance of quality and calculation
time.

Nonlinearity
The proposed model uses Hooke’s law to calculate the wave propagation. In
Hooke’s law, force F is calculated by the product of displacement x and the
spring modulus k. Nonlinearity can be introduced by using the cube of displace-
ment x to calculate force F like the following expression.

F = −kx(1 + ax2) . (3)

Where, a is a value near zero. The nonlinear model can generate a sound un-
generable in a linear model. Although the vibration of a object is nonlinear,
most vibrations can be approximated linearly. However, some objects can not
be expressed without nonlinearity.

High cut rate
In this model, calculation results is unstable when nonlinearity is introduced.
Therefore, Runge-Kutta method is used for stabilizing the calculation. How-
ever, this method reduces high frequency waves as a result of calculation er-
ror. Proposed model uses this reduction for controlling attenuation of high fre-
quency waves. In this paper, this control parameter is called ”high cut rate.”
The high frequency wave is reduced when high cut rate is set high. A soft
sound is generated as a result of cutting high frequency wave. Fig. 6 shows
the temporal variation of the spectrum of generated sound made with different
values.

6 Generated Sound Examples

Various impact sounds can be generated by setting each parameter in the model.
Table 1 show generated sound example and setting of each parameter. The blank
means setting any value. These sound are put on the following web page.

http://www.ie.u-ryukyu.ac.jp/∼e045737/oto.html

http://www.ie.u-ryukyu.ac.jp/~e045737/oto.html
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Fig. 6. The temporal variation of the spectrum of generated sound made with different
values. A horizontal axis represents time and a vertical axis represents frequency. The
left figure shows the sound made with high value of high cut rate, and the right figure
shows the sound made with the low value.

Table 1. Generated sound examples and setting of each parameter

pitch damping shape nonlinearity high cut rate

guitar one-dimention linear

sanshin1 one-dimention nonlinear

metal plate two-dimention linear low

wooden board high two-dimention linear high

glass high two-dimention linear high

cymbal two-dimention nonlinear low

7 Conclusion

In this paper, the authors discussed the method generating impact sound based
on wave propagation CA model for sound effect used by various contents. By
the result of examination for effect of the parameter of the proposed method on
the generated sound, the possibility to generate various impact sound has been
shown.

The proposed method has many parameters. It is difficult to find adequate
parameters for desired sound. Therefore, the authors consider to develop a tool
generating user’s desired sound from simple parameters.
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Abstract. Macroscopic Cellular Automata characterize a methodologi-
cal approach for modelling large scale (extended for kilometres) complex
acentric phenomena, e.g. surface flows as lava flows, debris flows etc..
This paper concerns the extension of such a method in order to simulate
combined subaerial-subaqueous flow-like landslides. The occurrence of
heterogeneous interacting processes requires a more physical description
of the energy balance and an explicit velocity management. The model
SCIDDICA-SS2 proposes some empirical solutions, such as the compu-
tation at each step and inside each cell, of departing flows which are
characterized by their mass centre position and velocity. An application
to combined subaerial-subaqueous landslide is exhibited together with
simulation results of the 1997 Albano lake (Rome, Italy) debris flow.

1 Introduction

An extension of classical Cellular Automata (CA), the Macroscopic CA [1], were
developed in order to model many complex macroscopic fluid-dynamical phe-
nomena, that seem difficult to be modelled in other CA frames (e.g. the lattice
Boltzmann method), because they take place on a large space scale.

Macroscopic CA can need a large amount of states, that describe properties of
the cells (e.g. temperature); such states may be formally represented by means
of substates, that specify the characteristics to be attributed to the state of the
cell and determining the CA evolution. The Cartesian product of the sets of all
substates constitutes the set of states. It involves a large amount of states more
a complicated transition function, not reducible to a lookup table.

In the case of surface flows, quantities concerning the third dimension, i.e.
the height, may be easily included among the CA substates (e.g. the altitude),
permitting models in two dimensions, working effectively in three dimensions.
Furthermore, an algorithm for the minimisation of the differences (in height)
[1] was found in this context in order to determine the outflows from a cell

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 329–336, 2008.
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toward the remaining cells of its neighbourhood, giving rise to several models
for different macroscopic phenomena: lava flows [1], debris/mud flows [1] and
rain soil erosion [2].

This empirical method has a significant restriction, because it doesn’t permit
to make velocity explicit with a radius 1 neighbourhood: a fluid amount moves
from a cell to another one in a CA step, which corresponds usually to a constant
time. This implies a constant “velocity” in the CA context of discrete space/time.
Nevertheless, velocities can be deduced by analysing the global behaviour of the
system in time and space. In such models, the flow velocity emerges by averaging
on the space (i.e. considering clusters of cells) or by averaging on the time (e.g.
considering the advancing flow front average velocity in a sequence of CA steps).

Constant velocity could be a limit for modelling finely macroscopic phenom-
ena, because it is difficult sometime to introduce physical considerations in the
modelling at a local level. Furthermore, the time corresponding to a step of the
CA is often deduced “a posteriori” by the simulation results and parameters of
the transition function must be again verified when the size of the cell is changed.

A solution was proposed: moving flows toward the neighbouring cells are in-
dividuated by the substates mass, velocity and barycentre co-ordinates. The
resulting new mass, barycentre and velocity are computed by composition of all
the inflows from the neighbours and the residual quantities inside the cell. This
overall method was applied first to lava flows [3]; the extension to debris flows
involved more complex criteria to be considered.

The next section defines the criteria, adopted in modelling combined subaerial-
subaqueous debris flows i.e. SCIDDICA-SS2, the simulation results of the 1997
Albano lake (Rome, Italy) debris flows [4] are shown in the third section, con-
clusions are reported at the end.

2 A CA Model for Combined Subaerial-Subaqueous
Flow-Like Landslides

CA represent an alternative to differential equations for complex systems evolv-
ing by local interactions. Some researchers proposed CA models for flow type
landslides.

Di Gregorio et al. [5] developed a simple two-dimensional CA model (first
release of SCIDDICA) and validated it by simulating the Mt Ontake landslide.
Many extensions of SCIDDICA were afterwards developed in order to improve
the model and/or capture the characteristics of different or more complex land-
slides, performing also susceptibility analysis [6,7,8,9].

Segre and Deangeli [10] presented a three-dimensional numeric model, based
on CA , for debris flows, using difference equations. The model was validated on
the M. XiKou landslide, capturing its main characteristics.

Clerici and Perego [11] simulated the Corniglio landslide using a simple CA
model in order to capture the blockage mechanisms for that type of landslide.

Salles et al. [12] developed recently a first interesting CA model for subaqueous
flows, in order to simulate density currents.
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2.1 The Model SCIDDICA-SS2

This version of SCIDDICA is an extension of the model applied to the landslides
of Sarno [8] improved by the method of explicit velocities of the SCIARA model
[3]. Such an extension involves more substates, processes and parameters because
the phenomenon is more complex: in fact, subaqueous part of Albano landslide
needs to be first modelled, especially the air-water transition.

The hexagonal CA model SCIDDICA-SS2 is the quintuple < R,X, S, P, τ >:

– R is the set of regular hexagons covering the region, where the phenomenon
evolves.

– X identifies the geometrical pattern of cells, which influence any state change
of the central cell: the central cell (index 0) itself and the six adjacent cells
(indexes 1,...,6).

– S is the finite set of states of the finite automaton, embedded in the cell; it
is equal to the Cartesian product of the sets of the considered substates:

S = SA × SD × STH × SX × SY × SKH × S6
E×

× S6
XE × S6

Y E × S6
KHE × S6

I × S6
XI × S6

Y I × S6
KHI

• SA is the cell altitude, SD is the maximum depth of detrital cover, that
could be transformed by erosion in landslide debris;

• STH is the average thickness of landslide debris inside the cell, SX and
SY are the co-ordinates of the debris barycentre with reference to the
cell centre, SKH is the debris kinetic head;

• SE is the part of debris flow, the so called “external flow”, (normalised to
a thickness) that penetrates the adjacent cell from central cell, SXE and
SY E are the co-ordinates of the external flow barycentre with reference to
the adjacent cell centre, SKHE is the debris kinetic head (six components
for all the substates);

• SI is the part of debris flow toward the adjacent cell, the so called “in-
ternal flow”, (normalised to a thickness) that remains inside the central
cell, SXI and SY I are the co-ordinates of the internal flow barycentre
with reference to the central cell centre, SKHI is the debris kinetic head
(six components for all the substates).

– P is the set of the global physical and empirical parameters, which account
for the general frame of the model and the physical characteristics of the
phenomenon; the next section provides a better explication of the elements
in the following list:

P = {pa, pt, padhw, padha, pfcw, pfca, ptdw, ptda,

pedw, peda, pml, pmtw, pmta, ppew, ppea, pwr}

• pa is the cell apothem; pt is the temporal correspondence of a CA step;
• padhw, padha are the water/air adhesion values, i.e. the debris thickness,

that may not removed;
• pfcw, pfca are the water/air friction coefficient for debris outflows;
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• ptdw, ptda, pedw, peda are water/air parameters for energy dissipation by
turbulence, water/air parameters for energy dissipation by erosion;

• pml is the matter loss in percent when the debris enters into water;
• pmtw, pmta are the water/air activation thresholds of the mobilisation;
• ptmt, is the activation threshold of the mobilisation for the transept;
• ppew, ppea are the water/air progressive erosion parameters;
• pwr is the water resistance parameter.

– τ : S7 → S is the deterministic state transition for the cells in R. The basic
elements of the transition function will be sketched in the next section.

At the beginning of the simulation, we specify the states of the cells in R,
defining the initial CA configuration. The initial values of the substates are
accordingly initialised. In particular, SA assumes the morphology values except
for the detachment area, where the thickness of the landslide mass is subtracted
from the morphology value; STH is zero everywhere except for the detachment
area, where the thickness of landslide mass is specified; SD assumes initial values
corresponding to the maximum depth of the mantle of detrital cover, which can
be eroded; all the values related to the remaining substates are zero everywhere.

At each next step, the function τ is applied to all the cells in R, so that the
configuration changes in time and the evolution of the CA is obtained.

2.2 The SCIDDICA-SS2 Transition Function

Four local processes may be considered for the release SS2 of SCIDDICA:

– altitude, kinetic head, debris thickness variation by detrital cover erosion;
– kinetic head variation by turbulence dissipation;
– debris outflows (thickness, barycentre co-ordinates, kinetic head) determina-

tion and their shift deduced by the motion equations;
– composition of debris inside the cell (remaining debris more inflows) and

determination of new thickness, barycentre co-ordinates, kinetic head.

In the following, a sketch of the local elementary processes will be given, which
is sufficient to capture the mechanisms of the transition function; the execution
of an elementary process updates the substates. Variables concerning substates
and parameters are indicated by their abbreviation. When substates need the
specification of the neighbourhood cell, its index is indicated between square
brackets. ΔQ means variation of the substate SQ. Parameter final letter (w, a)
is omitted when the formula is valid both in water and air.

Mobilisation Effects. When the kinetic head value overcomes an opportune
threshold (KH > mt) depending on the soil features and its saturation state
then a mobilisation of the detrital cover occurs proportionally to the quantity
overcoming the threshold: pe · (KH −mt) = ΔTH = −ΔD (the detrital cover
depth diminishes as the debris thickness increases), the kinetic head loss is:
−ΔKH = ed · (KH − mt). The mixing of the eroded detrital cover with the
earlier debris involves that the earlier debris kinetic energy becomes the kinetic
energy of all the mass, it implicates trivially a further kinetic head reduction.
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The activation of secondary sources is managed by a “transept” for each
secondary source. A threshold tmt for the thickness of the debris flow crossing
the transept is specified and secondary soil slips are actived for TH > tmt.

Turbulence Effect. The effect of the turbulence is modelled by a proportional
kinetichead loss at eachSCIDDICA step:−ΔKH = td·KH .This formula involves
that a velocity limit is imposed de facto. A generic case with a maximum value
of slope may be always transformed in the worst case of an endless channel with
constant maximum value slope. In this case an asymptotic value of kinetic head is
implied by infinite formula applications and, therefore, a velocity limit is deduced.

Debris Outflows. Outflows computation is performed in two steps: determi-
nation of the outflows minimising the “height” differences in the neighbourhood
[1] and determination of the shift of the outflows.

Rapid debris flows imply often a run up effect, depending on the kinetic head
associated to debris flow. As a consequence, the height minimisation algorithm [1]
is applied, considering for the central cell the fixed part b[0] = A[0]+KH [0]+adh
and the movable (distributable) part m[0] = TH [0]−adh. The fixed part for the
adjacent cells is: b[i] = A[i] + TH [i], 1 ≤ i ≤ 6; note that KH [0] accounts for
the ability of the flowing debris of climbing a slope. The minimisation algorithm
determines the flows f [i], 0 ≤ i ≤ 6 toward the neighbouring cells (f [0] is
the part of m[0] which is not distributed); such flows minimise the expression:∑
| (b[i] + f [i])− (b[j] + f [i]) | for {(i, j) | 0 ≤ i < j ≤ 6}.
The barycentre co-ordinates x and y of moving quantities are the same of all

the debris inside the cell and the form is ideally a “cylinder” tangent the next
edge of the hexagonal cell. A preliminary test is executed in order to account
the friction effects, that prevent debris outflows, when the difference in height,
b[0] + m[0] − b[i], that determines an ideal slope “θ[i]” between the two cells 0
and i, is insufficient: the condition is expressed by the formula tan θ[i] < fc. A
ideal distance “d” is considered between the central cell debris barycentre and
the centre of the adjacent cell i including the slope θ[i].

The f [i] shift “sh” is computed for subaerial debris flow according to the
following simple formula, that averages the movement of all the mass as the
barycentre movement of a body on a constant slope with a constant friction
coefficient: sh = v ·t+g(sin θ−fca ·cos θ)t2/2, with “g” the gravity acceleration,
the initial velocity v =

√
(2g ·HK). The shift formula for subaqueous debris

considers also the water resistance, using modified Stokes equations with a form
factor proportional to mass: sh = = (1 − exp(−wr · t))(v − (g(sin θ − fcw ·
cos θ)/wr)) + g(sin θ − fcw · cos θ) · t/wr.

The motion involves three possibilities: (1) only internal flow, the shifted
cylinder is completely internal to the central cell; (2) only external flow, all the
shifted cylinder is external to the central cell inside the adjacent cell; (3) the
shifted cylinder is partially internal to the central cell, partially external to the
central cell, the flow is divided between the central and the adjacent cell, forming
two cylinders with barycentres corresponding to the barycentres of the internal
debris flow and the external debris flow. Kinetic head variation is computed



334 M.V. Avolio et al.

according to the new position of internal and external flows, while energy dissi-
pation was considered as a turbulence effect in the previous elementary process.

Flows Composition. When debris outflows are computed, the new situation
involves that external flows left the cell, internal flows remain in the cell with
different co-ordinates and inflows (trivially derived by the values of external flows
of neighbour cells) could exist. The new value of TH is given, considering the
balance of inflows and outflows with the remaining debris in the cell. A kinetic
energy reduction is considered by loss of flows, while an increase is given by
inflows: the new value of the kinetic head is deduced from the computed kinetic
energy. The co-ordinates determination is calculated as the average weight of X
and Y considering remaining debris in the central cell, internal flows and inflows.

Air-Water Interface. Air-water interface is managed only for external flows
from air to water and not vice versa. An external flow from an air cell (altitude
higher than water level) to water cell (altitude lower than water level) implies
always a loss of matter (water inside debris and components lighter than water)
proportional to debris mass, specified by ml, it implies a correspondent loss of
kinetic energy, determined by kinetic head decrease.

3 Simulations of the 1997 Albano Lake Debris Flow

SCIDDICA-SS2 was validated against the 1997 Albano lake (Rome, Italy) event
(fig. 1) which is a rare case of combined subaerial-subaqueous debris-flow [4].
This landslide occurred in the eastern slope of the Albano lake on the 7th of
November 1997 after an intense rainfall event (128 mm in 24 hours), and it
began as a soil slide, mobilizing about 300 m3 of eluvial material. The mobilized
mass was channelled within a steeply dipping impluvium (about 40◦) and thus
evolved as a debris flow which entrained a large amount of debris material along
the bottom of the channel and reached an estimated volume of some thousands
of m3 at the coastline. A few amount of material was deposited at the coastline
while a greater quantity entered in water generating a little tsunami wave.

Detailed subaerial and submerged topographic data was acquired in 2005 and
2006 through aerial LiDAR and sonar multibeam swath bathymetric surveys,
performed by the INGV (Italian National Institute of Geophysics and Volcanol-
ogy) in the frame of a project sponsored by the Italian National Civil Protection
Department. Consequently, a 1m cell size DTLM (Digital Terrain and Lacustrine
Model) was produced and allowed to map in detail both the subaerial and the
submerged detachment and deposition areas and to estimate their volumes [4].

Simulations permit to validate the general model and to calibrate adequately
its parameters; results show a good agreement concerning erosion and deposits
on both subaerial and subaqueous part (fig. 2). A partial, but very significant
(quantitative) comparison between the real event and the simulated one for
both the environments may be performed by a fitness function f , that considers
a normalised value between 0 (complete failure) and 1 (perfect correspondence),
computed by the following formula

√
((R ∩ S)/(R ∪ S)), where R is the set



Modelling Combined Subaerial-Subaqueous Flow-Like Landslides by CA 335

Fig. 1. The 1997 Albano lake subaerial-subaqueous debris flow. Key: (1) real event,
(2) simulated event, (3) intersection between real and simulated event, (4) water level.

Fig. 2. A) regolith thickness (value is in italic) with pre-event reconstructed contour
lines; “a” and “b” respectively principal and secondary source. The results regarding
the best simulation are shown: B) deposit thickness; C) erosion depth; D) max occurred
velocity. The thick contour line represents the water level.

of cells affected by the landslides in the real event and S the set of cells affected
by the landslides in the simulation.

We obtain an encouraging f value 0.85 (fig. 1), that confirms a satisfying re-
liability in reproducing the phenomenon. The performance is positive compared
to results of other models, that use almost more qualitative than quantitative
evaluation tools.

4 Conclusions

Simulations of the 1997 Albano lake debris flow proved to be consistent with
the observed path, deposit and erosion of the actual landslide suggesting that
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SCIDDICA-SS2 could be usefully used in hazard analyses for subaerial, subaque-
ous and combined flow-like landslides; applications to other cases are planned.

SCIDDICA-SS2 is the first model for subaerial-subaqueous flow-like landslides
(there are many only-subaerial models and few only-subaqueous models) to our
knowledge. The problematical air-water transition gave rise to significant im-
provements in comparison with other SCIDDICA versions, i.e. the introduction
of the explicit velocity with a more precise computation of shift for internal and
external flows, while a limit is a possible underestimation of inertial effects.
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Abstract. Cellular automata (CA) have proved to be a robust approach to spa-
tially-explicit modeling of ecosystems. Conventionally the CA models applied a 
structured square grid.  However, due to the anisotropic properties of environ-
mental conditions, the capability of CA method was not fully explored when  
using the regular squared lattice. This research investigated the unstructured 
cellular automata (UCA) by implementing a irregular triangular grid and used it 
to develop a vegetation dynamics model. The model was then coupled with a 
two-dimensional hydrodynamic model to simulate the riparian vegetation dy-
namics due to flow modifications by the reservoirs operations. The integrated 
model was applied to a compound channel of the Lijiang River in the Southwest 
China, which has been affected by the flow regulations for navigation purpose. 
Through the simulations, the previous evolutions of the riparian vegetations 
were recaptured and their future developments under the new flow regulation 
scheme were predicted. In particular, the potentials of UCA in ecosystem mod-
eling were illustrated in the research. 

1   Introduction 

Cellular automata constitute a mathematical system, in which the simple local com-
ponents interact together to produce global complicated dynamics. Cellular automata 
have become a viable alternative approach to ecological modelling [1, 2], in particular 
after the emergence and application of object-oriented programming language. 

Conventionally cellular automata models apply a structured grid, for example the 
regular squared lattice. However, ecosystems are mostly characterised by the spatial 
anisotropy [3, 4], which indicates that some important local variations might be lost in 
these models. Although, the hexagon grid had been investigated [5, 6], they are still 
structured. Besides, they have not been widely used in the ecological models.  

The riparian zones are highly dynamic systems governed by interrelating physical 
and biological processes. The physical template of riparian zone is characterized by 
several typical geomorphic features, mainly including channel bed, channel shelf, 
floodplain and terrace [7]. Plant communities of different characteristics are distrib-
uted along the river side according to the ecological gradients. However, it is chal-
lenging to model the riparian successions, especially when flow patterns are largely 
modified by river regulations, for instance, the reservoir operations.  
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Some previous attempts to this subject include the use of cellular automata ap-
proach [1, 8]. However, these studies all applied a squared grid, thus some key local 
features such as turbulence intensity and microscopic topography of riverbed were not 
well presented. The simulated spatial vegetation patterns on the shoals and flood-
plains are different from the surveys.  

This research developed an UCA model for vegetation dynamics by implementing 
the irregular triangular grid and integrated it with a two-dimensional hydrodynamic 
model. The integrated models were applied to simulate the impacts of flow modifica-
tions on riparian vegetation evolutions. The following sections will illustrate the de-
velopment and application of the UCA model through a case study. 

2   Study Site 

The Lijiang River is a famous tourism resort in Southwest China. The flow in the 
river has dramatic seasonal fluctuations that can reach 12000 m3/s in rainy season and 
down to only 12m3/s in dry season. For decades, river regulations have been imple-
mented to ameliorate the flows for tourism cruise. Several reservoirs have been con-
structed or under construction in the main stem and branches. When all the reservoirs 
are in operation, the low flow during dry season is expected to reach 60m3/s. Since the 
flow regimes have been and will be further modified by reservoir operation, it is im-
portant to quantitatively evaluate the influences on the downstream ecosystem.  
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Fig. 1. Study site and the channel bed elevation 

The study selected a typical compound channel in the downstream of the Lijiang 
River near the Yangshuo hydrological station, where the influences of all the up-
stream reservoirs can be perceived (Fig. 1). Field survey was conducted with concerns 
on both physical and biological features. 

3   Model Development 

3.1   Model Framework 

To deal with the multiple processes described above, an integrated model is devel-
oped. The model framework is illustrated in Fig. 2 where the flow and vegetation 
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dynamics are solved by hydrodynamic module and UCA vegetation module respec-
tively. The “global change” in Fig. 2 may be caused by either natural or anthropo-
genic influences, such as river regulations.  

 

Fig. 2. The framework of the integrated hydrodynamic and UCA model 

3.2   Hydrodynamic Module 

The hydrodynamic model solves the depth-integrated equations (1-3) of fluid mass 
and momentum conservation in two horizontal directions.  
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(3)

In which: h-water depth, u, v - velocities in the Cartesian directions, x, y, t -
Cartesian coordinates and time, ρ - density of fluid, E - Eddy viscosity coefficient, g - 
acceleration due to gravity, a - elevation of bottom, n - Manning’s roughness.  

The boundary conditions were defined using the data from the Yangshuo hydro-
logical station. Daily averaged discharge was applied at the upstream boundary and 
daily averaged water level was applied at the downstream boundary. The finite ele-
ment method (FEM) was applied to solve the equations numerically. The simulation 
time step is 15minutes and the output data is daily-averaged in order to consist with 
the time step of vegetation module. Six scenarios were simulated that are high, even 
and low flows for with and without reservoir regulations respectively.  

3.3   Vegetation Module 

Three annual herbs that are Rumex Maritimus (R. Maritimus), Polygonum Hydropiper 
(P. Hydropiper) and Leonurus Heterophyllus (L. Heterophyllus) were investigated on 
the channel shelf. The annual herbaceous species were selected in the present study 
because they complete their life cycle in relatively short time. Field data were col-
lected to reflect the present distribution patterns of these species.  
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The physical template of the riparian zone is represented by a UCA grid, with 
physical and biological properties specifying bed morphology and vegetation condi-
tion. The simulated plants can “grow” by updating cell properties at every time step. 
The updating rules are based on several dominant processes of the plant’s life cycle. 
External forcing was introduced by reading the output of hydrodynamic module. The 
characteristics of each species are obtained from experiments and existing literatures. 
Table 1 gives the parameters used in the vegetation model. The typical responses of 
the modelled species to the inundations are presented in Fig 3. 

Table 1. Empirical values for the parameters of the vegetation module 

Items R. Maritimus   P. Hydropiper L. Heterophyllus 
Seed weight 0.0002g 0.0002g 0.0002g 
Max. growth rate 0.13 0.12 0.13 
Max. biomass per plant 2.70g 1.65g 3.00g 
Biomass loss rate during 
inundation 

0 *  0.02/d / ** 

Mortality rate during
inundation 

0.05/d (i.d. >40 
days) ***    

0.025/d (i.d.>10 
days) 

0.8/d (i.d.>5  
days) 

Growth rate decrease
during drought 

63% (d.d. >5 
days) ****      

27% (d.d.>15 
days) 

0 

Mortality rate during 
drought 

0.05/d (d.d.>10 
days)           

0.05/d (d.d.>20 
days) 

0 

Note: (*) “0” indicates no biomass loss but not normal growth; (**) L. Heterophyllus suffers 
great biomass loss during inundation, with an assumed mortality rate of 0.1~0.2/d during short 
period of inundation; (***) i.d.: inundation duration; (****) d.d.: drought duration. 

Based on these parameters, the vegetation dynamics were simulated in a UCA grid 
with main concerns on the flow disturbances during the growing season. The main 
CA rules are illustrated bellow: (1) Germination: in riparian zone, seed germination 
takes place along with the recession of the first floods after winter dormancy. Due to 
relatively high dispersal ability and long dormancy of herbaceous seeds, the composi-
tions of herbaceous seed banks are similar in different areas of a riparian zone and 
abundant [9]. Therefore, the seed availability was not considered as a limiting factor 
for the herbaceous species. During the initialization of the model, seeds of the three 
species are scattered evenly in simulation space, and the amount of geminated seeds is 
equal to the maximum number of mature plants allowed in a cell. 

(2) Growing period: the juvenile plants are most prone to adverse environment and 
disturbances. The susceptibility (or tolerance) differs among the species, which con-
tributes to the species differentiation along the water level gradients. R.Maritimus and 
P.Hydropiper are typical riparian species, while L.Heterophyllus is not adapted to 
inundation and mostly presents on the upper land where floods seldom reach. 

(3) Mature period: mature plants of the three species show much more tolerance to 
adverse environment. They all are able to survive longer inundation or drought stress, 
and the survival rates are similar. The seeds are produced in this period. 

(4) Winter loss: all the annual herbaceous plants die in the winter, and the seeds have 
a loss rate. 
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Inundation days Inundation days  

Fig. 3. Response curve of R. Maritimus and P. Hydropiper to inundation stress  

(5) The local interactions and species competitions are formulated according to the 
field survey and lab experiments. Suppose that the resources of per unit area is R=1 

(resources/m2), and the resources consumption of species i is max/( )i
i ic S n M×＝ , 

where S-area of sample site, n-the number of the species i under optimal conditions in 
the sample site, Mmax - the maximum biomass of an individual species i under optimal 
conditions. Taking R. Maritimus for example, the filed survey found that the n =3 and 
Mmax =2.7, so the corresponding Ci = 1/(3×2.7). Therefore, the available resource of 
the cell k is defined as: 

   1- k n
k i i i iR c B c B× − ×＝                                    (4) 

where the Rk – available resource in cell k, k
iB -is the biomass of species i in cell k, 

n
iB -is the biomass of species i colonizing the cell k from the neighbors. If Rk >0, all 

species grow normally. Otherwise, two different options are defined: if L. Heterophyl-
lus have not reached to the saturated biomass, L. Heterophyllus keeps normal growth 
due to the strong competition capability, while R. Maritimus and P. Hydropipr de-
crease. If L. Heterophyllus have reached to saturated biomass, it will colonise if there 
is available resources in the neighbours, or it will sustain saturation.  

R. Maritimus and P. Hydropipr follow the similar rules as L. Heterophyllus except 
that they can only utilise the remained resources due to their low competition capabil-
ity. In reality, R. Maritimus and P. Hydropipr hardly reach to saturated level.  

The simulation time step of the CA based vegetation model is 1 day. The model 
reads the outputs (water level and velocity) from the hydrodynamic module and cal-
culates its influence on the plants growth. Although only the water level and flow 
velocity were taken into account in the present vegetation module, other variables 
such as water quality could also be incorporated in the similar way. 

4   Model Results 

4.1   Hydrodynamic Model Outputs 

Fig. 4 shows the daily variations of water levels with and without the reservoir opera-
tions in the typical dry year (2004, post-dam).  
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Fig. 4. Water levels in typical dry year without (left) and with (right) regulations 

Without the reservoir regulation, the floods were frequent and intense, with high 
peak water level, but relatively short duration of single flood. Under the reservoir 
regulation, the flood frequency and intensity decreased, but the recession of flood is 
slower, resulting in prolonged duration of single flood event. Fig 5 is the snapshot of 
the simulated water depth during low flow and high flow periods within a year. The 
unsubmerged area of the channel shelf during low flow period provides the habitat for 
vegetation establishment. 

 

Fig. 5. Flow patterns during base flow (left) and high flow (right) seasons  

4.2   Vegetation Model Outputs 

Fig. 6 shows the comparisons of the species distributions with and without reservoir 
regulations in the typical dry year (2004, post-dam). From the results, the changes of 
distribution could be perceived. Without flow regulation, the habitat ranges of R. 
Maritimus and P. Hydropiper were significantly wider than with regulations. When 
river regulation was implemented, they both shrunk largely. At the same time, L. 
Heterophyllus, which is more susceptible to flood and tolerant to drought, expanded 
toward the river side and colonized the habitats that were previously occupied by the 
R. Maritimus and P. Hydropiper. The results are in general consistent with both the 
observations and the statistical niche models. 

Fig.7 shows the elevation averaged biomass of each species along the transect. The 
“elevation averaged biomass” refers to the average biomass of all the plants growing 
on the same elevation. Because the absolute weights of the species are significantly 
different, the relative biomass was used instead. The relative biomass was defined as 
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Fig. 6. Species distribution in dry year for without (top) and with (bottom) regulations  

 

Fig. 7. Species gradients in dry year for without (left) and with (right) regulations  

the proportion of average biomass to maximum biomass of a single mature plant. The 
values are then in between 0 and 1. 

As a semi-aquatic species, R. Maritimus mainly grow in the area close to the river 
bank. The peak biomass appears in the strip with an elevation a little higher than the 
water level under base flow. As the elevation increases, the species disappears gradu-
ally for the drought stress and the competition from upland species. The distribution 
of P. Hydropiper has a similar pattern as R. Maritimus, but the peak biomass appears 
at a higher elevation because of the difference of flood tolerance. L. Heterophyllus 
start to appear near the peak biomass of P. Hydropiper and become dominant gradu-
ally at higher elevation where floods can seldom reach. 

After the reservoir operation, the distribution of R. Maritimus shrunk, but the peak 
biomass has not been strongly affected. However, P. Hydropiper suffered a signifi-
cant decrease in both the distribution and the peak biomass. Comparing to R. Mari-
timus, P. Hydropiper is less tolerant to flood inundation, and it consumes more stored 
carbohydrate during inundation. But on the other hand, it does require frequent flood 
disturbances to support the competition with the upland species L. Heterophyllus. 
Therefore, after reservoir operation, less flood frequency and longer flood duration 
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made the riparian habitat less suitable for the growth of P. Hydropiper. L. Heterophyl-
lus obviously benefits from the flow modification, with an expanded habitat range and 
an increased peak biomass. 

5   Discussions 

The research demonstrated that UCA approach is powerful to implement spatial ani-
sotropy and local interactions that are critical to understand riparian ecosystem. In the 
developed model, the microscopic riverbed topography was well represented by the 
UCA grid. The species local interactions were implemented at multiple levels, includ-
ing internal interactions such as competitions and colonisations among the plants, and 
external interactions between the species and the flow conditions. 

Although there are many factors influencing riparian vegetation dynamics, it is im-
practical and unnecessary to incorporate all of them into the model. The seed dynam-
ics and the flow disturbances during juvenile period had been identified as the key 
processes of the vegetation models [3, 7, 9]. They determine whether a species is able 
to establish and its chance to survive after establishment. When the plants become 
mature, they are less susceptible to adverse environment except for prominent distur-
bances such as destructive high flows and extremely long inundation duration. 
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Abstract. The goal is to optimize the behavior of moving creatures by
using “time-shuffling” techniques. The “creatures’ exploration problem”
is used as an example for a multi-agent problem modeled by cellular
automata. The task of the creatures is to visit all empty cells in an en-
vironment with a minimum number of steps. The behavior of a creature
is modeled by an automaton taking care of the collisions. Time-shuffling
means that two behaviors (algorithms X and Y) are sequentially alter-
nated with a certain time period. Ten different “uniform” (non-time-
shuffled) algorithms with good performance from former investigations
were used. We defined three time-shuffling modes differing in the way how
the algorithms are interchanged. New metrics are used for such multi-
agent systems, especially the success rate (number of successful explored
environments) and the mean normalized work (cost). Time-shuffled sys-
tems with a time period of around 100 have resulted in much better
success rates and lower cost compared to the uniform systems.

Introduction. The general goal of our project is to optimize the cooperative
behavior of moving creatures modeled in the cellular automata model. The crea-
tures have to fulfil a certain global task in an artificial environment. A creature
or agent behaves according to an algorithm (rule, behavior) which is stored in
the creature. We distinguish uniform and time-shuffled systems of creatures. A
uniform system comprises creatures in which all creatures behave uniform (sim-
ilar and time independent). A time-shuffled system comprises creatures which
change their algorithm depending on the time (generation counter). In particular
we have focused on time-shuffled systems in which two algorithms are activated
alternatingly for a period of T generations. The goal of this investigation was
to find out with respect to the creatures’ exploration problem (explained be-
low): (1) what is the best mode (technique) to shuffle algorithms, (2) what is
the optimal period T to alternate the algorithms, (3) how much more efficient
are the time-shuffled systems compared to the uniform systems, and (4) which
algorithms “harmonize” best, meaning which combinations of algorithms with
how many creatures are the most efficient. – The general question behind this
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particular investigation is: What are the best techniques to combine good CA
rules in order to get better ones with a certain probability?

We are modeling the behavior by a finite state machine. In the past we have
tried to find out the best algorithm for one creature by enumeration. The number
of state machines which can be coded using a state table is M = (#s#y)(#s#x)

where n = #s is the number of states, #x is the number of different input
values and #y is the number of different output actions. Note that M increases
dramatically, especially with #s, which makes it very difficult or even impossible
to check the quality of all algorithms by enumeration in reasonable time. By
hardware support (FPGA technology) we were able to simulate and evaluate
all 1212 6-state algorithms (including algorithms with less than 6 states and
including redundant ones) for a test set of 5 initial configurations [1]. The 10
best algorithms (with respect to percentage of visited cells) were used in further
investigations to evaluate the robustness (using additional 21 environments) and
the efficiency of k > 1 creatures. It turned out that several creatures can solve
the problem with less cost than a single one [2]. We have recently investigated
time-shuffled systems [3] in which the two algorithms were exchanged after each
generation (time period T = 1). It turned out that only a few of the time-shuffled
systems resulted in a better performance compared to the uniform systems.
We were not satisfied with these results and therefore we tried to improve our
techniques by choosing a longer time period T > 1.

Modeling the behavior with a state machine with a restricted number of states
and evaluation by enumerations was also undertaken in SOS [4]. Additional work
was done by these authors using genetic algorithms. The creatures’ exploration
problem based on our model was further investigated in [5]. Randomness was
added which led to a higher degree of success. The problem is also related to
the first passage problem. Our research in general is also related to works like:
Evolving optimal rules for cellular automata (CA) [6,7] or finding out the center
of gravity by marching pixels [8].

CA model for the creatures’ exploration problem. The problem is the fol-
lowing: p creatures are moving around in an environment that consists of empty
cells and obstacle cells in order to visit all reachable empty cells in shortest time.
Creatures cannot move on obstacle cells, and only one creature can be located
on an empty cell at the same time. Creatures can look forward one cell ahead
in their moving direction. The creatures may perform four different actions: R
(turn right only), L (turn left only), Rm (move forward and simultaneously turn
right), Lm (move forward and simultaneously turn left). The rules for executing
these actions are:

(a1) if (front cell == obstacle OR creature) then R/L
(a2) if (two or more creatures want to move to the front cell) then R/L
(b) else Rm/Lm

The action R or L is performed if the “front cell” (the cell ahead) is not free,
because it is an obstacle, another creature is located on it, or a collision conflict is
anticipated. In all other cases the action Lm or Rm is performed. The detection
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of anticipated conflicts is realized by an arbitration signal received from the
destination cell. Each creature sends a request to its front cell, which sends
back a grant signal if no other creature has sent a request [1]. – The state of a
cell comprises the type, the direction r and the control state s (Fig. 1a). The
bahavior is defined by a Mealy automaton with inputs (m, s), next state s′ and
output d. An algorithm is defined by the contents of a state table assigned to
the state machine. We are coding an algorithm into a string representation or a
simplified string representation by concatenating the contents line by line to a
string, e. g.: 1L2L0L4R5R3R-3Lm1Rm5Lm0Rm4Lm2Rm or in a simplified form
1L2L0L4R5R3R-3L1R5L0R4L2R.

The state table can be represented more clearly as a state graph (Fig. 1b). If
the state machine uses n states, we call such an algorithm n-state algorithm. If
the automaton is considered as a Moore automaton instead of a Mealy automa-
ton, the number of states will be the product n×#r, where #r is the number
of possible directions (4 in our case).
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Fig. 1. A state machine (a) models a creature’s behavior. Corresponding 6-state
algorithm (b).

In preceding investigations [1] we could discover and evaluate the best 6-state
algorithms for one creature by the aid of special hardware. All relevant algo-
rithms were simulated and evaluated for 26 initial test configurations (they are
different from the ones we are using here). The following 10 best algorithms were
ranked using a dominance relation with the criteria (1.) success, (2.) coverage
and (3.) speed:

1. G: 1L2L0L4R5R3R-3L1R5L0R4L2R 6. E: 1R2L0R4L5L3L-3R4R5R0L1L2R
2. B: 1R2R0R4L5L3L-3R1L5R0L4R2L 7. F: 1R2L0L4R5R3R-3L4L5L0R1L2R
3. C: 1R2R0R4L5L3L-3R4R2L0L1L5R 8. H: 1L2L3R4L2R0L-2L4L0R3L5L4R
4. A: 0R2R3R4L5L1L-1R5R4R0L2L3L 9. I: 1L2L3L4L2R0L-2L4L0R3R5L4R
5. D: 1R2R3R1L5L1L-1R0L2L4R3L1L 10. J: 1R2R3R0R4L5L-4R5R3L2L0L1L

In this investigation we are using the ten previously found algorithms (A to J).
In order to find algorithms or combinations of algorithms that are robust against
changes of the environment, we have created a new set of 16 environments of size
35 × 35 with a fixed number of obstacles (129) (Fig. 2). The grid size allows us
to place the creatures at the beginning in regular formations and the constant
number of obstacles simplifies the analysis.
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manually
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(Env4 –

Env9)

manually
designed

symmetrical
(Env0 –

Env3)

6 times
randomly

generated
(Env10 –

Env15)

Fig. 2. The 16 environments with 35 × 35 cells, manually designed or randomly gen-
erated. Each environment comprises R = 960 empty cells and 129 obstacles.

System configurations and metrics. In [2,9] we have evaluated that in-
creasing the number of creatures can lead to synergy effects, i. e., the uniform
creatures can work more efficiently together than by their own. Initially 1 to 64
creatures were distributed with equal distances (if possible) at the borders with
directions away from the borders. In order to investigate the performance of
time-shuffled systems (multi-creature system with time-shuffled algorithms), we
have simulated all pairs (X,Y ) of the former best single algorithms (A to J) on
all 16 environments (Fig. 2) whereas the uniform pairs (X,X) are included for
comparison. The two algorithms in the time-shuffled system were interchanged
after a period of T generations. The tested values for T were T = 1, 3, 5, 6, 12,
24, 48, 96, 384, 1536. We used three different modes of time-shuffling (Fig. 3):

– (c) common. A creature interchanges algorithm X with algorithm Y after ev-
ery time period T . But it uses only one common state s which is shared by the
algorithms.
– (s) simultaneous. A creature works with both algorithms simultaneously. Each
of the algorithms has its own state (sx, sy). The output is taken alternatingly
from X/Y for t =(generation/T) mod 2 = 0/1. Both states are updated in every
generation.
– (a) alternate. An individual state is used for each of the algorithms. For t = 0
the output is taken from X and only the state sx is updated. For t = 1 the
output is taken from Y and only the state sy is updated.

The shuffling modes c and s for all pairs of equal algorithms (X,X) are spe-
cial cases which are in fact uniform systems. In contrast the shuffle mode with
a pair (X,X) of equal algorithms does not result in a uniform case because
if two algorithms of the type X are active, they can be in a different control
state. For reasons of preciseness and comparability we will divide the alternate
shuffle mode into alternate XX, which only consists of the ten combinations
(X,X) and alternate XY (90 combinations of the ten algorithms A-J, X 
= Y ),
disregarding the ten pairs (X,X). – We will denote a multi-creature system by
XY-k/pT, where XY is the pair of algorithms that is shuffled periodically every T
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Fig. 3. Types of time-shuffling state machines. X is the first algorithm, Y the second.
t =(generation/T) mod 2 = 0/1 is a function of the generation counter and controls
the outputs and also the state transition in the cases c and a. ce (clock enable) is a
signal that enables the state transition.

generations, k is the number of creatures and p the time-shuffling mode. E. g.,
AB-8/a48 is a system with 8 creatures using the time-shuffling mode “alternate”,
periodically switching between the algorithms A and B every 48 generations.

In order to evaluate multi-creature systems the following definitions and met-
rics were used:

– R := number of empty cells; – g := generation (time steps)
– rmax := the maximum number of cells which can be visited for g →∞
– gmax := the first generation in which rmax is achieved
– e := rmax/R[%], the coverage or exploration rate, i. e. visited cells

all empty cells

– successful := true, if e = 100%
– number of successes := number of successful visited environments
– success rate := number of successes/no. of environments
– completely successful := successful for all environments under test
– speed := R/gmax (only defined for successful algorithms)
– k := number of creatures
– mean speed per creature = ms(k) :=

∑
rmax,i

k·
∑

gmax,i
. The speed ms(k) is an av-

erage over all environments i and is normalized to one creature. This measure
expresses how fast a creature can visit a cell on average (maximum is 100%).
This measure should not be used if any of the environments cannot be visited
successfully because otherwise the mean speed might be believed higher than it
is reasonable.
– mean normalized work = mw(k) := k·

∑
gmax,i∑

rmax,i
= 1

ms(k) . This value represents
the work which is necessary, or the cost which has to be paid for one creature
to visit a cell. Note that mw is the reciprocal of ms. We call a system efficient
if its mean speed is high or its mean normalized work is low.

Success rates. The results of simulating the uniform systems with one crea-
ture showed that none of them was completely successful (capable of solving all
environments successfully), while some time-shuffled systems with one creature
and a certain time period T were completely successful. In general the success
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Table 1. The number of completely successful systems (all 16 environments solved)
with “alternate” shuffle mode and non-equal algorithm pairs (alternate XY) for each
combination of the number of creatures k and the shuffle time period T .

k=1 k=2 k=4 k=8 k=12 k=16 k=28 k=32 k=60 k=64 Sum

uniform 0/10 0/10 0/10 1/10 3/10 5/10 6/10 8/10 9/10 9/10 41/100

a
l
t
e
r
n
a
t
e

X
Y

T=1 0/90 0/90 0/90 5/90 3/90 7/90 11/90 9/90 17/90 21/90 73/900

T=3 0/90 0/90 3/90 17/90 25/90 32/90 41/90 43/90 59/90 62/90 282/900

T=5 0/90 2/90 6/90 23/90 28/90 36/90 52/90 59/90 70/90 73/90 349/900

T=6 1/90 10/90 20/90 33/90 47/90 55/90 69/90 76/90 84/90 84/90 479/900

T=12 7/90 24/90 30/90 48/90 66/90 72/90 81/90 79/90 84/90 84/90 575/900

T=24 8/90 29/90 39/90 70/90 77/90 77/90 84/90 84/90 84/90 84/90 636/900

T=48 10/90 34/90 58/90 72/90 77/90 82/90 84/90 86/90 87/90 87/90 677/900

T=96 8/90 40/90 55/90 76/90 86/90 83/90 89/90 88/90 89/90 90/90 704/900

T=384 3/90 30/90 48/90 64/90 79/90 84/90 89/90 90/90 90/90 90/90 667/900

T=1536 2/90 12/90 34/90 69/90 74/90 75/90 89/90 88/90 90/90 90/90 623/900

rates are increasing with the number of creatures due to synergy effects (Tab. 1).
This is true for uniform as well as for time-shuffled systems (only the alternate
shuffle mode is shown in that table). The best success rates can be achieved for
T between 48 and 1536. The other shuffle modes have shown similar results.

41% of the uniform systems were completely successful (for all 16 test environ-
ments) averaged over the number k of creatures. By comparison the time-shuffled
systems reach a significant higher percentage for T > 6 or T > 12, whereas the
alternate mode is slightly better than the simultaneous mode and the common
mode (Fig. 4). Even the simple mode “alternate XX”, using the same algorithm
twice but with different control states, reaches a success rate of 68% for T = 48.
The highest success rate which can be reached for an individual system XY-k/pT
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Fig. 4. Percentage of complete successes, depending on period T (x-axis) and shuffle
mode (different curves). The values are averaged over all pairs XY and over the number
of creatures k. A logarithmic scale was chosen for T to achieve a better representation.

obviously depends on the individual parameters. In general the success rates are
increasing with the number of creatures. E. g., for k = 64 the nine uniform
systems (B..J)-64 and the 279 systems XY -64/(c,s,a)96 with X ,Y ∈ A..J are
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Table 2. The top 5 most efficient (lowest total cost) uniform multi-creature systems
(a) and the top 5 overall most efficient time shuffled multi-creature systems (b). The
value “mean gmax” is averaged over all environments.
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BJ-28/a96 16 370 9.27% 10.79 €€
BC-32/a96 16 338 8.88% 11.26 €€
JG-28/c96 16 388 8.85% 11.30 €€
GJ-8/a48 16 1376 8.72% 11.47 €€

JJ-16/a384 16 688 8.72% 11.47 €€
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J-32 16 382 7.86% 12.72 €€
J-16 16 768 7.81% 12.80 €€
B-28 16 456 7.52% 13.30 €€
J-12 16 1069 7.48% 13.36 €€
J-28 16 463 7.41% 13.49 €€

(a) (b)

completely successful. For k = 1, 23 time-shuffled systems out of 280 XY com-
binations are completely successful, but none of the uniform ones. The optimal
time period to switch between algorithms that is unsensitive against changes of
the number of creatures is approx. T ≈ 100, and it is relatively independent of
the time shuffle mode.

Efficiency of the systems. In the following investigation about efficiency we
will consider only systems that were completely successful because the inclusion
of not successful systems would either falsify the results (affecting/pretending
higher efficiency) or would require other metrics which will not be introduced
here. The most efficient uniform systems for the 16 environments were the sys-
tems J-32, J-16 and B-28 (Tab. 2). The system J-32 has a mean speed per
creature of 7.86%. Assuming that each step of a creature costs 1 e, the mean
normalized work is 12.72 e, meaning that each creature needs 12.72 steps to
visit a new empty cell on average. If you think of cleaning a room, this might be
the price for “cleaning” one “square meter”. The overall most efficient system
is the time-shuffled system BJ-28/a96 with a mean normalized work of 10.79 e
(Tab. 2), which is 16.7% more efficient than the best uniform system J-32.

Table 3. The costs for the completely successful systems BJ-k/aT

k=1 k=2 k=4 k=8 k=12 k=16 k=28 k=32 k=60 k=64

T=3 32.29 33.15 30.38 30.32 34.89
T=5 23.43 25.18 17.31 27.78 24.63 24.79 27.73
T=6 20.16 20.40 18.45 19.15 18.35 18.51 20.36 22.37
T=12 15.47 15.81 14.72 16.14 13.28 15.74 18.90 14.30 18.30 17.65
T=24 14.90 15.97 14.79 15.80 15.81 15.31 14.75 18.37
T=48 13.40 12.60 13.07 14.32 12.56 12.82 15.59 16.82 13.84

T=96 14.48 15.94 16.18 15.42 18.25 13.88 10.79 13.03 17.01 14.78
T=384 14.16 14.91 13.30 17.02 15.42 12.43 13.82 14.80
T=1536 13.61 17.18 15.49 13.30 14.49 17.25 17.38

The systems BJ-k/aT were analyzed in more detail (Tab. 3). Depending on k,
the optimal time period lies in the range from T = 12 to 384, with costs between
10.79 e and 14.49 e. Further we had a closer look to the top 25 most efficient sys-
tems (all of them are time-shuffled). The occurrence of the algorithms as part of



352 P. Ediger and R. Hoffmann

a combination is: B (10 times), J (19), G (9), C (7), A (3), F (1), E (1). The lead-
ing four algorithms B, J, G, C are also the most efficient in uniform systems. This
means that when good uniform algorithms are used in a time-shuffled combina-
tion, the resulting system is likely to be a good or a better system. The occurrences
of the shuffle modes in the top 25 are: a (11 times), s (9), c (5). The occurrences
of the time periods are: T = 96 (10 times), T = 48 (8), T = 384 (5), T = 24 (2).
The occurrences for a certain number of creatures are: k = 8 (7 times), k = 28
(5), k = 12 (4), k = 16 (4) and for k = 1, 2, 4, 32, 60 only once.

In addition we have checked for comparison the quality of 32 random walkers
(300 runs), which randomly choose the actions R/L respectively Rm/Lm. The
random walkers needed 1,833 generations to explore all 16 environments, aver-
aged over 300 runs in each environment and averaged over the environments.
In comparison the system J-32 needed only 382 generations (4.8 times faster)
and the system BC-32/a96 only 338 (5.4 times faster). Furthermore the random
walkers were very slow in solving successfully the environment 7 (spiral). Only
238 runs out of 300 were successful (within a time limit of 10,000 generations
after a new empty cell was visited).

Conclusion. We could show that algorithms which have a good performance in
uniform multi-creature systems can be combined by time-shuffling in order to
produce a better performance. Three shuffling modes combining two algorithms
were defined: (c) “common” using a common state, (s) “simultaneous” using
two running states, and (a) “alternate” using two states of which only one is
updated. It turned out that the alternate mode is the best choice in order to
build successful and efficient systems. The best success rates were achieved for a
time period T between 48 and 1536. The optimal time period to switch between
algorithms that is robust against changes of the number of creatures is approx.
T ≈ 96, and it is relatively independent of the time-shuffle mode. Uniform sys-
tems need at least 8 creatures to be completely successful, whereas time-shuffled
systems are already completely successful with one creature only. The efficiency
measures (mean speed, mean normalized work) are only reasonable for systems
which are completely successful. The top 10 most efficient time-shuffled systems
are 17.8 to 34.4% more cost efficient than the top 10 uniform ones.

Further work is in progress to use more general shuffling modes and to optimize
them by heuristics, to use other basic algorithms with less and more states, to
detect relations between certain cycles in the state graphs and the performance,
to use efficiency measures which include unsuccessful systems and to discover
relations between conflicts and synergy.
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Abstract. Using actual census, family and age structure, land-use and
population-mobility data, we develop a stochastic cellular automata on
a social contact network to study the propagation of influenza epidemics
in the UK. In particular, we address age dependency and obtain the con-
tact networks through the analysis of location co-presence. We analyze
infection propensities as well as vaccination techniques. The results indi-
cate the relative merits of different vaccination strategies combined with
early detection without resorting to mass vaccination of a population.

1 Introduction

The effective response to an epidemic requires an interdisciplinary and multiscale
approach, exploiting aspects from individual health to population spreading pat-
terns. Modeling epidemics has therefore been one of the most valuable tools in
answering to these complex issues. Most mathematical models for the spread of
disease employ differential equations based on uniform mixing assumptions or
ad-hoc models for the contact process (see among others [1,2,3,4,5]).

Spatial diffusion of epidemics has been studied by means of partial differential
equations or by the equivalent discretization represented by cellular automata
on a regular lattice. The cellular automata method has the advantage of allowing
arbitrary transitions among states, thus making easier the modeling of a plausible
disease evolution, and to make possible the inclusion of quenched disorder, e.g.,
geographic constraints.

On the other hand, highly transmissible epidemics like flu are better modelled
on the social network of contacts, which is more important than the geographic
distance between any two people. However, the determination of the social net-
work from available data is far from being trivial. Another possibility is that of
resorting to agent-based modeling, following each agent during its displacements.
This is expensive in computational terms, while the additional level of accuracy
in the description is rarely justified by available experimental data. Eubank et
al. have employed TRANSIMS [6] for modeling transport infrastructure, and
built EPISIMS[7] for simulating disease spread. Other examples can be found in
Refs. [8,9,10].

We employ here a cellular automata model of epidemics on an effective social
network that is constructed by considering the actual interactions as the time

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 354–361, 2008.
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average of the persistence of individuals being in the same location. Our model
utilises large-scale demographic and mobility data based on actual census and
land-use. Notably, Brownstein [11] showed that influenza spread firstly in chil-
dren aged 3-4 years old. Following these findings and data from HPA [12], our
model considers that flu season begins with preschoolers.

2 Methodology

We consider a generalized cellular automata model in which the cells or nodes
are the individuals, and the connections are defined by an adjacency matrix
Jij ∈ {0, 1}. In a regular lattice, Jij is translationally invariant.

The individual variable xi corresponds to the disease states: susceptible (S),
exposed (E), infectious (I), recovered (R). Each individual has moreover a set of
properties such as age, residential place, work place, etc. This can be considered
equivalent to a quenched disorder.

Susceptible individuals may become exposed to the disease with probability
PE|S if they come into “significant” contact with infected individuals through
the contact networks. This transition probability also depends on some external
parameters such as the virulence V of the flu strain and a seasonal factor T , that
may be used to tune the simulations. Exposed individual may become infectious
after an incubation period (given by the inverse of the incubation rate PI|E);
the recovery rate given by the inverse of the probability PR|I governs the aver-
age length of the infectious period. Vaccinated individuals are also considered
recovered. The model thus belongs to the class of SEIR model [13], in which the
crucial parameter is the asymptotic fraction of exposed people after the epidemic
has become extinct.

One of the main points of our study is to construct the people-people social
contact network Jij using locations, ages, residential and work places, and con-
sidering the time that two people spend together, in average, in such places. In
principle, Jij should be considered a weighted matrix. Due to the lack of precise
data, we set a threshold and classify contacts in two classes, “important ones”
(Jij = 1) and “influent” ones (Jij = 0). Moreover, we distinguish the contact
network according to the location k, so Jij(k) = 1 if, in average, people i and j
are expected to spend daily a significant fraction of time in location k.

2.1 Generating the Contact Network

In generating the set of people in the simulation, we utilise actual statistics as
well as certain assumptions. For instance, people under 21 years old are more
inclined to attend school or college rather than going to work. The age groups of
the population are split into the following: 0-4, 5-14, 15-21, 22-44, 45-64, 65-90
(and above). The simulated age distribution of the population corresponds to
actual statistics from the UK Census 20011, as depicted in Figure 1 (left). The
probability of each age group is then calculated accordingly.
1 http://www.statistics.gov.uk/
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Fig. 1. Population Structure of Cambridgeshire and London (left). Pairwise infection
propensity varies with age (right).

If person i goes to location k, an edge Tik is drawn. We could also extend
this definition by weighing the link with the time spent in the location, and
considering time coincidence. However, due to the lack of precise data, we just
consider the average one-day window, and set Tik = 1 is the person is expected to
spend more than one hour in that location. The effective social contact network
Jij is then obtained as

Jij(k) = TikTjk. (1)

The major characteristic of our system is the division of locations into three
distinct groups - public places, workplaces/schools and families. Intuitively, in-
dividuals are restricted to travel to certain locations according to their age. Four
workplace/school types, one for each of the first four age groups, are explicitly
represented in our model. Most individuals of age 0-64 are assumed to attend one
school or to work in one workplace. Public place degree and work place degree
are assumed to be normally distributed with means 3 and 1, respectively, both
with variance 1. Elderly of age 65 or above is assumed retired and can only go
to public places.

As suggested by EPISIMS [7], the degree distribution of locations obeys a
power law distribution with an exponent, γ, of roughly 2.8. Since the number
of edges is equal to the sum of all individuals’ degrees (which can be calculated
by the population data and the above assumptions), the degree distributions of
public places and workplaces are estimated as follows:

ni = c|L|i−γ ; (2)

c =

(
d1∑

i=d0

i−γ

)−1

, since
d1∑

i=d0

ni = |L|; (3)

|L| = γ − 2
γ − 1

·
∑

p∈P Deg(p)
d0

, (4)

where ni is the number of locations with degree i, L and P are the set of
locations and people, Deg(p) is the degree of the person p ∈ P , d0 and d1 are
the minimum and maximum degree of any location. Effectively, each person on
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average is involved in total five contact networks from the three respective types
of locations. Apart from the family contact network which is generated based
on household statistics, the other networks are generated according to the above
estimated degree distributions. Note that d1 can be estimated by d0 · |L|

1
β . After

the set L and P are generated with their respective degrees, the probability of
the existence of an edge between any p ∈ P and l ∈ L is Deg(p) ·Deg(l)/σ where
σ is the total number of edges.

2.2 Disease Spreading and Intervention Mechanisms

The disease starts to spread through the social contact networks within the out-
break area after parameter initialisations (initial infective, virulence, incubation
rate and recovery rate), followed by diffusions to other areas. In estimating the
probability of a susceptible becoming exposed, we first define the notion of pair-
wise propensity of infection Q(i, s) between a susceptible of age s and infective
of age i:

Q(i, s) = Inf(i) · Sus(s) · V · T, (5)

where Inf(i) is the typical infectivity at age i and Sus(s) is the typical suscep-
tibility at age s. An example of how pairwise infection propensity varies with
infectives and susceptibles of different age is depicted in Figure 1 (right). In this
case they are estimated by some linear functions and can be easily further re-
fined. Since certain viruses are known to be more persistent and pathogenic than
others [14], we attempt to capture this concept by incorporating V , the virulence
of the virus. Time of the year, described by the seasonal factor T , is also known
to contribute largely to the prevalence of influenza[15]. For our purpose, T are
V are assumed to be constant. To estimate the overall probability PE|S(s, l) of
susceptible of age s catching the disease in the location l, we take the normalised
summation of the above pairwise infection propensity:

PE|S(s, l) =
∑

i Jis(l) ·Q(i, s)
Deg(l)

. (6)

Noticeably, the probability of catching the disease in each neighbourhood
should be proportional to the time of stay. An individual has more chance to
contact with family members and colleagues than a stranger in say the same
shopping center due to the spatial size of the location. Since the degree of a
location somewhat reflects the spatial size and therefore the chance for a close
contact with an infective, we see how the above formulation is more sensitive to
the presence of infectives in a smaller place than a larger one.

The granularity of an area is crucial to the feasibility of the model. According
to the UK Census 2001, Output Areas(OAs) are based on postcodes normally
with size larger than 100 households. All the data used in simulation are based
on the OAs area level.In modeling the disease spread across areas, we look at
both the population density data and the UK national travel survey [16] which
contains traffic information on an area level. We then estimate the number of
individuals that are likely to travel to different areas every day. Needless to say,
they may either take out or bring back the flu with them.
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Fig. 2. A typical infective-time graph (left) and the corresponding epidemic spread in
areas (right)

Three types of vaccination programs are defined in the model: age-prioritised,
targeted and randomised regional vaccination. The first one prioritises on vacci-
nating a particular age group; the second attempts to vaccinate those who have
co-located with an infective whilst the last one is completely random. It may
well be argued that none of these schemes is realistic. In real world scenarios, an
epidemic would often have started before it was discovered by authorities. Trac-
ing for say those who have contacted the infectives may not be as easily done
as on a computer model. Vaccine of particular type may also not be effective
against the prevalent type of virus. Nonetheless, we think this will help in un-
derstanding different containment strategies and thereby preventing epidemics
from developing into a worldwide pandemic.

3 Results and Discussion

We have focused on the spread of influenza in England. The main simulation is
carried out in the county Cambridgeshire.

Figure 2 depicts a typical spread as modelled in our system. The peak of the
exposed people curve is followed by the peak of the curve for number of infectious
people. To ease the comparisons, we define the impact of an epidemic to be the
sum of infected and exposed individuals per day across the whole period (the
sum of the areas under the infective and exposed population curves). Two key
assumptions made in the following discussions are that exposed individuals are
allowed to recover directly, without being infectious; and vaccination is only
effective to susceptible individuals.

With the recovery rate fixed at 0.3, we first look at the effect on the impact of
varying the virulence and incubation rate as shown on the left part of Figure 3.
The impact surface is plotted by 10,000 data points to smooth out the ran-

domness. It is clear that the total impact of the epidemic increases with both
the incubation rate and the virulence of the virus. Based on the assumptions,
we see that the total impact increases with both incubation rate and virulence
from certain critical combinations with a gradually decreasing steepness (a very
different distribution is seen if less or none exposed individuals are allowed to
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Fig. 3. Effect of virulence, incubation rate (left) and initial infective age (right) on
Impact

recover directly, without being infectious). All 10000 runs are assumed to have
only one random initial infective. Randomness described by the large number of
dents on the surface accounts for majority cases of self-contained spreading of
virus in real life scenarios, even when the virulence is high.

The right part of Figure 3 depicts the impact of an epidemic caused by initial
infectives of different ages over 10 repetitions with V = 1, incubation rate = 0.5
and recovery rate = 0.3. The reader may wonder why the discrepancies occur
when, as we have just seen, the total impact distribution should be independent
of the initial infective’s age. The reason is that this average is dominated by the
number of “successful” epidemics over the 10 repetitions. In simpler terms, a
potential epidemic is more likely to be “successful” if the initial infective is of
age 0-4 given the current settings.

Lastly, we compare the three vaccination strategies. An area-wide threshold
percentage of infections(delay threshold) is used to trigger a region-wide vaccina-
tion program to simulate the delay caused by imperfect monitoring. Vaccination
supply is constrained by giving each area per day a number of vaccinations pro-
portional to its population (vaccination percentage). For instance, 50% allows
the area to be completely vaccinated in 2 days. We again assume that V = 1, in-
cubation rate = 0.5, recovery rate = 0.3 and the vaccinations are 100% effective
on individuals of all age. Suppose we know that the epidemic is started off by a 3
year old child, we plot the respective impacts for the three strategies against the
vaccination percentage and the delay threshold. Predictably, as shown in the top
part of Figure 4, a smaller delay threshold and faster rate of vaccination always
resulted in the least impacts on all three cases. To compare the three strate-
gies, we look at the three pairwise difference charts between them in the bottom
part of the figure. A colour corresponding to the top diagrams is used to show
the strategy that performed better (resulted in less impact) in that specific set-
ting. In general, targeted vaccination outperformed the other two when both the
delay threshold and vaccination percentage are low. The supremacy of targeted
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Fig. 4. Performance Comparison between three vaccination strategies

vaccination became less eminent as the delay lengthened. This is understandable
in that given the delay, the targeted individuals may have already outnumbered
the limited vaccination supply and many of them may have already been ex-
posed. As the constraint on allowed vaccinations loosens, i.e. the vaccination
percentage increases, age-prioritised vaccination starts to outperform the other
two. This indicates that blindly prioritising the vaccination on one age group
may not be beneficial if the daily vaccine provision is limited. Surely this allows
ample time for other potential age groups to propagate the disease unless the
vaccination is carried out as swiftly as possible.

4 Evaluation and Future Work

In this paper, we described a contact network model for modeling epidemics with
emphasis on demographic information. We discussed the parameters of the model
and tested three vaccination strategies. We found that targeted vaccination,
albeit unrealistic, is a better strategy under normal circumstances but given less
constraint on the provision of vaccines, age prioritised vaccination prevails.

An ideal time dependent bipartite graph requires every individual in the sys-
tem to be in only one place at a reasonably small time step and evolves according
to some mobility models. Various analyses of actual human social dynamics exist
[17]. When a social mobility model is employed and thereby a more realistic con-
tact network structure is known, the current people-people infection propensity
can be refined. To save the computational cost, the time step is one day and once
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the people-location bipartite graphs are built they remain unchanged throughout
the simulation. This static projection graph is more highly connected than the
time dependent version and is thus a safe simplification to make.

Certain virus is known to be able to survive in normal environment for hours
and even days. This can be incorporated into our model by imagining a contami-
nated location as an infective itself, but we think this unnecessarily increases the
degrees of freedom in the model and have therefore omitted this phenomenon.
Birth rate and death rate (the MSEIR model [5]) are also not considered.

To conclude, both epidemic spreading and vaccination strategies are highly
intricate and stochastic. Our model has shown how one infected individual is
sufficient in causing a small scale infection that involved only a few people in a
few days to a half a year region-wide epidemic. The ultimate aim of any kind
of epidemic modeling is to bolster the development of better efficient counter-
measure strategies and this will require further insights into social networks,
vaccination and virus-specific pathogenesis.
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Abstract. We carry out perturbation experiments for both extinction
and recovering processes by Monte-Carlo simulations on a finite square
lattice, Simulations are tried out by two different methods: local and
global interactions. We explore fluctuation enhancement which means the
degree of population uncertainty. We find the following results. When an
endangered species is recovered, FE strongly emerges. By a slight delay
of conservation policy, FE becomes high and the recovering process often
fails. These results are remarkable for local interaction. We discuss the
issue from the assumption that the protection case may be help towards
populations against an endangered species.

Keywords: fluctuation enhancement(FE); perturbation experiment
(PE); local interaction(LI); global interaction(GI); contact process(CP).

1 Introduction

Today, a great number of species continue to go extinct. Almost all extinction is
caused by human perturbations. Study of PE is served for the prediction of eco-
logical managements [1]. The most familiar approach is the press perturbation,
where one or more condition parameter are altered and held at higher or lower
levels. It is well known that the response of an ecosystem contains uncertainty
[2]. New stationary states after perturbations are very difficult to predict.

In recent years, lattice models are widely applied in the field of ecology [3].
We use CP which has been extensively studied from mathematical [4], physical
[5] and ecological [6] aspects. The CP is a lattice version of the logistic equa-
tion. Considerable data on CP have been accumulated, but they are mainly
related to stationary state. New data for dynamic process of CP are very rare
[7]. Those studies press or pulse perturbations are investigated, but not focus on
the recovering process of endangered (nearly extinct) species.

Ecosystems suffer a variety of fluctuation or noise [8]. One of causes of fluctu-
ation is finiteness of population size. When the abundance of a species becomes
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small, the risk of extinction increases. So far, several authors have estimated the
risk of extinction. A typical approach is to apply stochastic differential equations
[9] which contain a noise term. Although these equations play an essential role
for risk estimation, they have some ambiguity. Another approach to explore the
extinction probability is to use the discreteness of the birth-death process. In this
case, the intensity of noise can be automatically generated [10]. Our study uses
a spatially explicit model (lattice model), is more general because it includes LI.
Lattice models are useful to deal with the so-called the FE [11]. We describe the
uncertainty in the dynamic process.

2 Model and Method

2.1 Contact Process (CP)

We deal with CP which is composed of a single species, extensively studied by
various fields [4]. The size of lattice is assumed to be finite (L), but the total
number of lattice sites (L × L) is much larger than unity. Each lattice site is
labeled vacant site (O) or the occupied site (X) by the species. Interactions are
defined by

X + O −→ 2X (rate r), (1a)
X −→ O (rate m). (1b)

The reaction(1a) means the reproduction of the species, r is the reproduction
rate of the species, always set r =1. The reaction(1b) is death process, m denote
the mortality rate. When interaction occurs locally, the system(1) corresponds
to CP. The reaction(1) is carried out in two different methods: Local interac-
tions(LI) and Global interactions(GI). We first describe the simulation method
for LI:

1) Initially, we distribute individuals X on a square lattice. The initial distribu-
tion is not so important, since the system evolves into a stationary state.

2) Spatial pattern is updated in the following two steps:
(i) We perform two-body reaction (1a): Choose one lattice site randomly,

and then randomly specify one of four neighboring sites. If the pair of
chosen sites are (X,O), then the latter site is changed into X. If other
pairs are chosen, we skip to the next step.

(ii) We perform one-body reaction (1b). Choose one lattice point randomly;
if the site is occupied by X, the site will become the vacant site (O) with
probability m.

3) Repeat step 2) L× L=100× 100 times, called the Monte Carlo step [12].
4) The step 3) is repeated. If an extinction event occurs, we stop the simulation

run. Here we have employed periodic boundary conditions, replacing any
index that exceeds the boundary L, by using the modulo operator on the
index.
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Next, we describe the method for GI (mean-field simulation) in which long-
ranged interactions are allowed, almost the same as LI, but step (i) in 2) LI is
replaced with (i)’ Two lattice sites are randomly and independently chosen. If
these sites are (X,O), then the latter site is changed into X.

GI has a large mathematical merit, the population dynamics can be repre-
sented by the mean-field theory. If the lattice size L is infinitely large, we have
dx/dt=rx(1-x)-mx. The first term in the right hand comes from the birth process;
the factor (1-x) means the density of empty site. The second term is originated
in death process. The equation is just the same as logistic equation, so that the
population evolves into a stationary state. The steady-state density K can be
obtained by setting the time derivatives to be zero, K=1-m/r.Extinction thus
occurs, so long as m is larger than a critical value mc. From above equation, we
have mc = 1 for GI because r=1.

2.2 Fluctuation Enhancement (FE)

FE has been originally studied in the field of physics[12]. Here FE indicates the
uncertainty in the dynamical process of phase transitions. An idea is applicable
to population ecology, because an extinction of species can be regarded as a kind
of phase transition. Our laboratory[7] studied the stochastic process for CP, and
found FE. They altered the mortality rate m of a target species to higher or
lower level. The same PE was repeated M times (M ensembles) with different
random numbers. From the i− th ensemble, the density xi(t) of the species was
recorded. We define the ensemble average A(t) and its variance V(t) by

A(t) =
1
M

M∑

i=1

xi(t), (2)

V (t) =
1
M

M∑

i=1

[xi(t)− A(t)]2. (3)

The emphasized quantities A(t) and V(t) are averaged over M kinds of ensem-
bles. The FE constitutes an extreme increase in the value of V(t). The variance
rapidly increases, or FE occurs and so on, there are a variety of dynamic pro-
cesses. Here we briefly report the previous results of FE for CP, extinction occurs,
so long as m is larger than a critical value mc, known that mc =1 for GI, mc

=0.618 for LI. When m is increased up to a value near mc, FE was observed,
especially, it is clear for local interaction (Fig. 1). Results of decrease experiment
of m, we notice that FE is not observed for both LI and GI.

2.3 Perturbation Experiments (PE)

We explain the way of PE. Initially t=0, m is setm1, where the species is assumed
to survive. The population reaches a steady state for t > 50. We adjust m1, as
the steady-state density K takes the same value between GI and LI. In order
to get K=0.7, we put m1=0.3 for GI, m1=0.27 for LI. The first perturbation is
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Fig. 1. The previous results of PE, L × L=100 × 100. The time dependencies of both
A(t) and V(t). Left: LI (m1=0.27, mc=0.618), clearly emerges FE. Right: GI (m1=0.3,
mc=1). m was increased from m1 to the critical value mc.

applied at time t =100, m is increased from m1 to mc, and is held at this value,
mc =1 for GI, mc =0.618 for LI. The species eventually goes extinct, if there are
no conservation efforts. Then the second perturbation is applied at t = (100+T),
m is recovered to m1. If the period T is very short, the species always recovers
its population size. If T is too long, then the species may go extinct. We repeat
such an experiment M times (M ensembles) with different random numbers, and
obtain of A(t) and V(t) defined by equations (2) and (3).

Fig. 2. Results for the first PE. Time dependence of extinction probability, defined by
the cumulative frequency of extinct ensembles is illustrated.

3 Results

3.1 Results of the Extinction Process(First PE)

Since the m is increased from m1 to mc, the species eventually goes extinct. FE
was clearly observed for LI. We obtaingextinction probabilityh defined by the
cumulative number (frequency) of ensembles that extinction occurs. In Fig.2,
the time dependence of extinction probability is illustrated for both GI and LI.
It is found from this figure that in the case of GI, the extinction probability
much quickly increases compared to LI. Hence, we find for GI that slight delay
of conservation policy may bring about the abrupt increase of extinction risk.

3.2 Results of the Recovering Process(Second PE)

At time t = (100 + T ), the m is decreased from mc to m1. The population
recovers its density, so long as the species survives. Fig. 4 displays a typical
time dependence of spatial patterns (T=440). (a) represent an initial spatial
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Fig. 3. Snapshots of typical spatial patterns. The second perturbation starts from
pattern (b), for LI with T=440.

pattern (random distribution), and (b) is the pattern just before the second
PE. Recovering process is thus displayed (c) and (d). Note that the spatial
distribution for GI is always random.

Fig. 4. Left is the time dependences of V(t) and D(t) for LI. Right: for GI.

The time dependences of species density are depicted. We find in the case
of LI that the population sizes are slowly recovered, and there are a variety of
recovering paths. Fig.4 Left displays the time dependences of V(t) and D(t)for
LI. FE is extremely amplified in the recovering process. V(t) at the peaks are at
least 100 times over larger than those in Fig. 1. Hence, uncertainty in population
dynamics is strongly enhanced, when conservation efforts are started. Since there
are a lot of recovering processes, it is difficult to predict the conservation success.
Moreover, Fig.4 reveals that the value at the peak increases, when T becomes
large.

Right Figure is for GI, FE can be observed too. The value of variance eventu-
ally reaches a constant value. Such a stationary value means that all ensembles
reach steady states; extinction occurs in some ensembles, or the density has 0.7 in
other cases. The final stationary value of A(t) and V(t) can be obtained. Let the
frequency of survival ensembles be f, then we have A*=0.7f and V*=(0.7)2f(1-f).
The final value of V(t) has a maximum, when half ensembles go extinct (f=1/2).

4 Discussion and Conclusion

Note that the second perturbation is applied in the case that the species is
endangered. We find the following results,
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1) When an endangered species is recovered, FE strongly emerges.
2) By a slight delay of conservation practice, FE becomes extraordinary high.

extinction events also increase rapidly with a short delay.

In second perturbation, the magnitude of FE is extremely enhanced. Therefore,
a short delay in conservation practice introduces significant uncertainty in the
courses of recovery. Extinction events also increase with such a delay. Thus the
delay in conservation practice increases uncertainty in the population dynamics
and the risks of extinction.

FE in recovering process is much larger than extinction, and it is relatively
slow. After the conservation efforts, FE is strongly enhanced; there are a variety
of processes after conservation practices. The recovering process proceeds very
slowly, so that the species stays in endangered state for a long period. Thus a
short delay in conservation practice also increases the risk of extinction. Here
slow delays may mean slow and uncertain recoveries. Thus the extinction pos-
sibility increases with a delay in the conservation practice. We only focus on
the randomness originated in the finiteness of population size. If we take into
account various cause of randomness,then the extinction risk may increase.
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Abstract. To know the optimality under given conditions is one of most
important problems in various fields. In the present paper, we focus on
the optimality of sex ratio α in animals. So far, the optimal sex ratio has
been obtained by evolutionarily stable strategy (ESS) in most cases. Re-
cently, however, our coauthors have presented a lattice model of mating
population to explain the optimality not by ESS but by the sustainabil-
ity. They mainly studied the symmetrical case between male and female.
In the present paper, we deal with asymmetrical cases: there are ster-
ile male. Our results relatively well explain the evolution of animal sex
ratio.

1 Introduction

In the field of evolutionary ecology, lattice models applying asynchronous pro-
cessing have growing interest[1,2]. The present paper focus on the optimality
of sex ratio in animals. In most cases the optimal sex ratio at birth has been
obtained by evolutionarily stable strategy (ESS)[3,4,5,6]. However, ESS neglects
the sustainability of population. Recently, our coauthors have presented a lattice
model of mating population to obtain the optimality not by ESS but by the sus-
tainability [7]. They mainly dealt with the symmetrical case between male and
female, and explained the reason why the sex ratio of many animal is 1/2. In the
present paper, we extend the model to deal with an asymmetrical property; for
example, the system contains sterile males. We discuss the effect of sterile male
on the optimality of sex ratio.

A typical example of sterile male is observed in some animals that form
harems. When few strong males of harems monopolize almost females, then
a majority of males cannot reproduce offspring. If sex ratio at birth is 1/2, then
actual sex ratio in the system is much less than 1/2 (female biased). Never-
theless, real harem animals usually have 1:1 sex ratio at birth even in such an
asymmetrical case.
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2 Model and Method

2.1 Model

Consider a mating population on a two-dimensional lattice. Our model is an
extension of the contact process. The population on a square lattice is composed
from usual (reproductive) male (X), sterile male (Y ) and female (Z). Each lattice
site takes one of four states: X,Y, Z or empty (O). The sterile male cannot
participate to actual mating. Birth and death processes update the lattice. The
death process is defined by

j −→ O (rate:mj) (1a)

where X,Y, Z, and mj is the mortality rate of j. On the other hand, birth process
is expressed by

O −→ X (rate:Bαβ), (1b)

O −→ Y (rate:Bα(1 − β)), (1c)

O −→ Z (rate:B(1− α)), (1d)

where the parameter B is the birth rate. The parameter α denotes the sex
ratio (male ratio per total population), and β is the frequency of reproductive
males per total males. The birth rate B depends on simulation method; it takes
different values between local and global interactions.

2.2 Simulation Methods

Simulations are carried out by two methods; local and global interactions. First,
we explain the method for local interaction.

1) Initially, we distribute X,Y and Z, where each lattice point is either X,Y, Z
or O.

2) To update, we choose a target site randomly.
i) If the site is occupied by j (j = X,Y, Z), then the death process (1a) is

performed. Namely, the site j is changed into O with the rate mj.
ii) If the site is empty (O), we perform the birth process (1b), (1c) or (1d). The

site O becomes X,Y or Z by the rate Bαβ, Bα(1−β) or B(1−α), respectively.
Here birth rate B is proportional to both local densities of X and Z, but it is
independent on the density of Y , since the sterile male never participates in the
mating.

We repeat step 2) by L2 times, where L2 is the total number of lattice sites. In
this paper, we put L = 200. This step is called a Monte Carlo step . We further
continue the updates, until the system reaches stationary state.

Next, we explain the method for global interaction in which long-ranged in-
teractions are allowed. The global simulation is very similar to the local simu-
lation, but the birth rate B is proportional to both overall densities of X and
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Z: B = rxz. Here r is a positive constant (reproduction rate), and x and z are
overall densities of X and Z, respectively.

3 Mean-Field Theory

In the limiting case that the lattice size is infinite, the population dynamics for
global interaction can be represented by the mean-field theory:

dx

dt
= −mXx+ rxz(1 − x− y − z)αβ (2a)

dy

dt
= −mY y + rxz(1− x− y − z)α(1− β) (2b)

dz

dt
= −mZz + rxz(1 − x− y − z)(1− α) (2c)

where x, y and z are the densities of male, sterile male and female, respectively,
and the factor (1−x−y−z) means the density of empty site. The first (second)
term in the right hand side of equation (2) represents the death (birth) process.
If β = 1, equation (2) becomes the system introduced by Tainaka et al [7].
However, equation (2) has the merit that the final density in stationary state
can be analytically obtained. In the present paper, we consider the case of equal
mortality rates: mX = mY = mZ = m. We can find that equation (2) is roughly
classified into fast and slow dynamics.

Hence the mean-field theory predicts three densities (x, y, z) at final survival
state as follows (D > 0):

x = αβ(1 +
√
D)/2 (3a)

y = α(1 − β)(1 +
√
D)/2 (3b)

z = (1 − α)(1 +
√
D)/2 (3c)

The total population size (x + y + z) at final equilibrium is thus obtained as
follows:

x+ y + z = (1 +
√
D)/2, (4)

where D = 1− 4m
rβ

(
1

1− α
+

1
α

).

Equation (4) predicts that the optimal sex ratio is 1/2.
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Fig. 1. Comparison between global simulation and mean-field theory. Densities of (a)
x, (b) y, (c) z, and (d) x + y + z are displayed against the sex ratio. Plots of circles in
each figure represent the simulation results of global interaction, while the curves are
the predictions of mean-field theory.

4 Simulation Results

4.1 Results of Global Simulation

In Fig. 1, three densities (x, y, z) and total population size (x + y + z) at final
equilibrium are displayed against the sex ratio α. In the simulation, each plot is
obtained by averaging densities over the period 2000 < t ≤ 3000. The agreement
between global simulation (plots) and theory [curve: equations (3)s and (4)] is
found to be complete. We find from Fig. 1 that the optimal sex ratio is α = 1/2 as
predicted by the theory. The survival density is stable, when D > 0 . Moreover,
sustainable range of sex ratio is not so wide.

4.2 Results of Local Simulation

Results for local model entirely differs from global case. In Fig. 2, densities
x, y, z and (x + y + z) at final equilibrium are displayed against the sex ratio
(mX = mY = mZ = m = 0.0010). Each plot is obtained by averaging over
the period 48000 < t ≤ 50000, since the dynamics of local interaction is slower
than that of global interaction. We find from the last figure in Fig. 2 that the
optimal sex ratio is α ≥ 1/2 . The sustainable range of sex ratio is very narrow,
compared to the global interaction (Fig. 1).
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Fig. 2. Simulation result of local interaction. The total density (x + y + z) is plotted
against the male ratio.

5 Conclusion and Discussions

Monte Carlo simulations are carried out in the mating system that contains
sterile male (Y ). In the case of global simulations, the optimal sex ratio is given
by 1/2 (see Fig. 1). This result well explains real sex ratio for harem animals.

In contrast, the local simulations indicate that the optimal sex ratio is male
biased (α ≥ 1/2). This seems contradicts against actual data. However, the
contradiction can be solved by the existence of sterile females. In real animals,
females also have sterile properties: Pregnant and immature females effectively
denote sterile females. Moreover, females have a long pregnant period; they need
a longer matured period than males, because eggs are energetically more costly
than sperms [8,9,10]. Both male and female more or less have sterile properties.
Probably, these properties compensate, so that almost all animals have the sex
ratio of 1/2.
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Abstract. The new method of estimating net present values of a queue
is proposed. We complementary employ real option theory and the asym-
metric exclusion process (ASEP) as the valuating procedure. By pricing
the dynamics of the ASEP, we succeed in identifying an ambiguous word,
human congestion, quantitatively. An analogy between a clogged queue
and a cash flow of an active firm is formulated.

1 Introduction

In the area of mathematical science, there have been increased interest in col-
lective dynamics of self-driven particles (SDP) because they can apply to prac-
tical problems such as traffic flow, congestion in metropolitan areas and disaster
evacuation procedures. This is a novel research field so-called “Jammology”. Al-
though a number of studies are carried out on the dynamics of the SDP, little
attention has been paid to estimating worth of their dynamics itself. We intro-
duce, in this paper, the method that identifies net present values of a queue by
using a real option approach. The queueing model which we employ here is the
one dimensional ASEP with open boundaries. This model shows various phe-
nomena even though their interaction rules are simple. In particular, the ASEP
forms a shock front (domain wall) under restricted boundary conditions. Mo-
tion of the domain wall follows a biased random walk [2]. Hence we apply the
concepts of a real option approach to estimate length change of a queue. Our
approach make it possible to give a quantitative worth of present congestions.

This paper organized as follows: In Section 2, the models which we will con-
sider are determined. Then, in Section 3, we devoted to show both the estimating
method of human queue and the analytical solution of real option approach. In
Section 4, nonlinear property of real options are examined. Finally, Section 5,
conclusions are mentioned.

2 Analogy between the ASEP and Real Option Concept

2.1 The ASEP and Domain Wall Dynamics

We consider, in this article, the evaluation of congestion. For simplicity, we em-
ploy the one-dimensional ASEP as the model of a queuing system and apply this

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 374–378, 2008.
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one to pricing of a queue. At the boundaries of this system, particles are supplied
at the left end with α, and removed at the right end with β. In the bulk parti-
cles can jump to the neighbouring right-hand site with constant rate 1 provided
that this site is empty (had-core exclusion). The ASEP exhibits nonequilibrium
phase transitions depending both on α and β. The steady states in this system
have been determined exactly[1]. As shown in Fig. 1, the phase diagram shows
the three steady regions: high density, low density and maximal current phases.
Except in a maximal current phase, there exists an interesting phenomenon, the
domain wall[2,3] . Motion of the domain wall to the left at rate α or to the right
at rate β, so that the domain wall does a biased random walk with drift velocity
V = β − α and diffusion coefficient D = (α+ β)/2. Positive (negative) values of
velocity are defined that the domain wall moves to the left (right) boundary.

We should identify, as a next step, situations which are needs to judge by our
new method using the real option approach. When both α and β are smaller
than 1/2, this phase is neutral situation. Especially in stochastic system, our in-
tuition cannot regards whether the system is close to congestion or not. That is
why this condition is our target to be evaluated. We want to exploit underlying
signals of a clogging risk.

In the financial engineering problems, a price of stocks or of exchange rates
are assumed following an geometric Brownian motion [4,5,6] bacause of interest-
ing their instantaneous percentage changes. Then their derivatives are verified
under no-arbitrage opportunity. Here we focus on the domain wall dynamics
always governed by an biased random walk except for in the maximal current
region. We will obtain net present values of a queue by estimating this dynamics.

Fig. 1. Phase diagram of the ASEP. The solid lines separate the three steady states.

2.2 Valuing a Queue

Assume that the stochastic process X(t), the length of a queue, follows an arith-
metic Brownian motion:

dX = μdt + σdz, (1)
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Exit

Enter

Fig. 2. Clogging degree of the 1D ASEP

where μ is the drift of the domain wall per unit time, σ is the instantaneous
standard deviation per unit time, and dz is the increment of a standard Wiener
process. In the domain wall framework, μ and σ corresponds to V = β − α and
D = (α+β)/2 respectively. It means that values of a queue tail primarily depend
both on entering and exit rates at boundaries. Note that our main interest is on
changes of a queue length itsself, not on percentage changes (not on an geometric
Brownian motion).

We define degree of human clogging as π = X(t)−I. The value π is a indicator
which shows congestion (free flow) when its values are positive (negative). The
variable I fixed at 0.5 which means a queue length equal to half of the system
size. In other word, we defined a queue is crowded when π is positive. As the
phase diagram shows, in high-density region, X(t) always rises above I. If in
low-density region, X(t) falls or stays below I, and we have no-risk to pile up.
Therefore, instant clogging from a queue, which we consider, is given by

π(X) = max[X − I, 0]. (2)

The value of a queue at time t can be expressed as the sum of the instantaneous
clogging over the interval (t, dt) and the continuation value beyond t + dt. The
value of queue is

J(x) = π(X)dt + e−ρdtE[J(X + dX)]. (3)

To express weight of time, J is discounted at the rate ρ (see Fig. 2). Expanding
the right-hand side using Ito’s Lemma, we have

J(x) = π(X)dt+ (1 − ρdt+ o(dt))[J(x) + J ′(x)μdt +
σ2

2
J ′′(x)dt + o(dt)],(4)

where o(dt) collects terms that go to zero faster than dt. Simplifying, dividing
by dt, and dt→ 0, we get the differential equation

1
2
σJ(X)′′ + μJ(X)′ − ρJ(X) + π(X) = 0. (5)
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The solution of Eq. (5) can be written as

J(X) =

⎧
⎨

⎩

C3I
ρ exp

(
− μ

σ2 (X − I)
)
sinh

(
C2X

)
X < I

[
C3I

ρ
sinh

(
C2I

)
− μ

ρ2

]
exp

[
− (C1 + C2)(X − I)

]
+ X−I

ρ
+ μ

ρ2 X ≥ I

where

C1 =
μ

σ2
, C2 =

√
μ2 + 2ρσ2

σ2
,

C3 =
{√μ2 + 2ρσ2

σ2
exp

(√μ2 + 2ρσ2

σ2
I
)
+
(√μ2 + 2ρσ2 + μ

σ2

) μ
ρ2

exp
(μI
σ2

)}−1

.

Note that the term [(X0 − I)/ρ] + μ/ρ in the solution is the expected value of
stream π when initial level is X0. This is the net present value (NPV) of a queue
obtained by

NPV =
∫ ∞

0

e−ρt
(
X(t)− I

)
dt =

X0 − I

ρ
+
μ

ρ
. (6)

3 Nonlinear Property

To examine the relationship between J and the parameters, α and β depen-
dences of J are plotted in Figs. 3(a) and 3(b). Figures show J does not have
linear dependence on both parameters. For example, in Fig. 3(b), J does not
monotonically decreases with β even if an exit rate of the system are increased.
It means that a clogging of human flow (cumulative jamming signals) has intrin-
sically nonlinear properties.
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Fig. 3. (a)Dependence of J(X) on α when (ρ, β, I)=(0.1, 0.25, 0.5). Thin solid line,
thick solid line, thin dotted line and thick dotted line correspond to α = 0.2, 0.25, 0.3
and 0.4. (b)Dependence of J(X) on β when (ρ, α, I)=(0.1, 0.25, 0.5). Thin solid line,
thick solid line, thin dotted line and thick dotted line correspond to β = 0.1, 0.2, 0.25
and 0.35.
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4 Conclusion

In this paper we formulate the option value that indicates a clogging alert and
identify an analogy between the domain wall dynamics of the ASEP and the real
option approach. This allow us to use the tools of the option pricing theory to
estimate degree of congestion under uncertainty. Several extensions of this paper
would prove interesting. However some questions such as

1. What is an actual meaning of discounting human flow ?
2. We should study nonlinear structures of the real option values as shown Fig. 3.

These investigations are left for our future works.
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Abstract. The early deterioration of concrete structures due to the effects of ex-
ternal aggressive environment is well known. This paper presents cellular 
automata approach to the problem of lifetime assessment of concrete structures, 
particularly bridges, under the diffusive attack of external aggressive agents. 
The diffusion process is modeled by cellular automata technique as a 2D task 
describing more realistically the spatial variability of e.g. the chloride ingress 
within dynamic environment. The effectiveness of the proposed methodology 
arises from the transparent implementation yet complex behavior of two se-
lected numerical case studies. 

Keywords: diffusion process, concrete structures, service life, simulation, cel-
lular automata, aggressive environment, bridges. 

1   Introduction 

Concrete is generally effective in protecting embedded steel from corrosion. This 
protective capability may be reduced significantly due to external stressors affecting 
the reliability of the structure during the course of time. Current standards require 
minimum concrete cover thickness, which calculation is, among others, based on the 
given level of environmental exposure. The amount of concrete used as a protective 
layer significantly affects the cost, reliability and service life of the structure. Such 
approach does not directly allow a design focused on a specific service life and/or a 
specific level of reliability – this would require the inherent uncertainties in relevant 
characteristics to be dealt with while assessing the service life of a structure. Such 
tasks necessarily require the utilization of stochastic approaches, analytical models of 
degradation effects and also simulation techniques, all based on the experimental 
evidence and relevant observations of structures under real conditions.  

This work focuses on nontraditional numerical representation of selected proc-
esses, relevant to the assessment of environmental exposure, using cellular automata 
(CA) technique, a very simple yet effective method, to solve the diffusion equation 
according to a given set of boundary conditions within dynamic environment. In this 
way the initiation time (time to reinforcement corrosion onset) is assessed more effec-
tively than by traditional 1D models. 
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2   Spatial Simulation of Chloride Penetration Based on Cellular 
Automaton 

2.1   Field of Application 

A bridge construction during its life cycle undergoes a number of events of which few 
have indispensable effect on the structural health. Some of the most suitable phenom-
ena for cellular automata simulation are presented in this section. Seasonal de-icing 
salt application may be considered in certain areas noting that the diffusion takes 
place inside the concrete structure also when there is no external chloride feed, e.g. in 
summer. During the event of rain the exposed surface regions may have their chloride 
concentration reduced due to the wash-out effect. Different diffusion components may 
also be considered, such as carbon dioxide or water. Another example could be the 
effect of UV rays or temperature. All of the mentioned above would have instant 
effect on the local material and diffusive properties of the structure. It is clear that 
such system would be relatively easy to create in terms of cellular programming but 
would require a large number of field data together with theoretical knowledge of 
individual phenomena and their interactions. Note that the presented case studies are 
based on the single-parameter cell system.  

2.2   Diffusion Equation 

The simplest model to describe the process of diffusion of chemical components is 
based on Fick´s law. For the case of single component diffusion in isotropic, homoge-
neous and time-invariant media it leads to the second order partial differential equa-
tion [1,2]: 

CD
t

C 2∇=
∂
∂

 (1) 

where C is concentration of diffusion component (at particular point and in particular 
time) and D is diffusivity coefficient of the medium. The diffusivity coefficient for 
concrete depends on many parameters like relative humidity, temperature and others; 
generally it is time dependant. 

The equation (1) can be effectively solved by using cellular automata; the solution 
was adopted from Biondini et al. [1,2] and further developed as briefly described in 
the following text. 

2.3   Cellular Automata 

The structure is for our purposes represented by a 2D grid of cells. Each cell has its 
state value representing the component concentration (e.g. the chloride ions). The 
process of chloride ingress is governed by a local rule in which the evolutionary coef-
ficients Φi (i = 1,2,3,4,5) assign the level of chloride concentration redistribution 
within the cell’s neighbourhood (von Neumann, radius 1):  

tttttt WSENXX 54321)1( Φ+Φ+Φ+Φ+Φ=+  (2) 



 Modeling of Environmental Effects on Bridge Components 381 

where the discrete variables {Xt , Nt , Et , St , Wt} represent the concentration of the 
component in the given cell at time t. The values of the evolutionary coefficients Φi 
must verify the following normality rule: 

1=Φ∑ i  (3) 

as required by the mass conservation law. Clearly, for isotropic media the symmetry 
condition Φ 2 = Φ 3 = Φ 4 = Φ 5   must be adopted in order to avoid the directionality 
effects. It can be proven that the values Φ 1 = 0.5 and Φ 2,3,4,5 = 0.125 lead to a very 
good accuracy of the automaton.   The relationship between the cell size Δx, time step 
Δt, diffusion coefficient D and chloride evolutionary coefficient Φ1 (governing) is 
mandatory for the whole grid of cells within a time step: 

12
1

−ΔΔΦ= txD  (4) 

Stochastic effects may be treated as well, modifying the procedure by assuming the 
evolutionary coefficients Φi to be random values with a given probability density 
function. Generator of pseudorandom numbers based on the ziggurat method was 
adopted [3]. One of the essential parts of the CA configuration is the boundary rule 
setting, or in other words the definition of the system’s behaviour in the areas where a 
contact is with the outer medium, i.e. with a place beyond the simulation region. Sev-
eral types of boundary rule have been implemented. The best rule suitable for the 
comparison with conventional 1D analytical models (for chloride ions penetration) is 
the mirror neighbour rule of hemisphere action, where the state values of the adjacent 
cells are governed according to the boundary region condition in such a way, that the 
sum of all state values within a defined cell’s neighborhood (von Neumann, radius 1) 
is equal to the same sum in the successive time step. Note that this approach to the 
boundary problem is suitable only for the case, where it is supposed that the trans-
ported quantity does not leave the simulation region once it enters. This might be the 
case of chloride ions although it is known, that in reality there is some kind of back-
propagation. It is an attractive topic to appropriately define the boundary system in-
teraction for different transport phenomena; however for the purpose of this work it 
was rational to use some sense of simplification when dealing with the task of bound-
ary interaction. 

2.4   Local Degradation Modeling and Probabilistic Simulation 

In the case of the comparison to the 1D model the aim is to configure such a CA that 
will provide similar results as the 1D material point model. To achieve this, it was 
useful to create such a configuration of CA, that the component concentration at cer-
tain point at certain time was affected only by the propagation from one direction 
without considering the gain/loss of the component from the other directions. This 
demand would satisfy an infinite large simulation area (cross section) or a special 
modification of the boundary rules, which would simulate the coverage of the infinite 
simulation area. The analytical 1D model for comparison was adopted from Papada-
kis using FREET-D tool [4]. The results were almost identical. 
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3   Case Studies 

3.1   An Application to an Existing Bridge 

The bridge was designed in 1969 as a highway crossover in South Tyrol. The inspec-
tions showed that there is a serious degradation of the piles and beams in the junctions 
of the prestressed V beams. These weak zones are mainly caused by an insufficient 
sealing of the pavement in the region of the expansion joints over the piles. As the 
bridge was demolished in spring 2008, concrete samples were possible to drill and 
chemical analysis was performed. Chloride concentrations were measured and local-
ized (based on heuristic expert judgment). Due to the short time period before the 
paper finalizing, this data were not utilized as input concentration for CA approach to 
calibrate the present stage of analysis and to make realistic prognosis in time. Figure 1 
shows the estimated initial distribution of de-icing salts concentrations (half of the 
bridge), the maximal surface chloride concentration being 0.2 % Cl- per cement con-
tent. Note that distribution of initial concentration along bottom part of the bridge was 
estimated from the location of stiffeners and supports (leakage through joints), where 
higher “localized” degradation was detected. 
 

 

Fig. 1. Distribution of initial concentrations of aggressive agents as considered in 2D model 

 

Fig. 2. Predictions of chloride concentrations development for 30 years – detail around the 
supporting pier with critical concentration region (black) 
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Prediction of chloride concentrations for 30 years is shown in Figure 2. The light 
tone represents the undamaged state of a cell, while the darker tone represents the 
degraded state. Black regions represent parts where chloride concentrations were 
greater than critical chloride concentrations (here 0.4 % Cl- per cement content). The 
utilization of such approach will enable the engineer to focus on modeling or progno-
sis of reinforcement corrosion in most jeopardized locations, namely to assess the 
initiation time, i.e. the durability limit state; and thus support the decision making.  

3.2   Reinforcement Corrosion   

In the presented example a reinforced concrete rectangular cross section is exposed to 
chloride ingress. To illustrate the versatility of CA four different cases are assumed 
that differ by the surface areas exposed to chloride action as illustrated in Fig. 3. Sur-
faces bounded with the dashed line were supplied by chlorides in the way that the 
surface concentration remained constant over the whole time period except for the 
case IV where the more realistic seasonal (winter) de-icing salt application was ap-
plied. Both reflecting and absorbing boundary conditions (BC) are suitable depending 
on expected behaviour. For example using the combination of absorbing BC and 
seasonal chloride feed an interesting task would be to find the equilibrium state when 
the chloride concentration in the structural core stabilizes on a certain level while the 
fluctuations remain in the peripheral regions, i.e. after certain time the same amount 
of chlorides from winter salt application is washed out in the summer having no effect 
on the total annual Cl- increment.  

Consequently the development of the chloride concentration in the vicinity of rein-
forcing bars is monitored to demonstrate various performances of different boundary 
conditions.  
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Fig. 3. Chloride ingress for different boundary conditions (I, II, III and IV) after 30 years of 
exposure. Higher concentration values are in light tone, lower are black. Steel reinforcements 
are R1, R2 and R3. 

4   Conclusions 

The paper exploits possibilities of cellular programming as transparent and general 
approach to applied degradation modeling of concrete bridges. The authors believe 
that the approach is promising, especially in the context of lifetime reliability assess-
ment. The South Tyrol Bridge serves as testing application example of the first part of 
the approach generally applicable for any degrading concrete structure. 
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Abstract. It is shown that a two-compartment isolated fluid system,
where a chemical reaction takes place close to the surfaces of the semiper-
meable separating membrane, can spontaneously develop a transient con-
centration difference across the membrane. If the system is open to the
flow of chemicals, the difference can persist in the steady state. This
allows concentrating chemicals in a single compartment, which may be
useful for chemical engineering purposes, and which is particular inter-
esting in the study of the dynamics of vesicles and protocells. The phe-
nomenon is investigated and demonstrated here with a CA model: it is
also shown that, in the limiting case of infinitely fast diffusion, the results
are coherent with those of a homogeneous model.

Keywords: self-organization, entropy, dissipative structure, cellular
automaton.

1 Introduction

It is generally believed that the approach to thermodynamic equilibrium in iso-
lated systems leads to a monotonic decrease of the inhomogeneities which may
be present in the initial conditions of a system, at least when gravitational effects
can be neglected. However, it has recently been shown, both by theoretical anal-
ysis and experimental test, that a transient onset or increase of concentration
differences can be achieved in a two-compartment system when the pores of the
separating membrane are asymmetric [1].

We will describe below a different kind of two-compartment isolated system
where concentration differences may transiently increase in time without violat-
ing the second law of thermodynamics. Moreover, when this system is allowed
to exchange matter with the environment, some chemicals are concentrated in
the smaller compartment. The effect is related to the presence of chemical reac-
tions which can take place at a significant rate only in a region very close to the
membrane surface [2] and to the different permeabilites of the various chemicals
involved, as it will be described below.

Applications of this effect to chemical reactors are quite straightforward, but
we will briefly comment here on a possible non obvious application to the problem
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of the origin of life and to the development of a new technology. Vesicles in water
are composed by a lipid bilayer which surrounds an aqueous interior: they display
interesting physical phenomena [3,4] and, since they can spontaneously fission,
they are believed to be important for the study of the origin of life as well as for
possible applications of protocells [3,5,6,7].

It would be important to be able to concentrate chemicals in vesicles with
respect to the external phase: indeed, the presence of a concentration difference
across the membrane corresponds to a high energy state, which may be coupled
to other chemical reactions (like it happens e.g. in photosynthesis [8]). If the con-
centration of some chemicals is higher within the vesicle, then one may achieve
very effective chemical processing (synthesis, degradation, removal). Moreover,
a more speculative possibility is that the high inner concentration of chemicals
might allow the formation of large autocatalytic reaction sets. There are indeed
theoretical arguments in favour of the spontaneous development of such cycles
[9], but they are very difficult to achieve experimentally: a possible explanation
for this difference between theory and experiments is that the concentrations
of some key components in the bulk are too low, but this problem might be
mitigated in a vesicle using the approach introduced in this work.

In order to describe the phenomenon of interest, let us consider a system
composed by two compartments with different volumes separated by a semiper-
meable membrane (Fig. 1). There are chemicals on both sides, and the perme-
abilities of the membrane to the various chemicals may be very different. We
will suppose that the volumes of the two compartments do not change, and that
chemical reactions may take place in both compartments, in a region very close
to the membrane surface: for example, the reactions may be catalyzed by some
molecules which are bound to the membrane [2]. In section 2 we present a spe-
cific CA model of a simple system of this kind, which will be used to investigate
its possible behaviours. However, as it will be apparent from the analysis, the
phenomenon described below is robust and largely independent from the details
of the model. The main results of the analysis are the following.

Let us consider first a closed system and an initial state with equal densities
of each chemical on both sides of the membrane. If the densities are exactly
those corresponding to the values at chemical equilibrium, they of course remain
unchanged. But if they differ from those values (while being equal for each
chemical on both sides) and if the volumes of the two compartments are different,
then an interesting phenomenon takes place, i.e. a transient density difference is
established across the membrane. According to the second law, this difference
eventually vanishes but, depending upon the values of the parameters, it may
last for a relatively long time.

Moreover, if the larger compartment is not isolated, but there is a mass flow,
then the density difference does not vanish but it persists in the steady state. The
density of non-permeating chemicals is higher within the smaller compartment,
therefore providing a mean to steadily concentrate them, which, as observed
above, may lead to relevant applications.
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Fig. 1. (a) A two-compartment isolated system, with two different chemicals interact-
ing near the semipermeable membrane; (b) The case of an open system, where one of
the chemicals enters the reactor and both can leave it; (c) A particularly interesting
two-compartment open system: a vesicle inside a continuously stirred tank reactor

In section 2 we introduce the model; in section 3 we present a simplified
theoretical treatment of the system, and in the final section 4 we comment on
the generality and relevance of the phenomenon.

2 The Model and Its Behaviour

In order to study the system described in Fig. 1 let us introduce a 2 dimensional
CA model, with a square grid and von Neumann neighbourhood (Fig. 2). The
model belongs to the class of macroscopic CA [10] so the state of each cell in
each of the two compartments is defined by a vector of real numbers, i.e. the
concentrations of the various chemical species. This class of models should not be
confused with the more common lattice gases, and it has already proven able to
deal effectively with several real world phenomena, including soil bioremediation,
landslides and lava flows (for a discussion, see [10]). As it is often the case in
macroscopic CAs, also this model is not homogeneous, in that there are some
special cells which model the boundaries and the membrane; in the case of an
open system, “source” and “sink” cells are used to model drive the flow. The
updating is synchronous for all the cells.

Referring to Fig. 2a, the diffusion of chemical Cj among neighbouring cells is
modelled as a flow ruled by Fick’s law, resulting in the transition rule ΔCj

0 =∑4
i=1 w

j
i (C

j
0 − Cj

i ), where the weight wj
i is proportional to the transport coeffi-

cient between the two interested cells. In such a way the presence of a membrane
among two cells (whose permeability can be different for different chemicals) can
be modelled by using lower transport coefficients.

For the sake of simplicity, we consider a simple unimolecular reactionA←→ X
which takes place only in the cells which are neighbours of the separating
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Fig. 2. Schematic representation of the CA model of the two-compartment system

membrane (on both sides, represented with thick edges in Fig. 2b). The re-
action is supposed to be reversible, the equilibrium being shifted in the region
which favours the formation of X, which will therefore sometimes be called the
product (and A the reactant). The corresponding transition rules are therefore
ΔA0 = −pfA0 + prX0 and ΔX0 = pfA0 − prX0, where pf and pr are propor-
tional to the reaction kinetic constants. Oher more complicated reaction schemes
have been investigated, leading however to similar phenomena, so we will limit
here to describe the simplest case. The system boundaries are modelled as not

Fig. 3. CA model of an isolated system. Average concentration vs. time of X (left) and
A (right) in the smaller ( thin line) and larger (thick line) compartment.

permeable walls (wj
i = 0). When A reaches the semipermeable membrane which

divides the two compartments, it can cross it while X cannot cross the membrane.
We consider two cases, namely that of a closed system and that of an open

system. In this latter case, a source and sink cell are introduced: in the source
cell the value of the concentration of reactant A is kept fixed (simulating in-
flow), while in the sink the value of both A and X are instantaneously set to 0
(simulating outflow).

The behaviour of the isolated system is simulated starting from a condition
where the concentrations of both A and X are equal on both sides. If they
are equal to each other, but different from their equilibrium values, a transient
concentration gradient sets in (see Fig. 3). Of course, in agreement with the
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second law, the difference eventually dies out, but this may require a long lasting
transient. On the other hand, if the system is open the concentration difference
can be steady, as shown in Fig. 4.

Fig. 4. CA model of an open system. Average concentration vs. time of X (left) and
A (right) in the smaller (thin line) and larger (thick line) compartment. Also the
instantaneous values of the concentration are shown.

3 The Limiting Case of Two Homogeneous
Compartments

In order to interpret the results of the above simulations we will compare them
with those of a simpler model of the same process, where we suppose that the
concentrations are homogeneous in each compartment (this corresponds to as-
sume that diffusion in the bulk is very fast).

Let us suppose that a chemical reaction takes place on both sides of the
membrane surface, both inside and outside: therefore, all the reactions take place
in a small “effective volume” Vr ≈ Sδ near the surface (S being its area). The
direct and reverse kinetic constants are such that formation of X is favoured.
Reactant A can cross the membrane, ϕ being its flow rate and D its diffusion
coefficient across the membrane, while X cannot (it would be easy to introduce
a small diffusion coefficient of X as well). In order to ease the exposition we
will often refer to the smaller and larger volumes as the internal and external
one respectively (this is reminiscent of the vesicle case but, at an abstract level,
“internal” just means “smaller”).

Let ρ and Q denote respectively the densities (moles/litre) and the quantities
(moles) of A and X, using a superscript to indicate the chemical species and a
subscript the compartment (“i” denoting the smaller one, with volume V’, and
“e” the larger one, with volume V), so for example QA

i is the number of moles
of A in the smaller compartment. Diffusion time both in V and V’ is supposed
to be negligible, so the densities simply equal the ratios of the quantities to the
corresponding volumes.

As in section 2, we may let an inflow of A (not of X) in the external compart-
ment: if F denotes a constant volume flow, the quantity of A which enters the
external compartment is FρA

ext, while the quantities of A and X which leave it
are respectively FρA

e and FρX
e . If the system is closed of course F=0.
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Using the above notations, the flow of A across the separating membrane is:

ϕ = DS(ρA
i − ρA

e ) (1)

where D is the diffusion coefficient of chemical A across the membrane.
Assuming that the kinetics of the reaction is first order, by imposing mass con-

servation one obtains the following rate equations for the internal and external
quantities of A and X:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dQA
e

dt = −(kVr + F )ρA
e + k′Vrρ

X
e + ϕ+ FρA

ext
dQX

e

dt = kVrρ
A
e − (k′Vr + F )ρX

e
dQA

i

dt = −kVrρ
A
i + k′Vrρ

X
i − ϕ

dQX
i

dt = kVrρ
A
i − k′Vrρ

X
i

(2)

In the case of a closed system (F=0) one can compute the equilibrium values
and, if the initial conditions coincide with those values, no change is of course
observed. Suppose now that the initial densities of A and X are the same in the
two compartments but that they do not coincide with their equilibrium values.

In this case one observes (Fig.5) an increase in the inner density of X which
may be, depending upon the parameters, very high, and which may last long (al-
though, according to the second law of thermodynamics, it asymptotically van-
ishes). Note that this behaviour is similar to the one shown in Fig.3 of section 2.

Fig. 5. Numerical integration of equation (2) (isolated system); average concentration
of X (left) and A (right) in the smaller (thin line) and larger (thick line) compartment

Simulations show that the value of the ratio ρX
i

ρX
e

at the peak of ρX
i is inversely

proportional to V ′/V : if the “small” compartment were a vesicle, this would al-
low a possible independent estimate of its volume. If we assume spherical vesicles
also the surface S is thus determined. It has also been observed in simulations
that the duration of the transient (defined e.g. as the time elapsed from the
beginning of the simulation till the moment when the two curves showing the
values of ρX

i and ρX
e vs. time embrace 95% of the total area between them)

depends upon the value of DS. This remark, combined with the previous one,
provides a way to estimate the value of the diffusion coefficient D.



A CA Model of Spontaneous Formation of Concentration Gradients 391

Let us now consider the case of a non isolated system, where F 
= 0. In this
case it can be analytically proven that at steady state the internal concentration
of X is larger than the external one, and in particular that:

ρ̄A
i = ρ̄A

e

ρ̄X
e = kVr

(k′Vr+F ) ρ̄
A
e < ρ̄X

i = k
k′ ρ̄

A
e

(3)

where a bar denotes asymptotic (steady-state) values. This estimate is in agree-
ment with the results of the CA simulation.

4 Conclusions

The fact that a membrane is permeable to one chemical but not to the other
might be due to different physical or chemical properties. Since it might be
questionable to consider only a unimolecular reaction, we have also analyzed (in
the limiting case of fast diffusion) the case of a bimolecular reaction A+A←→ X
[11]. The behaviours observed in this case are closely similar to those of the
previous one, described in Sections 2 and 3.

We have also analyzed in a similar way the case of a reaction A + B ←→
X + Y , considering different hypotheses about the permeability of reactants
and products, again confirming the concentration effects observed in the simpler
model. It is worth to note that the concentration effect at steady state (F 
= 0)
of non-permeable products may be indeed very large.

A perhaps surprising remark is that the model described here is formally
linear: therefore the onset of a concentration difference cannot be considered a
nonlinear effect (although it is observed also when nonlinear kinetic equations
are considered).One might also observe that the inhomogeneity of the system
provides itself a kind of nonlinearity, even if this is not apparent from the tran-
sition functions of section 2 nor from the equations of section 3.

From a methodological viewpoint it is worth emphasizing that the comparison
of the results of the CA model with the simpler mathematical model of section
3 provides interesting cues to the interpretation of the results of the former, as
well as indications concerning the robustness of the major results with respect
to changes in the modelling level and approach.

While the phenomenon has been discussed here in a model, it is likely to be
real and experimentally verifiable. Indeed, the mechanism which leads to the
breaking of the initial equality of internal and external concentrations is that,
since reactions take place on the vesicle surface, the same quantities of chemicals
per unit time react on both sides of the membrane. But the internal and external
volumes are different, and therefore the internal and external concentrations
become different. This is essentially independent from the details of the specific
kinetic model used.

In a multiphase system, increased concentration of a chemical in a particular
phase according to its partition coefficient is of course a well-known phenomenon,
but here it arises between two phases with the same physico-chemical properties.
It should also be noticed that it is not due to active transport. Therefore the
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appearance of concentrations gradients seems surprising, although, as we have
seen, in a closed system it is a transient phenomenon which does not violate
the second law. In these systems concentration gradients may be coupled to
chemical reactions and therefore lead to (transient) interesting effects, while in
a flow reactor the gradients are stable and therefore they can provide an energy
source driving chemical reactions which might have been otherwise impossible.
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Abstract. Forecast of volcanic particle dispersal is important for studies
of risk assessment. We are interested in simulating a full tephra transport
system taking into account turbulent flows and particle aggregation using
cellular automata (CA). In this preliminary research, we apply a proba-
bilistic transport CA to our problem. Results show good agreement with
field data, indicating that CA are adequate to simulate tephra transport.

1 Introduction

Volcanic eruptions are one of the most dramatic natural phenomena and can
significantly affect the life of people living close to active volcanoes. When a
volcano erupts explosively, fragments of magma are emitted from the crater
within a mixture of gas. Fragments of magma that travel through the atmosphere
and eventually deposit on the ground are called tephra, irrespective to size,
shape and composition. Numerical models are important for forecasting tephra
transport and deposition in order to compile probabilistic hazard assessments.

Tephra and gas form an eruption column above the crater, called plume. Vol-
canic plumes can be described as multiphase (gas and solid particles) turbulent
flows [1], whose physics have been discussed in [2]. A well-developed eruption
column typically consists of a gas thrust region, a convective region and an um-
brella region (Fig. 1). The injection momentum dominates the gas thrust region,
thus, the eruption column rises against gravity. The convective region is where
buoyancy forces dominates.

The uppermost region (i.e. umbrella cloud) is characterized by lateral intru-
sion into the atmosphere. At the level of neutral buoyancy, the ascending plume
has the same density as the surrounding atmosphere (Hb). Tephra particles are
transported first in the eruption column, some of them falling during the ascent
when terminal velocity exceeds rising speed of the column. Particles which can
reach the top of the plume are carried in the spreading current and will fall out
at the base of the umbrella cloud (Hcb)(Fig. 1). Tephra is transported in the at-
mosphere by wind and finally deposit on the ground. Observed tephra deposits
show some diffusion in grain size distribution [1,3,4].
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Fig. 1. Sketch of plume features. The eruption column is classified into gas thrust
region, convective region and umbrella region, from bottom to top. Ht is the total
height of the eruption column. Hb is the neutral buoyancy level. Hcb is the base of
spreading current. At time t = 0, we disperse all particles from the point (x0, Hcb).
Relatively large particles fall out from the plume during the ascent.

Generally, the thickness of tephra deposits decreases with the distance from
the eruptive crater [5,6]. However, sometimes, anomalous thickening occurs: dou-
ble maxima of tephra thickness appear at certain distances from the crater.
Observations of anomalous thickening suggest that this phenomenon is related
to fine particle aggregation [6], which is believed to happen within any erup-
tion plumes characterized by fine particles. As a result, due to their larger size,
aggregates will fall faster than the finer particles they are made of.

Study of tephra fallout progressed in the last two decades and many models
have been developed showing agreement with field data [4,5,6,7,8,9]. However,
there are still fundamental processes that need to be parameterized and nu-
merically described in order to provide comprehensive and reliable forecasting
of tephra deposition. Considering the diffusion of tephra particles and micro-
scopic aggregation, it is useful to use a CA method which can implement both
microscopic and macroscopic aspects of particle transport.

This paper is a first step in applying CA for tephra transport. We perform
numerical simulations in the atmosphere, from the height Hcb (Fig. 1) down to
the ground. We show the good agreement between the CA model and field data
in the case of sedimentation with no aggregation (e.g. 1875 eruption of Askja
volcano, Iceland). On the other hand, we observe significant discrepancies when
aggregation processes play an important role in particle sedimentation (e.g. 18
May 1980 eruption of Mt. St. Helens, USA).

2 Tephra Transport Model

Processes of tephra transport can be investigated in two areas: umbrella cloud
(turbulent current) and the atmosphere under the umbrella cloud (Fig. 1).
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The simplest way to compute tephra transport is ballistic calculation (BA).
In BA, particles with the same size and the same density reach the same point
on the ground. On the other hand, when some diffusion happens, particles dis-
perse in the atmosphere and deposit at different places. A multiparticle CA
approach [10] can be devised to account for such a dispersion. We evaluate the
difference between CA and BA by comparing the result of the two methods. In
our numerical experiments, all tephra begin to disperse from the point (x0, Hcb)
at time t = 0, in a two-dimensional domain (Fig. 1).

Tephra is transported horizontally in the atmosphere by the wind which we
assume to be of velocity ux for the whole simulation domain. The vertical velocity
uy is set to the terminal velocity ut of each particle (i.e. the speed which the
particle reaches due to the balance of gravity, buoyancy and friction forces). ut

depends on particle and atmospheric characteristics. We compute the terminal
velocity as a function of the particle Reynolds number, as described in [8].

2.1 Cellular Automata Tephra Transport Model

To simulate the transport of tephra particles according to the velocity field
described above, we use the CA model defined in [10] which was also successfully
applied to snow and sediment transport [11,12]. This model is easy to implement
and allows for tracking of individual particles. This property is important to
implement the aggregation rules. At each lattice site lies a population of particles
subject to a velocity vector u. Ideally, the particles would follow this velocity in
the classical way r(t+Δt) = r(t) +uΔt, where Δt is the CA discrete time step.
However, except for velocity fields parallel to lattice directions with an intensity
equals to Δx

Δt (where Δx is the distance between two lattice sites), this would
lead the particles off-lattice. In order to constrain the particles on the lattice,
we use a probabilistic scheme.

We associate to each lattice direction i a probability pi proportional to the
projection of u onto the velocity vectors vi of norm v = Δx

Δt . In a 2D case, the
four directions are i = ±x and i = ±y, as illustrated in Fig. 2 and the pi are
obtained as

px = max
(
0,

vx · u
v2

)
p−x = max

(
0,
−vx · u
v2

)

py = max
(
0,

vy · u
v2

)
p−y = max

(
0,
−vy · u
v2

) (1)

To have pi ≤ 1, the lattice must be chosen so that u < v at every site.
Note that if px > 0 then p−x = 0 and vice versa. The same holds for py and

p−y. Thus, from now on, we assume that px and py are positive.
To update the system, two independent random numbers qx, qy ∈ [0, 1] are

drawn per particle at each time step. If qx < px then the particle moves along
the vx direction. Similarly, if qy < py, the particle moves along vy . Thus the
particle will move to r + (Δx, 0) with probability p = qx(1− qy), to r + (0, Δx)
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Fig. 2. Probabilistic rule of particle transport. The gray lines represents the lattice.
The four possible velocity vectors vi and the true velocity u are indicated with black
arrows.

with p = (1 − qx)qy, to r + (Δx,Δx) with p = qxqy and stay at rest with
p = (1 − qx)(1 − qy).

It has been shown in [10] that, when the velocity field is constant across the
lattice, the average velocity 〈v〉 following from the above rules is equal to u.
Here we evaluate the dispersion of the trajectory.

For n time steps, the particle trajectory is:

r(nΔt) = r0 + v(t1)Δt + v(t2)Δt + · · ·+ v(tn)Δt = r0 +Δt
∑

i

v(ti) (2)

where v(ti) ∈ {0,v±x,v±y} is the random velocity variable at step ti. On average
the above eq. reads

〈r(nΔt)〉 = r0 +Δt
∑

i

〈v(ti)〉 = r0 + nuΔt (3)

To compute the standard deviation σr(nΔt), we first compute the average squared
trajectory (for a constant u and for v(ti) independent on v(tj)):

〈r(nΔt)2〉 =

〈

r2
0 + 2r0Δt

∑

i

v(ti) +Δt2

(
∑

i

v(ti)

)2〉

= r2
0 + 2r0nΔtu + n(n− 1)Δt2u2 + nΔt2〈v2〉

(4)

Similarly we can compute the squared average trajectory:

〈r(nΔt)〉2 = r2
0 + 2r0nΔtu + n2Δt2u2 (5)

and we get the standard deviation as

σ2
r(nΔt) =

[
〈r(nΔt)2〉 − 〈r(nΔt)〉2

]
= −nΔt2u2 + nΔt2〈v2〉 (6)
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Let us define the dimensionless velocity v̄ = (Δt/Δx)v. With u2 = 〈v〉2 and
t = nΔt, eq. 6 is equivalent to a diffusion process

σr(nΔt) =
√

[〈v2〉 − 〈v〉2] tΔt =

√
Δx2

Δt
D̄ t (7)

where D̄ = 〈v̄2〉 − 〈v̄〉2 is the resulting numerical diffusion coefficient. Note that
since (Δx/Δt) = const = v, it is interesting to note that D → 0, when Δx→ 0.
This means that the finer the grid, the smaller the diffusion.

Using eq. 1, it is possible to evaluate the dispersion in function of u:

〈v2〉 − 〈v〉2 = ux

(
Δx

Δt
− ux

)
+ uy

(
Δx

Δt
− uy

)
(8)

This shows that the dispersion is minimal when u would lead the particle
close to a lattice site and maximal when it would lead the particle between sites.
Therefore, although D is not constant when u is not constant, the lattice can
be adjusted to control the maximum dispersion.

2.2 Eruptions and Simulation Parameters

We apply our model to sedimentation with and without aggregates. Tab. 1 shows
the simulation parameters used to describe the two case studies considered in
this work (i.e. 1875 eruption of Askja volcano, Iceland; 18 May 1980 eruption of
Mt. St. Helens, U.S.A). The eruption of Askja volcano is without aggregation.
On the other hand, Mt. St. Helens eruption includes aggregate and the tephra
deposits show a secondary maximum of thickness.

Table 1. Case studies. Askja: Askja 1875. Mt. St. Helens: 18 May 1980 eruption. The
particle size Φ is given in granulometry units: Φ = − log2 d, where d is the particle
diameter in mm. CA parameters are presented below the separation line.Wind velocity
is maximum wind velocity at the tropopause.

Askja Mt. St. Helens

Type of sedimentation No aggregation With aggregation
Ht [km] 26 16
Hcb [km] 14.6 9

Wind velocity [m/s] 25 32
Particle size (Φ) -3 to 6 -3 to 9

Median of grain size 1.5 3
References [3] [1]

Δx [m] 500 500
Δt [s] 16.6 12.5

Duration [s] 105 105
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3 Results and Discussion

We first compare the CA to the classical BA (Fig. 3). The results of both ap-
proaches are in the same range but the average of CA for each class of particle
sizes deviates from the BA predictions. The CA probabilistic model behaves
in average like BA only when the velocity field is constant. Numerical experi-
ments with a constant terminal velocity (data not shown) confirm this point. In
our case, however, the terminal velocity uy varies with the vertical position of
particles within the atmosphere.

Up to the above discrepancy CA results show a good agreement between
observed and calculated distances of particle deposition for Askja volcano (no
aggregation). In contrast, computed deposition for Mt. St. Helens significantly
differ from observations. In fact, the eruption of the Mt. St. Helens has produced
a secondary maximum of accumulation at about 300km ENE from the volcano
due to aggregation processes that made fine particles fall closer than expected.
Fig. 4 shows the grain size distribution of a sample collected at the distance of
182km from the crater as an example. In fact, tephra deposits affected by aggre-
gation processes are typically characterized by bimodal distributions where the
coarse particle mode represents the population of particles that fell individually,
whereas the fine particle mode represents the population of particles that fell as
aggregates. The discrepancy between observed and calculated distances of Mt.
St. Helens is therefore due to the fact that the fine particles fell as larger aggre-
gates and thus deposited closer to the vent than expected. According to [8], most
particles of diameter d < 125× 10−3 mm (i.e. Φ = − log2 d > 3) are likely to fall
as dry or wet aggregates. Eventually most aggregates break when impacting the
ground, therefore releasing their fine particles and producing a bimodal grain
size distribution as in Fig. 4.

Based on our preliminary results, future work for implementing a multiparti-
cle CA model describing tephra dispersal will focus on the aggregation processes
which are believed to happen within any eruption plumes characterized by fine
particles. Also we plan to consider the fundamental role of wind advection in the
dynamics of volcanic plumes and particle sedimentation, and to couple our trans-
port model to a Lattice Boltzmann solver using a multiscale modeling approach
developed in [13].

In our model, the particle diffusion is strongly affected by its velocity in rela-
tion to the space discretization (see eq. 7). Since the terminal velocity depends
on the particle diameter which varies from 10−4 to 102 mm, the particle diffusion
varies considerably. Therefore, future work will also involve grid refinement to
adapt the grid to the expected diffusion coefficient.

In conclusion, we have shown that a multiparticle CA model is sufficient for
describing simple tephra transport from volcanic plumes without aggregation
(e.g. Askja eruption). However, in order to describe sedimentation controlled by
aggregation processes (e.g. Mt. St Helens eruption), it is necessary to continue
our study and improve our model.
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Fig. 3. Observed and computed deposition distances for different particle sizes for (a)
Askja 1875 and (b)Mt.St.Helens 1980. For Askja volcano (a), CA results are shown
as black dots (which make black lines as there are many points), BA results as white
squares, the average of CA for each class as white circles and observed of grain size
modes of individual tephra sample as gray circles. For Mt. St. Helens (b), CA results
are shown as black dots (which make black lines as there are many points) and BA
results as white squares. There are also observed coarse modes shown as black triangles,
fine modes as white triangles and grain size in mean modes are as crosses.
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Mt. St. Helens eruption and collected 182km from the volcano [4].
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Abstract. In this work we present the introduction of spatial con-
straints in a model of generation and diffusion of innovations. The pres-
ence of spatial limitations introduces several feedbacks, whose main ef-
fects are the decrease of global diversity in favour of a higher robustness,
despite the apparent minor success of the individual agents. All these
features hold contemporarily, but the individuated feedbacks are able to
explain their only apparently contradictory nature. None of these results
is obvious, nor can it be simply deduced from the qualitative theory.
Moreover, the simulations could make possible comparisons between the
model behaviours and the theory claims, indicating new ways of improve-
ment and development

Keywords: Innovation, multi agent based systems, spatial constraints.

1 Introduction

During last decades, innovation has become a hot topic in a variety of social con-
texts, including technology, commerce, social systems, economic development,
and policy construction. There are therefore a wide range of approaches to con-
ceptualising innovation in the literature [5]. A consistent theme may be identified:
innovation is typically understood as the successful introduction of something
new and useful, for example introducing new methods, techniques, or practices
or new or altered products and services.

Modelling such processes is a hard challenge. Some authors choose the simpli-
fying assumption that only artifacts are important (technological trajectories)
whereas others claim that at least in social issues the human creativity is the
key, and that the recombination of existing current capabilities and local search
are important [3] [12] [9]. But in general both agents (whatever their nature)
and artifacts could be important [7], the agents typically maintaining the role of
main source of novelties and the artifacts assuring and shaping their diffusion.

For these reasons in last years agent-based models (ABMs) are attracting
considerable attention, as they allow one to escape from the constraints of the
“representative agent” and to account for agent heterogeneity (see e.g. [4] [6] [11]
[10] [1]). ABMs are well suited to bridge the gap between hypotheses concerning
the microscopic behaviour of individual agents and the emergence of collective
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phenomena in a population composed of many interacting agents. Agent-based
models are very attractive, but they still face formidable problems. In particular
they allow the modeller perhaps an excess of freedom with respect to the design
of agents and their interactions: ABMs often have too many variables and pa-
rameters. In these cases, what is needed to get meaningful results is a principle
which limits the degrees of freedom of the modeller. While Ockhams razor is of
the outmost importance, it does not seem to be sufficient by itself to limit the
embarasse de richesse of ABMs.

In our work we consider another approach, namely that of relying upon an
existing qualitative theory of the phenomenon in order to constrain our mod-
elling options. The theory provides a basic ontology for the model, its entities
and their modes of interaction [7]. The model represents therefore a simplified
universe inhabited by (some of) the entities posited by the theory. By means
of this model it is possible to realise simulations, which in this context have
the role that experiments play in the “hard” sciences, as for example physic
or chemistry [2]. This approach has already led us to some interesting results
highlighting the interrelations among the agents innovation modalities and the
resulting structures emerging in the agent-artifact space [8] [13]; nevertheless,
the model we used (I2M in the following) was based upon the hypothesis that
each of its entities could potentially interact with all the others. This simplifi-
cation is in most interesting cases unrealistic. Moreover, a wide literature exists
concerning the influence of spatial proximity on economics and innovations (e.g.
in so-called industrial districts). Therefore in this paper we consider the effect
of introducing a spatial topology in the agent space of our model, and to allow
only local interactions.

2 Theory and Model

Let us now examine the major constraints the Lane and Maxfield theory imposes
on the model. The first direct claim of the theory is that agents and artifacts are
both important for innovation. This notion underlies the concepts of an “agent-
artifact space” and in particular that of “reciprocality”, which essentially claims
that artifacts mediate interactions between agents, and vice versa, and that both
agents and artifacts are necessary for a proper understanding of the behaviour
of market systems and of innovation. One straightforward consequence of this
claim is that it excludes the possibility to project agent-artifact space onto one
of the two constitutive subspaces.

In the theory, artifacts are given meanings by the agents that interact with
them, and different agents take different roles with respect to transformations
involving artifacts. The meaning of artifacts cannot be understood without tak-
ing into account the roles which different agents can play in time. In this context,
innovation is not just novelty, but rather a modification in the structure of agent-
artifact space, which unleashes a cascade of further changes. Therefore the basic
requirements for a model aiming at a dialogue with the theory are the following:
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1. both agents and artifacts must be represented
2. the meanings of the artifacts must be generated within the model itself: it

is inappropriate here to resort to an external oracle to decide a priori which
meanings are better than others

3. the roles of agents must also be generated within the model:
4. agents must interact with artifacts and with other agents
5. an agent should be able to choose the other agents with whom to start a

relationship
6. agents must have intentionality: they may be interested in certain types of

artifacts or in entering a relationship with particular other agents

3 A Brief Description of the Basic Model

Let us now briefly introduce the main features of the model that has been devel-
oped on the basis of the constraints described above. We will limit ourselves here
to a very concise overview of the model, and we refer the interested reader to [8]
[13] for a more complete and detailed account. Formally, the basic structure of
our ABM is:

Time. We model a system evolving in discrete time steps, i.e. t = 1, 2, . . .
Artifacts. In present model artifacts are numbers, each number representing a

type (e.g. cars, chairs, wheels, shoes, etc.)
Agents. The system is populated by a set of agents It = {1, 2, , Nt}
Recipes. Each agent i ∈ It owns a set of Rt recipes ri,t = (r1i,t, . . . , r

R
i,t), that

is, a set of input and mathematical operators. The recipes are the structures
the agents use to build artifacts, by processing the already existing artifacts

States. Each agent i ∈ It is characterized by a vector of L states
xi,t = (x1

i,t, . . . , x
L
i,t). These variables are fast ones, and can be endogenously

modified by agents decisions (e.g. goal, reciprocal trust, etc.)
Micro-Parameters. Each agent i ∈ It is also characterized by a vector of

H parameters θi = (θ1
i , . . . , θ

H
i ). Micro-parameters are slow-variables, i.e.

quantities that cannot be endogenously modified by the agents within the
time-scale of the dynamic process. Therefore, θi typically contains informa-
tion about behavioural characteristics of agent i (e.g. agents propensity to
innovate, etc.)

Macro-Parameters. The system as a whole is characterized by a vector of
M time-independent macro-parameters Θ = (Θ1, . . . , ΘM ) governing the
overall setup. Examples of Θ parameters are some invariable characteristic
of recipes and artifacts, the presence of raw materials, etc.

Interaction Structures. At each t, the way in which information is channelled
among agents and artifacts is governed by the agents list of acquaintances,
which determines (and is determined by) the agents actions.

Decision Rules. Each agent is endowed with a set of decision rules
Di,t = {Db

i,t(·|·), b = 1, . . . , B}, mapping the actual situation into the future
one. Examples of such decision rules are: innovation rules, useless recipes
deleting rules, etc.
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Aggregate variables. By aggregation (e.g. average, sum, etc.) of micro-
variables, one obtains a vector of K macro-variables Xt = (X1

t , . . . , X
K
t )

which contain all macro information relevant to the analysis of the system.
Examples are: system diameter, average production level, etc.

In I2M agents can “produce” artifacts, each artifact being assembled by means
of a recipe; the artifacts in turn can be used by other agents to build their own
artifacts. Agents can try to widen the set of their recipes by applying genetic
operators to their own recipes, or they can try to collaborate with another agent:
in this case, in order to build the new recipe the agent can manipulate also the
partners ones, realising in such a way a joint project. With respect I2M , the
model we are presenting in this work has the additional characteristic of dealing
also with the quantity aspects, and take explicitly into account the number of
items produced by each recipe. Therefore, each agent has a stockpile where its
products are put, and from which its customers can obtain them. Each agent
tends to an optimal level of artifacts items present within its stock: if the stock
level is lower than the desired one the agent increases the production of the cor-
responding recipe; if the stock level is higher the agent decreases the production
of the recipe. Each agent has to produce each recipe at least once, and cannot
produce a recipe more than a given number of times each step. Production is
assumed to be fast, i.e. it does not take multiple time steps.

The meaning of artifacts is just what agents do with them, while the role of
agents is defined by which artifacts they produce, with whom, and for whom.
The role of agents is also partly defined by the social networks in which they are
embedded. In order to better determine with which acquaintances to interact,
the agents can give an evaluation (a vote) to each existing relationship: the
higher is the vote, the higher is the probability of choosing the partner to realise
a joint project.

A key point is the structure of artifact space. What is required is that the
space has an algebraic structure, and that suitable constructors can be defined
to build new artifacts by combining existing ones. We have adopted a numerical
representation for artifacts and the use of mathematical operators, therefore our
agents are “producers” of numbers (indicated as “names” in the following), by
means of the manipulation of other numbers.

If the recipes output is not used by other recipes, or if one of the needed inputs
is not present within that part of the world known to the agent, a counter
is incremented; otherwise the counter is set to its default. When this counter
exceeds a given threshold the corresponding recipe is discarded, because it is
useless or not realisable. As far as innovation is concerned, an agent can invent
new recipes or manipulate the existing ones. In the present version of the model
no new agents are generated, while agents can die because of lack of inputs or
of customers.

The model is asynchronous: at each time step an agent is selected for update,
and it tries to produce what its recipes permit. So, for each recipe, it looks for the
input artifacts and, if they are present in the stocks of its suppliers, it produces
the output artifact and puts it into its stock (the stocks of the supplier are of
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course reduced). This sequence is iterated until the desired level of production
is reached.

Besides performing the usual buy-and-sell dynamics, an agent can also decide
to innovate. Innovation is a two-step process: the first defines a goal, i.e. an
artifact which the agent wishes add to the list of its product, while in the second
step the agent attempts to produce the desired artifact. In the goal-setting phase,
an agent chooses one of the known types of artifacts (which, recall, is a number
M) and then either tries to imitate it (i.e. its goal is equal to M) or to modify
it by a jump (i.e. by multiplying M times a random number in a given range).
It has been verified that imitation alone can lead to a sustainable production
economy, in which however innovation eventually halts [12]. In the goal-realising
phase (after setting its goal), an agent tries to reach its target by combining
recipes to generate a new one via genetic algorithms.

4 The Topology

In I2M each agent has its own set of acquaintances, which depends on the agents
relationships (client-provider relationships or simple acquaintance rapports) and
the agents past history, but potentially it could know its whole environment.
This is not always the case in the real world: at least in the past, the envi-
ronment of economic and social agents was spatially limited. In effect also the
list of an agents acquaintances within the actual world, despite the presence of
long-range communication, could be described in first approximation as a cluster
having high correlation within the spatial domain, on which subsequently one
can introduce additional relations. Consequently, one of the first actions aiming
to introduce more realistic characteristics in I2M is that of introducing spa-
tial relationships and releasing the “global knowledge” hypothesis; the regular
topology of cellular automata could be one of these first steps.

In order to perform such a modification it is enough to fix the agents list of
acquaintances to an a priori given subset: in this work we adopt a 2D regular
lattice, each position having a Moore neighbourhood with a fixed radius the
opposite sides of the lattice are assumed communicating (the so-called toroidal
configuration) in order to assure the same neighbourhood size to each agent. All
the already presented characteristics of I2M hold unchanged, but the actions of
artifact use, goal selecting and relationship evaluation are limited to the agents
neighbourhood. In the following, we call this model I2M − CA.

5 The Model Behaviour: A Preliminary Analysis

In order to better evaluate the impact of local relationships, in this first set of
experiments we dont use the agents capabilities of evaluating their relationships
and choosing their partners: during the experiments describer here each agent
builds recipes by itself, without help from its neighbours.
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We use a CA having 11x11 cells, each cell being a complete I2M agent; the
agents list of acquaintances is defined by the Moore neighbourhood of radius R,
the radius being fixed for each series of experiments; the automaton stops after
10000 steps, a number of iteration sufficient to reach a stable configuration; for
each radius we report statistics made on 10 runs. The variables observed in this
work belong to two main classes: extensive variables (the number of agents, the
number of artifacts, the system diversity that is, the number of different artifact
types contemporarily present within the system – and the system diameter –
the difference between the highest and the lowest name contemporarily present
within the system) and intensive variables (the global diversity divided by the
number of agents, the median number of recipes owned by each agent, and the
median production of the set of recipes owned by each agent).

In order to analyze the role of locality, the behaviour of the variables should be
compared with the case where each agent has a complete knowledge of the whole
system, i.e. the case in which the radius of the neighbourhood is equal to 5.

From the data shown in Fig. 1 one can see that the higher is the neighbourhood
radius,

– the higher is the system diameter
– the higher is the artifact diversity per agent
– the lower is the number of recipes replicating low names
– the higher is the average production level of the recipes

but:

– the lower is the number of surviving agents
– the lower is the number of recipes owned by each agent

Notice the behaviour of the number of surviving agents. In the standard I2M ,
when there is no collaboration in innovation, not all agents can survive [12].
In I2M − CA the fraction of agents that die vanishes as the interaction radius
decreases, until the case of radius equal to 1 and 2, for which no agent dies.
This despite the apparently conflicting facts that with radius 5 the agents can
sustain higher diameter, higher diversity per agent and own recipes having higher
production level. In other words, a locally organised world seems more robust to
loss of agents than a globalised one, despite its lesser artifact diversity.

In effect, this apparent contradiction is resolved by noting the presence of
some interesting features of the “local” world of I2M − CA. The most interest-
ing is that with low radius the world is highly fragmented, and each fragment
has high probability of rebuilding the same basic (i.e., with low numerical value)
artifacts; on the other hand, these basic artifacts are otherwise unavailable. As
consequence, agents that in a “globalised” world wouldnt have a chance of build-
ing recipes that produce basic artifacts now can generate such recipes, sell the
corresponding outputs, and survive. So, it is possible to observe that the lower
is the radius of the neighbourhood, the higher is the number of recipes and in
particular the number of recipes that build the must basic artifact (see Fig. 1d).
Another interesting feature arises from the innovation processes: with less knowl-
edge of the world, agents take their inspiration for new goals by imitating a
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reduced set of artifacts, diminishing in such a way the diversity of the whole
system. On the other hand, the relatively higher diversity of systems with high
interaction radius allows them to sustain high diameters for their artifact space
and high artifact diversity per agent.

Eventually, the relatively high diversity of these latter systems makes each
artifact more essential (by increasing its probability of being unique or at least
rare) increasing in such a way the average production level of the realised recipes.
This third feature allows the interpretation of the behaviour shown in Fig. 1.
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Fig. 1. Statistical behaviour of I2M −CA model: averages over 10 runs at step 10000.
The thick line is the median value, the box extremes indicate the second and third
quartiles, the upper and lower line indicates the first and fourth quartiles, and the
dots are the outliers. See the text for a detailed description of the variables and of its
behaviour.
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6 Conclusions

In this work we present the introduction of spatial constraints in a model of
creation and diffusion of innovations. Also in this simple version, the presence
of strong spatial limitations introduces several features, whose main effects are
the decrease of global diversity and of the system diameter, in favour of a higher
robustness, despite the lower production levels per recipe. The identified fea-
tures explain why the simultaneous appearance of the above-listed effects is only
apparently, not actually, contradictory. None of these results is obvious, or can
be simply deduced from the qualitative theory. Moreover, the simulations allow
comparisons between the model behaviours and the theory claims, indicating
new ways of improvement and development. While the present version of spa-
tial constraints represents a highly simplified model, the results obtained so far
appear to encourage the further development of I2M −CA. Future research im-
provements to the model should be aimed at exploring the effect of topologies
different from that of regular lattices, and simulating more complex interactions
among agents and artifacts.
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Abstract. This paper presents a research in the context of pedestrian
dynamics according to Situated Cellular Agent (SCA), a Multi-Agent
Systems approach whose roots are on Cellular Automata (CA). The aim
of this work is to apply Genetic Programming (GP) approach, a well
known Machine Learning method belonging to the family of Evolution-
ary Algorithms, to generate suitable behavioral rules for pedestrians in
an evacuation scenario. The main contribution of this work is in the
design of a testset of GP generated behaviors to represent basic behav-
ioral models of evacuees populating a only locally known environment, a
typical scenario for CA-based models.

1 Introduction

Within pedestrian dynamics Cellular Automata approaches have found an in-
teresting and fruitful application context (for instance in evacuation studies
and public spaces’ design [1,2]). Since relatively recent first proposals [11,12],
CA approach has rapidly grown and shown interesting results concerning the
study of potentially complex behaviors that can result from local interactions
among pedestrians within a shared, limited, and only partially known spatial
environment[3,4]. According to CA peculiarities the spatial environment can be
represented as a regular grid of cells, whose state can include the representation
of the presence of individuals (or other environmental obstacles). Pedestrian
movement is represented by CA state transition rules and the dynamics of the
system result from local state change of CA cells.

When adopting CA for modelling purposes with the aim of study pedestrian
behavior and their interaction, CA models suffer, like traditional analytical ap-
proaches, the limitation of considering individuals as homogeneous entities whose
behavior is implicitly represented in CA cell state and state transition function.
SCA4CROWDS [5] is an ongoing research aiming at developing formal and com-
putational tools to support the design, execution and analysis of models to study
potentially complex dynamics that can emerge in crowds (e.g. pedestrian dynam-
ics as effect of physical, social and emotional interactions) [6,23]. SCA4CROWDS
formal model has been developed as an extension of Cellular Automata (CA)
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[7] exploiting MAS [8] advantages in modeling heterogeneous systems [9,10]. De-
spite models based on CA, SCA4CROWDS models systems of reactive situated
agents (i.e. pedestrians) that move on structured spatial environments, and that
can interact at-a-distance through the emission-diffusion-perception of signals
and locally according to local transition rules. Theoretical experimentations are
being developed with SCA4CROWDS formal and computational tools in or-
der to provide methodological guidelines for sounding computational models of
psychological and anthropological theories on crowds (e.g.[13]).

The work presented in this paper concerns the integration into SCA4CROWDS
framework of formal and related computational tools to effectively combine Ge-
netic Programming (GP) [14] with SCA approach to study the behavior of pedes-
trians (a similar approach has already been proposed for the calibration of a
CA–based model of costumers in shopping areas [18]). In particular, we will
present here a model based on SCA principles where pedestrian behaviors are
based on GP, a well known evolutionary approach which extends the genetic
model of learning to the space of programs. The best set of behavioral rules in
an evacuation context drives a system of pedestrians evacuating a structured and
unknown environment. Evacuation scenarios are traditionally considered realis-
tic when they assume that pedestrians have a limited and very local information
about the environment and a basic intelligent behavior that can be originated
by instinctive or learning processes. To support the development and experimen-
tation of this type of scenario, we developed a behavioral model based on a set
of rules generated by Artificial Ant on the Santa Fe trail, a benchmark problem
in GP [14]. The latter aims at finding navigation strategy for an ant moving
on a regular grid (where some of the cells contain food pellets) that maximizes
its food intake. This problem specification has been used as a methodological
example useful for the SCA–based model calibration.

After an overview of SCA approach for pedestrian and crowds modeling, Ge-
netic Programming approach will be introduced in Section 3, while Section 4
describes experiments with SCA4CROWDS framework where pedestrian behav-
ioral rules of a set of evacuees are generated by GP. Currently we are developing
an analytical analysis with references and benchmarks in pedestrian dynamics.

2 SCA Approach to Pedestrian Dynamics

According to SCA modelling approach, human crowds are described as system of
autonomous, situated agents that act and interact in a spatially structured envi-
ronment. Situated agents are defined as reactive agents that, as effect of the per-
ception of environmental signals and local interaction with neighboring agents,
can change either their internal state or their position on the structured envi-
ronment. Agent autonomy is preserved by an action–selection mechanism that
characterizes each agent, and heterogeneous MAS can be represented through
the specification of agents with several behavioral types through L*MASS formal
language [20] (an execution environment for SCA-based models is also available,
i.e. SCA platform [19]). Interaction between agents can occur either locally,
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causing the synchronous change of state of a set of adjacent agents, and at–a–
distance, when a signal emitted by an agent propagates throughout the spatial
structure of the environment and is perceived by other situated agents (het-
erogeneous perception abilities can be specified for SCA agents). Interaction
primitives are defined by L*MASS language.

SCA model is rooted on basic principles of CA: it intrinsically includes the
notions of state and explicitly represents the spatial structure of agents’ environ-
ment; it takes into account the heterogeneity of modelled entities and provides
original extensions to CA (e.g. at–a–distance interaction). According to SCA
framework, the spatial abstraction in which the simulated entities are situated
(i.e. Space) is an undirected graph of sites (i.e. p ∈ P ), where graph nodes
represent available space locations for pedestrians and graph edges define the
adjacency relations among them (and agents’ suitable movement directions).
Each p ∈ P is defined by

〈
ap, Fp, Pp

〉
, where ap ∈ A ∪ {⊥} is the agent situated

in p , Fp ⊂ F is the set of fields active in p and Pp ⊂ P is the set of sites adjacent
to p. Pedestrians and relevant elements of their environment that may interact
with them and influence their movement (i.e. active elements of the environ-
ment) are represented by different types of SCA agents that can change their
internal state (s ∈ Στ ), move into an adjacent site or interact with other agents.
An agent type τ =

〈
Στ , P erceptionτ , Actionτ

〉
is defined by:

– Στ : the set of states that agents of type τ can assume;
– Perceptionτ : Στ → WF ×WF function for agents of type τ : it associates

each agent state to a pair (i.e. receptiveness coefficient and sensitivity thresh-
old) for each field in F ;

– Actionτ : the behavioral specification for agents of type τ in terms of L*MASS
language [20].

Agent

Knowledge

Base

(AKB)

Perception

Deliberation

Action

AKB

Modification
AKB

Updating

Environment

Modification

Stimulus or

Environment

Modification

Agent

Action

Set

(AAS)

Selected Action

Fig. 1. A schematic representation of the internal architecture of SCA agents

Agent architecture (see figure 1) is composed by three tasks that define the
agent actual behavior (i.e. Perception, Deliberation, and Action) and two knowl-
edge containers:
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– Agent Knowledge Base (AKB) is the internal representation of agent
state and of its local perceptions (e.g. set of fields active in its site, set of
empty sites in its surrounding). The AKB updating can be the effect of agent
actions or of a change in the agent environment perceived by the agent (e.g.
an adjacent site becomes empty, a new field reaches the agent site or the
agent moves to another site).

– Agent Action Set (AAS) collects the set of actions that are allowed to the
agent in terms of L*MASS language. AAS is defined according to the agent
type and cannot change during agent execution. In the model presented in
Section 4, we will experiment GP to evolve AAS towards an optimal strategy
for evacuation.

SCA approach does not specify a standard way to define agents’ perception,
deliberation and action. SCA platform (the execution environment for SCA-
based models) has been designed in order to be incrementally extended to sev-
eral execution strategies. In our experiments we adopted a synchronous–parallel
execution method for the system (i.e. at each timestep each agent update their
AKB perceiving their local environment and selects the action to be performed).
The phase between perception and execution is deliberation that is, the compo-
nent of an agent responsible of conflict resolution between actions, when multiple
actions are possible.

3 Genetic Programming

Genetic Programming (GP) [14] is a Machine Learning method that belongs to
the family of Evolutionary Algorithms [15,16,17]. Its peculiar characteristic is
that potential solutions (often called individuals) to be evolved are not fixed
length strings of characters, as for Genetic Algorithms (GAs) or other evolu-
tionary methods, but, generally speaking, computer programs. The fitness of a
program is usually calculated by running it one or more times with a variety
of inputs and seeing how close the program outputs are to a desired target.
Programs can be represented as trees, lines of code, expressions in prefix or
postfix notations, strings of variable length, etc. For tree-based GP, which is
the original [14] and more popular version of GP and the one we use in this
paper, the set of all the possible structures that can be generated is the set of
all the possible trees that can be built recursively from a set of function symbols
F = {f1, f2, . . . , fn} (used to label internal tree nodes) and a set of terminal
symbols T = {t1, t2, . . . , tm} (used to label tree leaves). Each function in the
fuction set F takes a fixed number of arguments, specifying its arity. Functions
may include arithmetic operations (+, −, ∗, etc.), mathematical functions (such
as sin, cos, log, exp), boolean operations (such as AND, OR, NOT), conditional
operations (such as If-Then-Else), iterative operations (such as While-Do) and
other domain-specific functions that may be defined. Each terminal is typically
either a variable or a constant, defined on the problem domain. In the work pre-
sented in this paper the generated structure describes the behavior of a pedes-
trian agent. The terminal actions are atomic movements as: move towards, turn
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to the left or turn to the right; while functions define nodes with two and three
childs (see a deep descripion in section 4). Once such a formal language to code
programs has been defined, the GP paradigm breeds those programs to solve
problems by executing the following steps:

1. Generate an initial population of computer programs (or individuals).
2. Iteratively perform the following steps until the termination criterion has

been satisfied:
(a) Execute each program in the population and assign it a fitness value

according to how well it solves the problem.
(b) Create a new population by iteratively applying the following operations:

i. Probabilistically select a set of computer programs to be reproduced,
on the basis of their fitness (selection).

ii. Copy some of the selected individuals, without modifying them, into
the new population (reproduction).

iii. Create new computer programs by genetically recombining randomly
chosen parts of two selected individuals (crossover).

iv. Create new computer programs by substituting randomly chosen
parts of some selected individuals with new randomly generated ones
(mutation).

3. The best computer program appeared in any generation is designated as the
result of the GP process at that generation. This result may be a solution
(or an approximate solution) to the problem.

Most commonly used termination criteria are: (1) at least one individual in the
current population has a satisfactory fitness value, or (2) a prefixed number of
generations has been executed.

4 Modeling Pedestrian Behavior for Evacuation with GP

In this work, we present a GP configuration inspired by the Artificial Ant on
the Santa Fe trail benchmark to simulate the trajectory of a set of agents in
a square space, with the aim of automaticallty generating suitable pedestrian
paths for evacuation. The Artificial Ant on the Santa Fe trail is a problem where
an artificial ant is placed on a regular toroidal grid, where some of the cells
contain food pellets. The problem goal is to find a navigation strategy for the
ant that maximizes its food intake. The ant starts in the upper left cell of the
grid, identified by the coordinates (0, 0), facing east. It has a very limited view
of its world. In particular, it has a sensor that can see only a single immediately
adjacent cell in the direction the ant is currently facing.

Inspirating to this problem we defined a pool of N pedestrian agents, with
N > 1 placed in a regular SCA space with Von Neumann neighborhood. The
space is defined as a regular not toroidal square grid representing a room to be
evacuated. In this scenario agents have a random starting postition and they
have a direction that points to one of the adjacent sites; they have no knowledge
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of the space (they can perceive only the adjacent place in the direction the agent
is currently facing) and also the initial direction is randomly setup for each agent.
No food is contained in the grid, and the only special place on the space is the
given location identified as the exit.

Agent’s behavior is built by GP and the set of possible structure that can
be generated is the set of all possible trees that can be generated from T =
{Right, Left,Move} and F = {Progn2, P rogn3}. The set of terminals T cor-
responds to the actions the agent can perform: turn right by 90◦, turn left by
90◦ and move forward in the currently facing direction. In the set F function
Progn2 takes two arguments and causes the agent to unconditionally execute
the first argument followed by the second one, while Progn3 is analogous, but it
takes three arguments, that are executed in an ordered sequence. An individual
built with these sets F and T can be considered as a “navigation program” that
allows the agent to navigate the grid. When the number of agents N is N > 1
the set of F and T builted by GP is applied to all the agents.

Fig. 2. The fitness of all Navigation Programs (the tree in the upper side of the figure)
generated by the GP are obtained through a SCA simulation (a screenshot is shown in
the lower side of the figure)

As fitness function, the number of agents which reach the exit and the total
number of steps that they perform in order to reach the exit are considered
(any action is considered as taking one time step). This turns the problem into
a minimization one, with the globally optimal solution having a fitness value
equal to 0. This problem specification represents a methodological example that
can be very useful for SCA–based model calibration when data on real crowded
situations have been collected. In these cases a suitable fitness function have to
be specificated properly.
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SCA simulation are used to obtain the fitness value of each individual be-
having according to the navigation program (see figure 2). The experiments are
performed in the synchronous mode that SCA organizes into two tasks: delib-
eration where each agent selects the next position according to its perception
of the local environment, and action where agents try to perform what they
have deliberated. All agents complete the phase deliberation before the action
phase starts, and the order in which agents perform these phases are random
at each simulation cycle. Conflics between the agents are managed by the SCA
platform, and during the execution phase on the SCA–based simulation, if an
agent cannot perform the action expressed by its behavior (i.e. the navigation
program), it changes randomly its direction turning to the right or to the left
(in figure 2 a screenshot of a SCA simulation). The possible causes that do not
allow an agent to move according to its navigation program are the presence of
obstacles: static obstacles are the borders of the space, or other structure that
can be added to the space map, and dynamic obstacles are the other agents.

Agent behavior is limited to 600 time steps. This time-out limit is sufficiently
small to prevent a random walk of the agent to cover all the 1024 squares (in
case of a 32× 32 space) before timing out.

5 Conclusions and Future Works

This paper presents an application of GP and CA-based approach to pedestrian
dynamics. An analysis of the presented model is still ongoing. Future experi-
ments on more structured spaces as buildings with a given number of rooms
are in progress too. SCA approach allows specifying and simulating heteroge-
neous systems of agents with different behavioral rules. Therefore more complex
studies on pedestrian dynamics considering different types of behaviors will be
experimented and compared.

Other examples of current ongoing works concerns the study of aggregation
phenomenon in Open Crowds [22] and, a SCA-based specification of Affectons
formal framework proposed to study complex crowds’ dynamics emerging from
emotional interaction [23] and its adoption to study emotional crowds (e.g. at
concerts or sports events). A further application for CA and GP in pedestrian
dynamics context will concern the position optimization of obstacle and mobile
structures in public spaces’ design (see [1,24]).
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Abstract. A three-dimensional pedestrian-flow simulation system for
optimally designing a floor plan and elevator configuration of a high-rising
building was developed. With this simulation system, the pedestrian flow
is simulated by synchronizing horizontal traffic on each building floor and
vertical traffic in elevators to generate three-dimensional movements of
pedestrians in the building. The simulation system comprises an inter-
action model, in which the horizontal traffic affects the vertical traffic
through elevator-calling actions of people, and the vertical traffic affects
the horizontal traffic by massive injection of people onto floors from el-
evator cages. The effectiveness of the developed system was verified by
comparing the simulated pedestrian flows with actual flows in two real
buildings.

Keywords: Pedestrian flow, Simulation, Elevator traffic, High-rising
building.

1 Introduction

The functions of high-rising buildings have recently been increasing in variety. In
some cases, a single building contains office space, shopping space, hotel space,
and a train station. In these buildings, there are a variety of pedestrian flows,
such as fast flows toward the station, excursive flows in the shopping area, and
crowd flows in event spaces. In addition to their functional variation, high-rising
buildings comprise complicated elevator configurations, including sky-lobby sys-
tems and double-decker elevators, for increasing the efficiency of floor usage.
Consequently, an optimal floor plan and elevator configuration suitable for these
different pedestrian flows is necessary for these high-rising buildings. A system
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for simulating the complicated pedestrian flow in a high-rising building is thus
required.

There are several research works on pedestrian-flow simulation in buildings.
Okazaki et al. proposed a simulation method using a magnetic field [1]. Burstedde
et al. added the concept of a ”floor field” to a conventional cellular-automaton
model [2]. These pedestrian-flow simulations, including these two research works,
are mostly applied to evaluating emergency evacuation from a building, where
pedestrian flows that do not use vertical transportation (e.g., elevators) are
mainly considered. On the other hand, elevator manufacturers study elevator
traffic for improving efficiency of vertical transportation [3][4]. In these studies,
solving the ”cage-allocation problem” to shorten waiting times in the elevator
hall has mostly been focused on.

The pedestrian flows on a building’s floors and the elevator traffic, however,
affect each other. That is, a pedestrian’s arrival time at the elevator hall and
entering motion to the elevators determine the elevator up and down motions,
and a massive injection of people onto a floor from an elevator cage determines
the pedestrian flow of that floor. To evaluate this interaction between floor traffic
and vertical elevator traffic, we developed a ”three-dimensional pedestrian-flow
simulation system.” In the following, the configuration of the simulation system
is described, and the results of experiments to verify the effectiveness of the
system are presented.

2 System Configuration

Figure 1 shows a general block diagram of the three-dimensional pedestrian-
flow simulation system. The input data consists of map data and inflow setting
data. The map data determines the floor layout of each story of the building.
The inflow setting data determines the number of incoming pedestrians at every
entrance over a certain time period. The inflow setting data also determines the
destination of the incoming pedestrians.

The simulation body consists of modules calculating floor flow, elevator traffic,
and their interaction. The floor-flow calculation module uses a cellular automa-
ton model for implementing pedestrian behavior. The elevator-traffic calculation

Floor-flow calculation
(Cellular automaton)

Interaction calculation
(Pedestrian-motion model 

in elevator hall)

Elevator-traffic calculation
(Elevator-motion model)

Map data

Flow animation

Simulation body

Inflow setting

Input data Output data

Quantitative index

Fig. 1. General block diagram of 3-D pedestrian-flow simulation system
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Elevator traffic Floor flow

Fig. 2. Example of animated simulation result

module uses an elevator-motion model that simulates the cage motion of eleva-
tors by a cage-allocation algorithm. The interaction-calculation module simulates
the pedestrian motion in the elevator hall, including elevator calling. Through
this interaction calculation, the floor flow and vertical traffic are synchronized.

The simulation results are displayed as animations of pedestrian motions and
elevator motions. The simulation results are analyzed to indicate quantitative
indexes such as congestion degree and average trip time of pedestrians. Figure
2 shows an example scene of the animated simulation results.

3 Floor-Flow Model

There are several approaches to modeling a pedestrian flow on a floor [1][2]. The
cellular-automaton (CA) model is popularly used for pedestrian-flow simulation,
because of its advantage that the complex system of crowd dynamics is repre-
sented by simple local-neighbor rules [5]. Our simulation system thus applies
a cellular-automaton model to simulate several thousands of pedestrians in a
high-rising building in a practical time.

In our CA model, the simulation space is divided into square cells, and state
variables are defined according to “pathway,” “wall,” “entrance,” “exit,” and
“pedestrian.” The pedestrian cells also have a state variable for walking direc-
tion. A pedestrian has one of eight walking directions: four orthogonal and four
diagonal. A pedestrian may move in the walking direction or two neighboring
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Fig. 3. Walking direction (solid-line) and possible directions of motion (doted-line)

Obstacle

Destination pointGuide cell

Visible area

Pedestrian

Fig. 4. Visible area set by field of view and guide cell

directions, as shown in Fig. 3. The actual moving direction will be determined
by the status of the surrounding cells [6].

A real pedestrian walks while observing the surrounding environment to find
their destination. With that in mind, we added a field-of-view model to the CA
model in order to simulate acquisition of long-range information. In the field-
of-view model, an area visible to the pedestrian (hereafter, ”visible area”) is
defined in front of the pedestrian according to location and walking direction,
as shown in Fig. 4. The pedestrian walks toward a target seen in the visible
area. The target may be an exit, an elevator, an escalator, a flight of stairs or a
room. As in the real world, the target is not visible if it is behind an obstacle. A
guide cell is therefore introduced to lead pedestrians to the correct place. When
a pedestrian finds a guide cell in their visible area, they walk in the direction
indicated by the guide cell.

4 Elevator-Traffic Model

Elevators are usually arranged in several groups, and an appropriate elevator is
selected from a group and allocated to a calling order from the elevator hall (hall
call). This cage-allocation control, called ”group control,” avoids concentrating
cages to a single hall call. Our simulation system applies such a group-control
algorithm in its elevator-traffic model.

Several advanced algorithms for selecting an elevator cage from the elevator
group have been developed; however, we adopted a simple algorithm. By means
of this algorithm, the cage nearest to the floor of the hall call is selected. The
distance between the cage and the floor is calculated in consideration of direction
of cage motion and the location of the hall call.
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A B C

Floor F Hall call (up direction)

Elevators

Fig. 5. Logical distances between cages and floor of hall call

Hall call

Cage call

Cage allocation

Cage location,
direction, speed

Calculation of next-step 
location and speed

Elevator status

Fig. 6. Block diagram of elevator-traffic calculation

For example, in the case shown in Fig. 5, elevator cage A is nearest to the floor
of the hall call in terms of physical distance; however, an additional ”turn-around
distance” is taken into account in the logical distance, because the direction of
cage A’s current motion is different from the direction requested by the hall
call (hereafter, hall-call direction). As for cage B, the turn-around distances in
the upper part and the lower part of the hoistway are taken into account. As a
result, cage C is selected as the nearest cage. These turn-around distances are
taken into account in order to avoid frequent changes of cage direction (which
may confuse the passengers inside a cage).

Figure 6 shows the block diagram of elevator-traffic calculation. The status of
each elevator group is defined by status variables, namely, ”hall call,” ”cage call”
(destination floors set by pushing floor buttons inside the cage), and ”location
and speed of each cage”. The locations and speeds of the cages are calculated
in the ”next-step calculation” from current locations and speeds at certain time
intervals synchronized with the CA calculation of floor flows. If there is a hall
call, a cage is selected by the cage-allocation algorithm, as mentioned above, and
assigned to the hall call. When the cage is approaching the assigned floor of the
hall call or the cage call, the cage decreases its speed and stops at that floor. The
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hall call is set when a pedestrian whose destination is different from the current
floor destination enters the elevator hall.

5 Pedestrian-Motion Model for an Elevator Hall

It takes a certain amount of time for pedestrians to get on or off an elevator.
Accumulation of this ”loading/unloading time” on every floor becomes consider-
able. To take account of the time loss due to loading/unloading, we implemented
a model of pedestrian motion in an elevator hall.

Door opening

Cage arrival

(a) (b)

(c) (d)

Fig. 7. Four steps of a pedestrian-motion sequence in an elevator hall

Pedestrian motion in an elevator hall consists of the sequence of four steps
shown in Fig. 7. When pedestrians are waiting for the elevator, they spread apart
in the elevator hall. When an elevator cage arrives or the arrival lamp lights
up, the pedestrians gather in front of the arriving elevator. After the elevator
doors open, the pedestrians inside the cage get off the elevator, and the waiting
pedestrians in the hall get on.

The locations of the pedestrians in the elevator hall are controlled by an attrac-
tive force. By changing the force parameter, a spread distribution in the waiting
phase and a condensed distribution in the cage-arrival phase are generated. In
regards to the getting on/off actions, to avoid unusually quick getting on/off
actions, the minimum time interval between a pedestrian and the following one
is regulated by a delay parameter.

6 Verification

To verify the accuracy of the pedestrian-flow simulation system, we compared the
simulation results to measured flows in real buildings. That is, we investigated
pedestrian flows around the start of office hours at two office buildings. General
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Table 1. Overviews of investigated buildings

Building A B 
Location Tokyo Osaka 
Stories 20 14 
Estimated capacity (persons) 3,000 1,500 
Number of elevators 12 (2 banks) 5 (1 bank) 
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Fig. 8. Verification result on building A
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Fig. 9. Verification result on building B

details regarding the buildings are given in Table 1. In the simulations, the in-
flow data was set equivalent to the real inflow of pedestrians physically counted
at the entrance of the buildings. Since the interaction effect between the floor flow
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and the elevator traffic appears directly in the number and the distribution of
pedestrians waiting at the elevator hall, we compared these two factors determined
by the simulation and by measurements taken in the buildings.

Figure 8 compares the simulation results and real-building data on building
A. The number of pedestrians waiting in the elevator hall on the ground floor,
shown in Fig. 8(a), in both sets of data agree well in terms of general trend and
peak number. The simulated and real-building distributions of pedestrians in
the elevator hall, shown in Fig. 8(b), also agree quite well.

Figure 9 compares the simulation results and real-building data on building
B. The number and distribution of pedestrians waiting in the elevator hall also
agree well in case of this building. In this case, pedestrians formed a line in
the elevator hall during the peak-inflow period; the line formation appears as
the long tail to the graph in Fig. 9(b). This ”line formation” phenomenon was
similarly generated by the simulation.

7 Summary

A three-dimensional pedestrian-flow simulation system for evaluating the inter-
action between floor traffic and vertical elevator traffic in a high-rising building
was developed. With this simulation system, a pedestrian-flow simulation based
on a CA model is synchronized with an elevator-traffic model. The simulated
pedestrian flows were compared with measured flows in the building in question,
and the good agreement between the simulated and real pedestrian flows verify
the effectiveness of the simulation system.
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Abstract. Drawing Compartment lines on weaving sections is planed
for easing the traffic congestion through forming emergent alternative
configurations of vehicles before weaving. The degree of the alternative
configurations was quantified in weaving sections partitioned into iden-
tical cells. A new stochastic Cellular Automaton (CA) model was ruled
for the dynamics along the line with the interactions between vehicles
neighboring each other. The longitudinal formation of the zigzag pattern
along the line was obtained for the first time through simulations and the
four cluster approximation. Furthermore, both results fit to each other.

1 Introduction

These days, traffic dynamics has been studied more and more diligently [1] [2]. In
particular, scientists have been interested in interactions among vehicles during
merging and weaving. H.Kita modeled merging interactions with game theory
[3]. P.Hidas investigated vehicle interactions in merging and weaving by using
agent based simulations [4]. L. C. Davis introduced the cooperation in merging
by adding interactions between pairs of vehicles in opposite lanes [5]. He showed
that velocity of vehicles in cooperative merging was higher than that in no
cooperation.

However, these previous works did not propose concrete plans to realize com-
munications among vehicles in merging and weaving. One of the studies re-
garding plans to communications is the study of internal-vehicle communication
device (IVC). Y.Ikemoto et al. proposed a self-control method of cooperative be-
havior in junctions with IVC [6]. His method used a local communication with
a close-by vehicle without infrastructures. But IVC technology has serious prob-
lems in holding communication networks when a vehicle in a network crosses
vehicles in other networks.

The purpose of this paper is to propose a concrete plan easily applicable to real
weaving sections to ease the traffic congestion through communications among
vehicles. This plan is drawing a compartment line forbidding changing lanes on
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the center of merging area of weaving sections. The line lets vehicles to com-
municate with the neighboring ones and arranges emergence of the alternative
configurations of vehicles. These configurations lead to the zipper-like merging
and lessen the disturbance caused by the lane-change.

This paper focuses on the emergent alternative configurations along the line
before lane-changes by Cellular Automaton (CA). We made a new traffic CA
model named Multi Lanes Stochastic Optimal Velocity (MLSOV) model. This is
extended from Stochastic Optimal Velocity (SOV) model [7] with the interactions
between a vehicle and the neighboring one. We quantified the degree of the zigzag
pattern named Geminity (Ge) and obtained for the first time the longitudinal
increase of Ge along the line by simulation and the four cluster approximation.

This paper is organized as follows. In Sec. II we explain our plan of the com-
partment line in detail. In Sec. III we make models of weaving sections along the
line for simulations and the four cluster approximation. Sec. IV is the results of
the simulations and the four cluster approximation and Sec. V is the conclusive
discussion.

2 Compartment Lines on Weaving Sections

Weaving Sections are composed of two roads connected with each other as figure
1 (a). They have a merging area and a bifurcation area. They are used for
Kosuge Junction of Metropolitan Expressway Co., Ltd. in Japan and other roads.
Vehicles intending to move from one road to the other need to change lanes
across the center line of them. Today, there is heavy traffic congestion in them.
For instance, the average speed is less than 20 km/h at the upstream area of
Kosuge Junction from 10 am to 12 am on weekdays in November, 2005 while
it is more than 30 km/h at the downstream area. This congestion is caused
by lane-changes of vehicles across the center line of it. Vehicles changing lanes
disturb the movement of the following vehicles.

We propose a concrete plan to solve this problem. Our plan is drawing a com-
partment line forbidding lane-change between the center two lanes as figure 1 (b).
The key factor of this plan is the emergent zigzag patterns of vehicles along the
line. Vehicles on a lane and vehicles on the opposite lane see each other along the
line. And they move away from each other to change lanes smoothly. This moving
away of each vehicle accumulates and forms a zigzag pattern of vehicles. Vehicles
in a zigzag pattern do not disturb following vehicles during changing lanes.

3 Modeling for Simulations and the Four Cluster
Approximation

We prepared for simulations and the four cluster approximation to analyze the
emergent alternative configurations along the compartment line as follows. (1)
Modeling the center two lanes of weaving sections along a compartment line
with CA. (2) Defining MLSOV model as the dynamics of vehicles along the line.
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Zigzag 
Formation

Compartment Line

Smooth
Lane Change

Crossing Each other

Merging Bifurcation 

(a) No Compartment Line (b) Compartment Line

Center 
Line

Fig. 1. (a) A weaving section without the compartment line. Vehicles disturb the move-
ment of other vehicles by changing lanes across the center line. (b) A weaving section
with the compartment line. The emergent zigzag pattern along the line leads to the
smooth zipper-like lane-change.

(3) Defining the four cluster approximation. (4) Quantifying the degree of the
alternative configurations in CA.

3.1 A CA Model of Weaving Sections along a Compartment Line

The center two lanes of weaving sections along a compartment line are par-
titioned into identical cells as figure 2. The cell size is fixed and each vehicle
occupies a cell. The boundary condition of it is open and each vehicle is updated
in parallel. Each Vehicle flows in the leftmost cell on lane 1 or lane 2, moves
straight ahead along the line and flow out of the rightmost cell.

We set parameters of this model as figure 2. The length of lane 1, lane 2 and
the line is d. The space coordinate x is set as figure 2. The leftmost cells are at
x = 0 and the rightmost cells are at x = d− 1. Each vehicle flows in x = 0 side
by side with the neighboring vehicle with the probability α as long as both cells
at x = 0 are empty. This artificial flow-in condition helps to evaluate clearly the
forming zigzag pattern of vehicles at x ≥ 0. The probability of flowing out from
the rightmost cell of lane i is βi (i = 1, 2).

3.2 MLSOV Model as the Dynamics along a Compartment Line

We made a multi-lanes stochastic CA model with interactions of vehicles along
the line. We named this model as Multi Lanes Stochastic Optimal Velocity
(MLSOV) model. It is extended from Stochastic Optimal Velocity (SOV) model
[7] which is a kind of single-lane stochastic models. We chose to extend SOV
model because the fundamental diagrams of SOV model have the meta-stationary
state seen in real traffic data. In both SOV model and MLSOV model, i-th ve-
hicle at time t moves straight forward one cell in one time step with probability
vt

i as long as the next cell is empty. This movement is described as

xt+1
i =

{
xt

i + 1, with probability vt
i

xt
i, with probability 1− vt

i ,
(1)
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Lane1

Lane2

Compartment Line

Fig. 2. CA model of a weaving section along the compartment line. Each vehicle flows
in the cell on lane i (i = 1, 2) at x = 0 side by side with the neighboring vehicle with
the probability α, moves straight ahead and flow out of the cell at x = d − 1 with the
probability βi. i+1-th vehicle is the closest vehicle Δxt

1i cells ahead of i-th vehicle on the
same lane. j +1-th vehicle is the closest vehicle Δxt

2i cells ahead on the neighboring lane.

where xt
i is the position of i-th vehicle at time t as figure 2. i + 1-th vehicle is

the closest vehicle Δxt
1i cells ahead of i-th vehicle on the same lane. vt

i is called
intension and normalized as 0 ≤ vt

i ≤ 1.
In MLSOV model, the time evolution of vt

i is determined by not only i+1-th
vehicle but also j + 1-th vehicle which is the closest vehicle Δxt

2i cells ahead on
the neighboring lane as figure 2. vt

i is given as

vt+1
i − vt

i = a
{
V (Δxt

1i, Δx
t
2i)− vt

i

}
, (2)

where V (Δxt
1i, Δx

t
2i) is the two-lanes Optimal Velocity (OV) function [8]. vt

i

approaches V (Δxt
1i, Δx

t
2i) with the response parameter a (0 ≤ a ≤ 1). Now, we

set a simple OV function as

V (Δxt
1i, Δx

t
2i) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, Δxt
1i = 0

r, Δxt
1i ≥ 1 and Δxt

2i = 0
q, Δxt

1i ≥ 1 and Δxt
2i = 1

p, Δxt
1i ≥ 1 and Δxt

2i ≥ 2.

(3)

This V set each vehicle see only one cell ahead. We pick up typical two cases of the
time evolution of vt

i with the initial condition of v0
i = p; (a) a = 0 and (b) a = 1.

In case (a), MLSOV model corresponds to the single-lane Asymmetric Simple
Exclusion Process (ASEP). Each vehicle moves irrespective of neighboring ones
and vt

i is given as

vt
i =

{
0, Δxt

1i = 0
p, Δxt

1i ≥ 1.
(4)

In case (b), MLSOV model corresponds to the two-lanes Zero Range Process
(ZRP) and vt

i is given as

vt
i =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, Δxt
1i = 0

r, Δxt
1i ≥ 1 and Δxt

2i = 0
q, Δxt

1i ≥ 1 and Δxt
2i = 1

p, Δxt
1i ≥ 1 and Δxt

2i ≥ 2.

(5)
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3.3 The Four Cluster Approximation

We prepared for analyzing the zigzag patterns along the line with MLSOV model
through not only simulations but also the four cluster approximation. There are
10 kinds of state numbered S(n) (n = 1, 2, ...10) in the four cells at x = {k, k + 1}
(i ≥ 0) as figure 3. The symmetry between lane 1 and lane 2 is considered. We
defined Π(n)kt (n = 1, 2, ...10) as the probability of the state S(n) at time
t. Π(n)kt is normalized as

∑10
1 Π(n)kt = 1. The time evolution of Π(n)kt is

described as

Πkt+1 = PkΠkt, (6)

where Πkt = {Π(1)kt, Π(2)kt, . . . , Π(10)kt} and Pk is the state transition matrix
at x = {k, k + 1}. Πk∞ is given as the solution of Πk∞ = PkΠk∞ with the
normalized condition of

∑10
1 Π(n)k∞ = 1.

The hopping probability of MLSOV model is updated in the positive x di-
rection in making Pk. We assume the flow of vehicles along the line to be free
flow and replace the time update of MLSOV model with the spatial update.
We defined vk

i as the hopping probability of vehicle i on the four cells at x =
(k, k + 1). vk

i is given as

vk
i = (1 − a)ṽk + aV (Δx1i, Δx2i)

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(1− a)ṽk, Δx1i = 0
(1− a)ṽk + ar, Δx1i ≥ 1 and Δx2i = 0
(1− a)ṽk + aq, Δx1i ≥ 1 and Δx2i = 1
(1− a)ṽk + ap, Δx1i ≥ 1 and Δx2i ≥ 2,

(7)

where ṽk is the intension common to the four cells at x = (k, k+1). ṽk is updated
in the positive x direction as

ṽk+1 = (1 − a)ṽk + aV̄ k, (8)

where V̄ k is the mean OV function at x = k determined by the stationary state
Πk∞. V̄ k is given as

V̄ k =
pΠ(3)k∞ + qΠ(6)k∞ + 2rΠ(7)k∞ + rΠ(9)k∞
Π(3)k∞ +Π(6)k∞ + 2Π(7)k∞ +Π(9)k∞

. (9)

Pk is determined by the left boundary condition at x = {k − 1, k} and the
right boundary condition at x = {k + 1, k + 2}. The left boundary condition in
determining Pk is given strictly. The left boundary condition in determining P0

is given as a pair of vehicles flowing in both cells at x = 0 with the initial hop-
ping probability ṽ0. They flow in with the probability α as long as both cells are
empty. The left boundary condition in determining Pk (k ≥ 1) is the stationary
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state at x = (k−1, k). This state is given strictly by Πk−1∞. However, the right
boundary condition in determining Pk needs approximation. The right boundary
condition in determining P0 is approximated as a pair of vehicles existing on both
cells at x = 2 with the probability α/(1 + α). The right boundary condition in
determining Pk (k ≥ 1) is the stationary state at x = (k+1, k+ 2). This state is
not yet calculated and is approximated by Πk−1∞ which is the stationary state
at x = (k − 1, k).

3.4 Quantifying the Degree of the Alternative Configurations in CA

We quantified the degree of the alternative configurations of vehicles named
Geminity (Ge). Ge is a function of x and Ge(k) denotes the degree of the zigzag
pattern of vehicles at x = k.

In simulations, Ge(k) is calculated by counting the states of the four cells at
x = {k, k + 1} through M times of simulations with time steps of 0 ≤ t ≤ T . We
defined c(n)i (n = 1, 2, ...10) as the total counted times of S(n) at x = {k, k + 1}.
When there is at least one vehicle at x = k, the state of the four cells at x =
{k, k + 1} can be S(n) (n = 3, 5, 6, 7, 8, 9, 10). Only S(3) among them represents
the perfect alternative state of vehicles obeying (1)-(3). Thus, Ge(k) is given by
c(n)k as

Ge(k) = c(3)k/
(
c(3)k + c(5)k + c(6)k + c(7)k + c(8)k + c(9)k + c(10)k

)
. (10)

In the four cluster approximations, Ge(k) is also described as

Ge(k) = Π(3)k∞/(Π(3)k∞ +Π(5)k∞ +Π(6)k∞

+Π(7)k∞ +Π(8)k∞ +Π(9)k∞ +Π(10)k∞). (11)

Ge ranges from 0 to 1. The large value of Ge(k) denotes that the zigzag pattern
of vehicles at x = k is highly achieved.

S(1) S(2) S(3) S(4) S(5)

S(10)S(9)S(8)S(7)S(6)

Fig. 3. 10 kinds of the state in the four cells at x = {k, k + 1}. The symmetry between
lane 1 and lane 2 is considered.



Compartment Lines Forming Emergent Alternative Configurations 431

4 The Results of the Simulations and the Four Cluster
Approximation

We measured the relationships between Ge(x) and x with simulations of MLSOV
model and with the four cluster approximation.

The conditions common to the simulations and the four cluster approximation
are shown as follows. The length of the road is given as d = 100. The parameters
of MLSOV model are given as p = 0.999, q = 0.8 and r = 0.8. Five kinds of the
response parameter a are given as a = {0, 0.001, 0.01, 0.1, 1}. The probability of
flowing in the cells at x = 0 is given as α = 0.05. Vehicles flow in with the initial
intension p. The conditions of the simulation are shown as follows. βi (i = 1, 2) is
given as the vt

i of each vehicle on the cell at x = d− 1. The times of simulations
in the same condition is given as M = 10. The total time of a simulation is given
as T = 100000 steps.

The results of the simulations and the four cluster approximation are shown
as figure (4). Ge(x) increased monotonically with x in all cases of simulation
and the four cluster approximation. This relationships between Ge(x) and x
showed for the first time the achievement of zigzag pattern toward the space
axis.
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Fig. 4. Ge(x) vs. x of the simulations and the four cluster approximation. The length
of the road is given as d = 100. The probability of flowing in the cells at x = 0 is given as
α = 0.05. Vehicles flow in with the initial intension p. The parameters of MLSOV model
are given as p = 0.999, q = 0.8 and r = 0.8. a is given as a = {0, 0.001, 0.01, 0.1, 1}. In
simulations, βi (i = 1, 2) is given as the vt

i of each vehicle at x = d − 1. The times of
simulations in the same condition is given as M = 10. The total time of a simulation
is given as T = 100000 steps.
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The sharpness of the increase of Ge(x) was positively correlated with a. a
is the strength of the response of each vehicle toward the forward vehicle on
the opposite lane. This positive correlation suggests that the more strong the
response of each vehicle toward the forward vehicle on the opposite lane, the
more strong the achievement of the alternative configurations becomes.

The increase of Ge(x) in the four cluster approximation fit to the increase
of Ge(x) in the simulation. This correspondence suggests that the four cluster
approximation is a good theoretical approximation to evaluate the forming of
zigzag pattern toward the space axis.

5 Conclusive Discussions

We proposed a concrete plan to relieve the traffic congestion on weaving sections
by drawing a compartment line. The key point of our plan is the emergence of
alternative configurations of vehicles. We focused on the alternative configura-
tions of vehicles along the line before lane-change. We make a CA model of a
weaving section along the line and analyzed these configurations with MLSOV
model through simulations and the four cluster approximation. We quantified
the degree of the zigzag pattern at a cell named Geminity (Ge). We obtained
for the first time the achievement of alternative configurations toward the space
axis through the simulations and the four cluster approximation. And it is found
that the sharpness of the increase of Ge(x) became strong with the increase of a.
The results of the four cluster approximation approximated closely to the results
of simulation of MLSOV model.
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Abstract. In the railway transportation service, on-time operation of
trains is quite important for customers. However, once an accident on
a route occurs, on-time operation becomes difficult due to a change in
the flow of passengers which is caused by the interruption. Thus, the
real-time railway simulation tool plays a significant role to estimate the
changing flow of passengers. In this paper, we propose real-time Tokyo
Metro Railway Network simulation tool “KUTTY” and by using this
simulator we can immediately estimate a change in the flow of passengers
even if an accident occurs at the busiest area. Moreover, we have found
that our homogenization system eases congestion in crowded area more
than the conventional method.

1 Introduction

A traffic disturbance of trains is caused nearly everyday and gives us a lot of
stress. This traffic disturbance is attributed to several causes, e.g. the slight
delay of trains and traffic accidents. In these troubles, how does the train com-
pany adjust and operate trains? The conventional method of rescheduling the
timetable is that the specialist, who is called “Sujiya”, reschedules the timetable
by his own empirical rule. This conventional method is not performed in units
of network, but rather units of line. Furthermore, this adjustment focuses on the
distribution that trains are equally-spaced without the flow of passengers. Re-
cently, many and various kinds of simulations and models on the train network
as complex systems have been studied [1,2,3,4], but few simulation models take
into account the behaviors of passengers. In order to create models with these
specific behaviors a cellular automaton (CA) model [5,6,7] is widely implemented
and very useful in computer simulations. Since the CA model is described by
rule-based system and has discrete values, it easily represents the complicated
behaviors and do computer simulations in comparison with the models described
by a partial differential equation.

In Ref. [7], we proposed the public conveyance model (PCM) which repre-
sented the bus clustering and estimated the efficiency of the bus system on
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Fig. 1. The design flow diagram of our simulator “KUTTY”

one-dimensional route. In this PCM, passengers arrive at a stop randomly and
their destinations does not consider explicitly. Furthermore, since buses run on
a one-dimensional route, passengers are not allowed to choose the route. Thus,
in this paper, we have expanded this PCM by introducing realistic passengers’
behaviors explicitly and proposed the real-time railway network simulation tool
“KUTTY” which is applied to the Tokyo Metro Railway Network. Moreover, we
have studied the congested rate of passengers in each segment by incorporating
the homogenization system which is based on the distribution of passengers.

This paper is organized as follows: in Sec. 2 the handling of the network struc-
ture in Tokyo Metro Railway Network is proposed and the Origin-Destination
(OD) traffic demand is estimated. In Sec. 3 we explain the models of passengers
and trains which are implemented in our simulator and several simulation results
is shown in Sec. 4. Sec. 5 is devoted to conclusions and discussions.

2 Database

Our real-time simulator “KUTTY” is operated by extracting the data from a
database besides the input data (Fig. 1). At first in this section we present the
assembly of a database and explain about its components: network structure and
OD traffic demand.

2.1 Network Structure

Basically, the static structure of a train network is composed of three ele-
ments:station, segment (connecting couples of stations on a route) and link (con-
necting couples of transfer stations). In order to deal with the Tokyo Metro
Railway Network as a complex system, we use the graph theory[8] with N nodes
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and K edges. In the graph theory, a station is “node”, a segment and a link
are “edge”, and the travel time of one segment is expressed as “weighted edge”.
The Tokyo Metro Railway Network consists of 9 lines and 138 stations. This
network is considered as a graph with N = 169 nodes and K(= K1 +K2) = 220
edges (K1 = 170 segments and K2 = 50 links). We define that the each node
corresponds one-to-one with the ID number of each station of every line. That
is, even if the names of two stations are the same, we consider these nodes are
different (e.g. “Otemachi” of Tozai Line (T09) and “Otemachi” of Marunouchi
Line (M18) are different nodes). Thus, the changing lines of passengers is also
expressed as one edge between a couple of transfer stations even as the same
named stations. The connection of every N is represented by adjacency matrix
A = {aij}, that is, if an element aij of the N × N square matrix equals to 1,
there is an edge between node i and node j, whereas if aij = 0, the two nodes i
and j do not connect.

As of today, passengers can travel from any stations in the Tokyo Metro
Railway Network to all the other stations in this network by changing trains
at most twice. Therefore, by restricting the changing trains at most twice, we
decrease the calculation amount in searching for a possible route. Additionally,
we have made the database of all paths by using Dijkstra’s Algorithm[9].

2.2 Origin-Destination Estimation

The real data of OD traffic demand is indispensable for building a model of
passengers. In general, it is very difficult to obtain this sort of data. However,
the Tokyo Metro Company posts one-day ridership of all stations on its web-
site. Moreover, at the mutual entry stations, the ridership includes not only the
number of embarking and disembarking passengers but also the influx and efflux
of passengers which corresponds to the boundary condition for simulations. Thus,
we easily obtained the ridership data of each station of a day.

Now, in order to divide the ridership data into two significant data, which
correspond to the number of embarking passengers and disembarking passengers,
and to estimate the OD traffic demand from this ridership data, we set the
following three assumptions:

1. The number of embarking passengers is assumed as half the number of the
ridership at every station.

2. If one arrives at the system, one has a pair of stations of origin and destina-
tion which is prorated by the ridership of each station.

3. Passengers can not get off at the station where they got on.

Note that, the first assumption is motivated by the common expectation that
most of the people go back to the original station where they left, since there are
their own houses. Under these three assumptions, we have calculated the number
of disembarking passengers proportionally by using the ridership of each station.

From this OD estimation, we have found that the margin of error between
the assumed number of embarking passengers and the calculated number of
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disembarking passengers is considerably less than plus or minus 5 percent. This
result provide conclusive evidence that we can use this estimation data for con-
structing the travel model of passengers.

3 Models and Homogenization System

In this section, we first explain the passengers’ model based on the OD traffic
demand, and secondly, we present the model of trains which is similar to the
model of buses in PCM [7]. And then, we also present the homogenization system
based on the passengers flow.

3.1 Model of Passengers

Now, let us explain the model of passengers in detail. When a passenger p ar-
rives at the network, one has a pair of stations, namely origin and destination,
which is determined proportionally by the data of OD estimation. Then, one
can easily obtain the set of all paths S(p) to travel one’s own destination and
calculate all the costs of each path s ∈ S(p) at a time t by following cost function
E(p, s, t),

E
(
T (p, s), C(p, s), D(p, s, t)

)
= aT (p, s)α + bC(p, s)β − cD(p, s, t)−γ , (1)

where a, b, c, α, β, γ are parameters of positive value. In this formula, T (p, s)
and C(p, s) are the total travel time and the total number of changing lines of
the path s respectively. D(p, s) is the maximum density of trains and platforms
through the path s. For example, the case of a, α > b, β represents that a pas-
senger think the travel time is more important than the changing lines. Note
that, it is not essential that the coefficient and the power in the third term of
(1) are negative value. This is because in D(p, s, t) ∈ [0, 1] we reflect that the
third term increases as parameter γ increases like other terms. The number of
states M(p, s, t) is defined as a function of E(p, s, t).

M(p, s, t) = exp
[
−E(p, s, t)

]
(2)

This formula is motivated by the fact that the number of states increases as the
cost becomes low. Moreover, by normalizing the number of states, the probabil-
ity P (p, s, t), which is the probability distribution for a passenger p to select a
route s, is described as follows,

P (p, s, t) =
M(p, s, t)

∑
si∈S(p)M(p, si, t)

. (3)

After one chose a path s ∈ S(p) with this probability P (p, s, t), one travels to
the destination.
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Fig. 3. Schematic view of our homoge-
nization system

3.2 Model of Trains

Let us imagine that the each segment of all lines is partitioned into 4 identical
cells and the each station is designated as 1 cell on the route such that each cell
can accommodate at most one train at a time. The symbol H is used to denote
the hopping probability of a train entering into next cell and W denotes the
number of passengers waiting at a station at the instant of time when a train
arrives there. The maximum carrying capacity of trains is represented by Wmax.
Furthermore Q is the hopping probability of a train to the next cells that are
not designated as a station. Thus, we assume the form H is

H = min
(
Q,

1
amin(W,Wmax) + 1

)
, (4)

where a is a parameter and in this paper we set Q = 1.0, a = 0.2 respectively. In
contrast to the symbol H which was used in the sense of the hopping probability
itself in Ref. [7], this form H is used in the sense of the probability concerning
the delay, that is, a train can stay the same cell only once with probability 1−H .
After the stay, the train moves with probability Q in the same way at a free cell.
This is because differing from the bus system, trains are controlled in units of
very small segment by the railway signaling system. Since it is not realistic that
trains stop stochastically again and again, the delay of trains is expressed as the
stochastic stop only once. Fig. 2 depicts the hopping probabilities in the train
model schematically.

3.3 Homogenization System

In this section, we explain the homogenization system based on the passengers
flow. To ameliorate the railway transportation, many train companies control
the distance of successive trains as a common way. Specifically, if some trains
are late, first of all, train companies try to fair the distance between every suc-
cessive trains. However, in this adjustment, the distribution of passengers does
not considered. In this study we have proposed another adjusting system based
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on the passengers model which is previously stated. The feature of this sys-
tem is that the number of passengers in each train is homogeneously-distributed
by adjusting the distribution of trains. Moreover, we restrict that trains adjust
their following distance by simply decelerating, since it is realistically difficult
that trains accelerate for adjusting the distance of previous train due to their
maximum velocity.

FIG. 3 shows the schematic view of our homogenization system. In this figure,
P1 and P2 correspond to the number of boarding passengers on a train C1 and
C2 respectively. Ps and E show the number of passengers who wait at a station
and exit from a train. Symbol I corresponds to the number of passengers who
arrive at the station per unit time. Furthermore, the arrival time of C1 and C2

at the next station is T1 and T2. Our aim is that the number of passengers on
C1 and C2 is homogenized by T1 extended to X . We have obtained the extended
amount of time X from following equation,

P1 + (Ps + IX)− E = P2 + I(T2 −X)− E. (5)

Left-hand side (Right-hand side) of (5) is the number of passengers on C1 (C2)
after departing from the next station. Using X obtained from (5), the delay time
TD of C1 is decided by

TD = f(X − T1). (6)

In this study, we simply consider that the train remains in the same place until
X − T1 = 0.

4 Simulations and Results

Fig. 4 shows two snapshots of our simulator “KUTTY” which displays the flow
rate of the passengers of each segment. By simulating the flow of passengers

Fig. 4. Snapshots of our simulator “KUTTY”. Left one is entire picture and right one
is closeup picture around Otemachi station. In KUTTY, the high flow (low-flow) is
painted in red (blue).
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(a)Each line (b)Each segment of Ginza Line (c)Rate of congestion

Fig. 5. (a)The comparison plot of the number of passengers in each line between in
ordinary operation and in trouble. (b)The comparison plot of the number of passengers
in each segment of the Ginza Line between in ordinary operation and in trouble. (c)The
comparison plot of the congestion rate among not controlled system, ordinary controlled
system, and our homogenization system.

quantitatively in all segments of all over the network, we have found that the
most congested area in Tokyo Metro Railway Network is Otemachi station of
the Tozai Line (T09). Thus, in this paper, we have simulated the case where the
accident occurs at Otemachi station of the Tozai Line. Under this situation, the
flow of passengers will be changed significantly, since passengers can not pass
the much-used area. This simulation is very important clues for adjusting trains,
since the potential needs of users for the alternative transportation in troubles
must be grasped.

Fig. 5 is the quantitative results of several simulations. The left figure shows
that the number of passengers who take the Tozai Line decreases by about 25 per-
cent from ordinary operation due to an accident at T09. By contraries, the num-
ber of passengers who take the Ginza Line and Hibiya Line increases by about
15 percent and 10 percent respectively. We have presumed that 25 percent of the
ridership of Tozai Line mainly change trains to the Ginza Line or Hibiya Line
and travel a long way round the Otemachi station, since the Otemachi station is
interrupted. Next, we have simulated the number of passengers at all segments
of Ginza Line. As shown the middle figure, in the area from G05 to G11, which
correspond to the area from the Akasaka-mitsuke station to the Nihombashi sta-
tion, the number of passengers discernibly increases. This result indicates that
if the accident occurs at Otemachi station of the Tozai Line, passengers use the
Ginza Line as an alternate route. Thus, we have obtained the changing flow of
passengers in trouble. Moreover, if the flow of passengers increases suddenly like
Ginza line noted above, the trains may not be operated on-time. In this situa-
tion, the trains should be controlled by some kind or another controlled system.
In this paper, when passengers at G03 station of Ginza Line increases suddenly,
we have compared the congestion rate, which is derived from (the number of
passengers in trains)/(the capacity of trains), in three systems: not controlled
system, ordinary controlled system, and our homogenization system. In the right
figure, two controlled systems narrow the region in which the congestion rate
of passengers is high. Moreover, we have found that our homogenization system
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is superior than the ordinary controlled system in terms of the congestion rate.
In ordinary controlled system the adjustment is made several times, whereas in
our homogenization system the adjustment is made only once.

5 Conclusion

In this paper, we have proposed a network simulator “KUTTY”, which is based
on the behaviors of passengers. “KUTTY” could simulate the complicated net-
work of the Tokyo Metro Railway Network, and use the real passenger distribu-
tion at different stations and lines provided by Tokyo Metro company. “KUTTY”
can provide an estimation of the changed passenger flow soon once the accident
occurs in the Tokyo Metro Railway Network.

From the simulation, where the Otemachi station of the Tozai Line is inter-
rupted, we have found that in trouble the passengers choose their own optimum
path and we have quantitatively estimated the flow of passengers. We have also
simulated the effect of our homogenization system, in which the number of pas-
sengers in each train is homogeneously-distributed by considering the flow of
passengers in each segment. As a result of this system, our homogenization sys-
tem most reduced the congestion rate and surprisingly our system is made only
once to adjust the distribution of trains

In future works, we would like to adjust trains simultaneously all over the
network and reschedule the time-table. Finally we hope this simulator is ap-
plied any other network transportation system and will help in optimizing the
operation.
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Cellular Automata Simulation of Traffic Jam in

Sag Section

Yukiko Wakita, Takuya Kuroda, and Eisuke Kita

Nagoya University, Graduate School of Information Sciences, Nagoya 464-8601, Japan

Abstract. A traffic congestion often occurs near a sag section on a
freeway. Since a road gradient changes gradually in a sag section, a driver
dose not notice it and therefore, a traffic congestion occurs.

This paper describes the cellular automata simulation of the traffic
flow through a sag section. The simulation is performed by the stochastic
velocity model[4]. The results show that the effect of a sag zone to the
traffic congestion becomes strong according to the increase of car density
and that average velocity tends to decrease not at the sag section but at
a little ahead point of sag section.

1 Introduction

Since a traffic congestion strongly affects not only a traffic system but also envi-
ronment, many researchers have been studying for solving the problems[1,2]. A
traffic congestion is occurred by several reasons. A sag section, which is a bottle-
neck of road structures, is also one of the obvious and important reasons[3,5,6]. A
road gradient changes slightly and gradually in a sag section. Since drivers often
do not notice the slight change, car velocity decreases gradually and therefore,
a traffic congestion occurs.

The effect of a sag section for the traffic congestion is discussed in this pa-
per. For this purpose, one uses the cellular automata simulation. The simulation
model is based on the stochastic velocity model[4]. In this model, the car veloc-
ity and the movement is defined with a stochastic variable. Since the maximum
movable distance of vehicles is restricted to one cell alone, the local rules to con-
trol the car behavior can be simplified. In the numerical examples, one discusses
the dynamic property of the traffic congestion near the sag section.

2 Simulation Model

2.1 Object Under Consideration

A road including a sag zone is illustrated in Fig.1. The cell representation of the
road is shown in Fig.2. Since the cell size is 3m × 3m, the road length is 3333
cells (9999m). The sag zone is specified from a 2668th cell from left end to a
rightmost cell. A open condition is specified at the right end. Cars go through the
domain from the left end and go out from the right end. When cars go through

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 441–446, 2008.
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Fig. 1. Sag zone

Fig. 2. One-lane road with sag zone

the sag zone, negative acceleration is applied to them. The negative acceleration
asag = 0.3(m/s2) is defined as the average value of the them calculated from the
gradients of the sag zones in the Tomei highway in Japan.

2.2 Local Rules

Cars are controlled according to the local rules. Cars go straight ahead or change
a driving lane and therefore, the car behaviour local rules are only for going
straight ahead and changing lanes. Addition to them, the velocity local rule is
employed.

Safety Car Distance. Assume that cars move so that their distance from a
forehand car is kept to be safety. According to Japanese automobile inspection
certification manual, a safety car distance Gsafe is defined as the function of the
car velocity v as

Gsafe = 0.15× v + 0.0097× v2. (1)

Velocity Local Rule. The velocity local rule change a car velocity according to
a car distance. The parameter v, vmax, Gsafe and a denote the present car veloc-
ity, the feasible maximum velocity, the safety car distance and the acceleration
of a car, respectively.

Acceleration If v < vmax and G > Gsafe then, v ← v + a.
Deceleration If v > 0 and G < Gsafe then, v ← v − b

where the acceleration rate a and the deceleration rate b are estimated from the
actual traffic data as 0.6 < a < 2.4 and 1.2 < b < 3.0, respectively.

Local rule for going straight ahead

1. A distance from a forehand car G is estimated.
2. If G < Gsafe, a car moves to a forehand cell at the next time-step.
3. If not so, a car stops at the present cell.
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Local rule for changing lanes

1. A distance from a forehand car is estimated at the present lane; G1.
2. A distance from a forehand car is estimated at the other lane; G2.
3. If G1 < G2, a car changes to the other lane.

3 Numerical Results

3.1 Traffic Jam in Sag Zone

It is pointed out that the traffic congestion starts not just from a sag zone but
from the slightly far point from the sag zone. When a cluster of cars reaches
at a sag zone, a forehand car of the cluster is decelerated firstly. The velocity
reduction propagates from the forehand car to the following cars, just like a shock
wave. If the car density of the cluster is high enough, the traffic congestion occurs
there. The frequency of the traffic congestion depends on the car density in the
cluster.

First, the effect of the car density α to a car position every five minutes is
discussed in the numerical example for observing the development of a traffic
congestion. The value α is defined as the rate of cars going into the object domain
from the left end. The car density is defined as the inverse number of the car
distance Δx. The traffic flows at T = 5000, T = 8000 and T = 11000 for different
car density α are compared in Fig.3. The abscissa and the ordinate denote the
car position and the car density, respectively.

We notice from the results at T = 5000 and T = 8000 that there is high
car density between 8001m and 9999m from the left end. Next, we notice from
results from T = 8000 to T = 11000 that there is also high car density between
6001m and 8000m. These mean a traffic congestion occurs in the sag zone first
and then, develops from the sag zone to the upstream of the sag zone. When a
cluster of cars reaches a sag zone, a forehand car is decelerated and therefore,
the car density is increased. If the density is higher, the traffic congestion occurs
there.

We will compare the traffic flows at difference values of α. When focusing
on the traffic congestion occurred between 6001m and 8000m at T = 8000 to
T = 11000, we notice that car density increases according to the increase of the
car density α. This means that the traffic congestion strongly depends on the
car density α.

3.2 Behavior of a Car

We will focus on the behavior of a 300th car going from the left end. The reason
why the 300th car is taken is that it goes through all traffic congestions after
traffic congestions develop enough. The rate of cars going from the left end is
fixed as α = 10%.
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Fig. 3. Development of traffic congestion

The results are shown in Fig.4. The abscissa and the ordinate denote the car-
head distance from the left endΔx and the velocity v, respectively. We notice from
Fig.4 that the curves are so-called hysteresis loops and that cars move between the
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Fig. 4. Behavior of a car

high car density at the low velocity and the low car density at the high velocity.
Besides, the profile of the hysteresis loop dose not depend on the value α.

Next, we estimate the variation of the hysteresis loop at different traffic zones.
The zones are taken as follows:

– Zone A: 0m to 4000m (at upstream which is far from sag zone),
– Zone B: 4001m to 6000m (at upstream which is near sag zone),
– Zone C: 6001m to 8000m (at upstream which is adjacent to sag zone), and
– Zone D: 8001m to 9999m (in sag zone).

The results are shown in Tables 1 to 3. The average velocity and the average
absolute deviation of a car velocity v are referred to as vave and vavedef , re-
spectively. Besides, the average value and the average absolute deviation of a
car-head distance Δx are as Δxave and Δxavedef , respectively.

We notice the following points from Tables 1 to 3. In cases of α = 10% and
30%, the values vave, vavedef , Δxave, and Δxavedef in zone A are smaller than
them in zone B. This means that the hysteresis loop in zone A is bigger than
that in zone B. Although the traffic flow in zone A is instable, the flow is getting
stable to the zone B and C if the value of α is small. However, also in zone B
and C, the value Δxavedef in case of α = 50% is bigger than that in the lower
value of α. This means that the traffic flow is instable during whole zone if the
value of α is big enough.

Table 1. Variation of car velocity and car-head distance (α = 10%)

Position vave vavedef Δxave Δxavedef

0-4000m 76.27 5.61 70.954 15.40
4001-6000m 77.78 3.11 68.52 14.80
6001-8000m 78.48 0.00 74.70 13.97
8001-9999m 49.30 15.07 51.30 26.84
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Table 2. Variation of car velocity and car-head distance (α = 30%)

Position vave vavedef headave headavedef

0-4000m 50.12 15.80 40.32 16.77
4001-6000m 54.82 11.53 42.96 14.73
6001-8000m 55.75 12.79 42.27 16.74
8001-9999m 40.98 9.02 34.19 14.82

Table 3. Variation of car velocity and car-head distance (α = 50%)

Position vave vavedef headave headavedef

0-4000m 36.88 16.35 29.20 13.09
4001-6000m 53.54 14.26 45.17 15.79
6001-8000m 51.39 16.41 51.21 31.13
8001-9999m 51.95 18.81 54.83 26.77

4 Conclusions

In this study, the traffic flow simulation is performed in order to estimate the
effect of the sag zone to the development of a traffic congestion.

When there exists a sag zone in the road, a traffic congestion occurs in the sag
zone and the congestion develops to the upstream of the sag zone. The sag zone
affects the traffic congestion more strongly according to the increase of cars. The
curve of the car-head distance and the velocity is hysteresis loop. In case of low
traffic density, the traffic flow is instable at the far upstream point from the sag
zone and then, become stable to the point near the sag zone. However, in case
of high traffic density, the traffic flow is instable during whole road.

In the future, we would like to estimate the effect of the sag zone to traffic
flows on the cruising and the passing lanes of multi-lane road.
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Abstract. We present simulation of fire evacuation by real-coded Cellu-
lar Automata (RCA), which is a new approach for pedestrian dynamics.
Here, we consider the evacuation from a relatively large room with one
or two exits. To describe the flame spread in fire, a percolation model
is applied, where the flame position is determined stochastically. In the
simulation, we focus on several parameters including the number of peo-
ple in room, the distance from the flame, and the location and size of
the exit.

1 Introduction

Fire is one of the most serious disasters. The damage in fires is mainly caused
by high heat fluxes from the flame, accidental explosions, and toxic species in
smoke generated by combustion reaction, which causes fatalities, destruction of
houses and buildings, and air pollution [1]. In order to mitigate these losses, it is
important to design the room size and exit location in the building for the fire
evacuation so as to set the evacuation route and provide effective instruments
including fire extinguishers and alarms. Additionally, an appropriate manage-
ment for safety such as dairy training for fire evacuation is needed. In planning
individual actions for safety and in evaluating the effectiveness of facilities and
instruments, it is plausible to understand the phenomena in fires and validate
the fire evacuation plan in advance. However, it is difficult to conduct experi-
ments inside room or building in fire, because the costs are expectedly huge, and
the evacuating people are exposed to danger. Therefore, the simulation of fire
evacuation is needed.

For this purpose, we need to describe the pedestrian flow in fire evacuation.
Since its dynamics is caused by collective crowd behavior, we have difficulties
to handle directly each pedestrian by solving coupled differential equations, al-
though the social force model has been proposed [2]. As one of the key ap-
proaches, the model of Cellular Automata (CA) has been developed to describe
pedestrian dynamics, where a physical system of time and space are all discrete.
So far, CA have been applied in a variety of scientific researches including traffic
models and biological fields. In the original CA model for pedestrian dynamics
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[3-5], the von Neumann neighborhood is adopted. In this case, the pedestrian is
moved to the nearest cells at next time step, but his movement is limited only in
four directions: forward, backward, left, and right. Even if Moore neighborhood
cells are used, the pedestrian is forced to move much faster in oblique directions.
This might be a problem if we discuss the evacuation time.

Then, we have proposed a new model, which is called the real coded-Cellular
Automata (RCA) [6,7]. In this model, it is possible to consider any direction
and any velocity of pedestrian movement. Some examples have been already
presented, including the lane formation in the street and the bottleneck in the
room evacuation. It is confirmed that RCA can be a good tool for simulating
the pedestrian dynamics.

In this study, we attempt to simulate fire evacuation by RCA. To describe
the flame spread in fire, a percolation model is applied, where the flame position
is determined stochastically. Here, we consider the evacuation from a relatively
large room with one or two exits. In the simulation, we consider several parame-
ters including the number of people in room, the moving velocity of the evacuee,
and the location and size of the exit. The distance from the flame is also changed
to evaluate the safety route, which is the unique parameter in fire evacuation.
The evacuation route and number of fatalities involved in fire are discussed.

2 Numerical Method

2.1 RCA Model for Pedestrian Dynamics

Here, we explain our approach for arbitrary velocity and directions for pedestrian
dynamics. The update rule of RCA consists of 4 steps to determine the position
of the evacuee. These rules are applied to each pedestrian randomly. The velocity
of all evacuees is the constant of vi, which is changed in simulation. The update
rules are almost the same as the original RCA rule [6,7], except that the evacuee
is moved based on the floor field. Examples of the floor field are shown in Fig.
1, where there is one exit in the room. It is the static floor field describing the
shortest distance to the exit. In fire evacuation, it could be possible that, along
the path of the shortest distance to the exit, the evacuee may cross the burning
area or encounter the flame. Then, we assume that he takes the route whose
distance from the flame is L in order to keep away from the burning area, which
is shown in Fig. 2. The rule for the flame spread is explained in the next section.

2.2 Percolation Model for Flame Spread in Fire

In general, a fire becomes more serious as the burning area increases by flame
spread. The mechanism of flame spread is very complex. It is explained with
heat transport from the flame, pyrolysis reaction of combustible material, and
the mixing of gaseous fuel with ambient oxygen in the air [1,8,9]. In this study,
we use simplified model of the flame spread. It is assumed that the combustion
occurs under the homogeneous atmosphere. Here, the flame spread rate is the
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Fig. 1. Floor field in room with one exit

Fig. 2. Route of fire evacuation

only parameter to describe the degree of burning intensity. To consider the flame
spread in CA code, the percolation model is used, which can be applied in the
discrete time and space.

Figure 3 shows the percolation model for flame spread. The open circle is
the combustible spot, which can be burned, and solid circle is the burning area.
Fig. 3(a) is the example of an initial condition where the ignition point is shown
at the center. Fig. 3(b) shows the burning area caused by the flame spread. In
percolation model, the burning area is connected with each other. That is, the
flame can not propagate if there are no combustible spots shown by open circles.
As the time step goes, the burning area is developed in the neighborhood. At
each time step, the flame spread occurs on the unburned combustible spots next
to the burning area. There are 8 directions including forward, backward, left and
right as well as four oblique directions. To control the flame spread rate, whether
the flame can propagate or not is determined by the stochastic process. That is,
the unburned region next to the burned region is ignited by some possibility. To
consider the uniform flame spread, the probability in oblique direction is smaller
than those in other four directions.

2.3 Calculation Domain

Figure 4 shows the calculation domain in the case of room fire. We consider three
cases where only the number and location of the exit are different. There is one
exit in case A. There are two exits in case B, which are located at both sides. In
case C, there are two exits, but these are located at the same side. Each room
size is 16m × 16m, and the exit width, W , is 1.2 or 2.4 m. The time step of Δt
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Fig. 3. Percolation model for flame spread

is 0.5 s, and the spatial grid of Δ is 0.4 m [7]. In this simulation, all grids are
combustible spots.

As already explained in the previous section, the burning area is determined
by the percolation model. For three cases, the initial ignition point is located at
the center of the room. As the flame spread occurs, the burning area in the room
increases. The possibility of forward, backward, left or right flame spread is set
to be unity. In this case, the flame spread rate is 0.8 m/s (= Δ/Δt = 0.4m/
0.5s). To consider the uniform flame spread, the possibility of flame spread in
other four oblique directions is set to be 0.3.

Fig. 4. Calculation domain for room fire; three cases are considered

3 Results and Discussion

3.1 Evacuee Velocity and Distance from Spreading Flame

Figure 5 shows the dynamics of fire evacuation. The calculation domain is case A,
and the number of people in the room, N, is 100. The exit width is 1.2 m, and the
evacuee velocity is 2.2 m/s. The distance between the evacuee and the flame is set
to be 1.6 m. Three results at t = 0.5, 5.0, and 9.0 s are shown. The evacuees who
can move directly toward the exit are not affected by the burning area. However,
those passing near the burning area must keep away from the flame and take the
longer route. It is found that more than 10 people are involved in fire and could
not evacuate. It should be noted that, depending on the exit width, the bottleneck
is observed at the exit [7]. Therefore, there are two circumstances the evacuee may
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be possibly involved in fire: one is the place where he passes close to the burning
region, and the other is the exit of the room.

Next, we change the distance from the spreading flame, L. Figure 6 shows the
examples of fire evacuation for L = 0.4 and 2.8 m, respectively. The calculation
domain is also case A, and there are 50 people in the room with the exit width
of 1.2 m. For each cases, the evacuee velocity is 3.0 m/s, and the time is at t =
2.5 s. It is found that, as the distance from the spreading flame is shorter, the
evacuee is forced to take the route close to the burning area. In this case, there
are more possibilities to be involved in fire before the evacuee reaches the exit.

Needless to say, whether one can evacuate or not largely depends on his evac-
uee velocity, vi. Therefore, we change the velocity of evacuees in the room. Three
velocities of 2.2, 3.0, and 5.0 m/s are considered. We examine the number of fa-
talities involved in fire, ND, by changing L and vi. The results are shown in Fig.
7. It is found that more people can evacuate if they can move faster, resulting
in the smaller ND. Interestingly, as we increase the distance from the flame, ND

becomes smaller at the beginning, but ND increases again. That is, the minimum
ND is observed around L = 1.2 to 1.6 m. Since the flame spread rate is 0.8 m/s,
it is expected that the evacuee can easily keep away from the flame at higher
vi. Then, the number of fatalities becomes smaller as vi is higher. However, it is
not safe if he passes near the burning area, because the flame is coming toward
the evacuee. When he must take more distance from the burning region, his
evacuation route is longer. It takes more time to arrive at the exit, and there are
more chances to be involved in fire. Hence, there is the minimum ND in Fig. 7.

Fig. 5. The position of evacuee and burning area in the room in case A; L = 1.6 m,
N = 100, W = 1.2 m, vi = 2.2 m/s

3.2 Effect of Exit Location

Here, we change the number and location of the exit. In case A, the exit width is
2.4 m. On the other hand, we set W = 1.2 m in cases B and C, ensuring that the
total exit width is 2.4 m. By changing number of people in room, we examine the
number of fatalities involved in fire in three cases. Results are shown in Fig. 8.
Expectedly, as more people in the room, the number of fatalities, ND, increases.
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Fig. 6. The position of evacuee and burning area in the room in case A; t = 2.5 s, N
= 50, W = 1.2 m, vi = 3.0 m/s

Fig. 7. Number of fatalities involved in fire by changing distance from spreading flame;
three evacuee velocities of vi = 2.2, 3.0, and 5.0 m/s are considered

Fig. 8. Number of fatalities involved in fire by changing number of people in room; vi

= 2.2 m/s, and L = 1.6 m

In case A, even though the bottleneck is less observed at wider exit, the evacuee
must take longer route. There are more chances to be involved in fire. In case C,
although the situation is similar to case A, ND is smaller. By comparing three
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cases, ND in case B is the smallest. This is because the evacuee can move in
the same direction of flame spread, and he has less chances to involved in fire.
Moreover, the distance of the evacuation route is shortest, which is almost half
of other two cases. Thus, as for the location of the exit, case B is the safest,
where there are two exits at both sides.

4 Conclusions

We have simulated fire evacuation by real-coded Cellular Automata (RCA). To
describe the flame spread in fire, a percolation model is applied. In the simula-
tion, we have changed the number of people in the room (N), distance from the
flame (L), the location and size of the exit, in order to discuss the evacuation
route and number of fatalities involved in fire (ND). The following results are
obtained.

1. The evacuees who can move directly toward the exit are not affected by the
burning area. However, those passing near the burning area must keep away
from the flame and take the longer route.

2. Depending on the exit width, the bottleneck is observed at the exit. There-
fore, there are two circumstances the evacuee may be possibly involved in
fire: one is the place where he passes close to the burning region, and the
other is the exit of the room.

3. Whether one can evacuate or not largely depends on his evacuee velocity.
Three velocities of 2.2, 3.0, and 5.0 m/s are considered. It is found that more
people can evacuate if they can move faster, resulting in the smaller ND.

4. As the distance from the flame is increased, ND becomes smaller at the
beginning, but increases again. That is, the minimum ND is observed around
L = 1.2 to 1.6 m. This means that it may not be safe to keep away too much,
because it takes more time to arrive at the exit due to longer evacuation
route, resulting in more chances to be involved in fire.

5. To examine the effect of exit location, three cases are considered: one exit
in case A, two half size exits at both side in case B, and two half size exits
at one side in case C. It is found that ND is the smallest in case B, which is
explained by the fact that the evacuee moves in the same direction of flame
spread, with the shorter evacuation route.

These are useful information for planning the safety guideline to mitigate the
losses in fire.
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Abstract. We introduce the effect of delay in walking from the head of
the queue to the service windows in the queueing theory, and obtain the
suitable type of queueing system under various conditions. When there
are plural service windows, the queueing theory indicates that a fork-type
queue, which collects people into a single queue, is more efficient than a
parallel-type queue, i.e., queues for each service windows. However, in the
walking-distance introduced queueing theory, we find that the parallel-
type queue is more efficient when sufficiently many people are waiting in
queues, and service time is shorter than walking time. We also consider
the situation where there are two kinds of people, whose service time is
short and long. The analytical result says that we can decrease people’s
waiting time and their stress by setting up queues for each kind of people
separately.

1 Introduction

Queueing theory has been considerably studied since Erlang started designing
telephone exchanging system in 1909 [1], and many important theories have been
developed [2,3,4,5]. Nowadays, it is applied to study many social systems such as
the internet [6,7], a resource management system [8], a vehicular traffic system
[9] and a pedestrian traffic system [10].

Traffic flow and pedestrian dynamics have been studied actively by using
the theory of particle systems, fluid dynamics and cellular automaton [11,12].
Especially, we simulate the dynamics of cars and pedestrians efficiently by using
cellular automaton models since its time and space are both discrete. Pedestrians’
movement is treated as a stochastic process in the floor field model [13]. Then
we have succeeded in calculating the total evacuation time analytically by using
the floor field model, and studied the way of smooth evacuation [14].

Calculating the mean waiting time in the queueing system, whose bottleneck is
a service window is similar to calculating the total evacuation time from a room,
whose bottleneck is an exit. However, the former does not take into account of
the effect of spatial structures, while the latter does.
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Fig. 1. Schematic views of queueing systems. (a) Parallel-type queueing system (s = 2)
(M/M/1 × 2). (b) N-Fork-type queueing system (s = 2) (M/M/2). s(∈ N), λ ∈ [0, 1],
and μ ∈ [0, 1] represent the number of service windows, the arrival rate, and the service
rate, respectively.

According to the queueing theory, the waiting time of a fork-type queueing sys-
tem is shorter than that of a parallel-type queueing system (Parallel) (Fig. 1 (a)).
However, fork-type queueing system considered in the normal queueing theory
(N-Fork) (Fig. 1 (b)) does not reflect the effect of the walking distances from
the head of the queue to the service windows. The effect of the distances can-
not be ignored in a system such as a large immigration inspection floor in the
international airport since walking distances become very long. Therefore, we
extended the queueing theory by introducing the effect of distances by using
cellular automaton. We will show that the mean waiting time becomes shorter
in the parallel-type queue than in the fork-type queue by introducing the effect
of walking distances (D-Fork) (Fig. 2 (a)) when sufficiently many people are
waiting in the queue and the rate of walking time against service time is large.
We also consider the way to shorten the mean waiting time and people’s stress
involved, when two kinds of people, whose service time are short and long, come
into the system at the same time.

2 Walking-Distance Introduced Queueing Theory

2.1 Walking Distances

In reality, people take some times to walk from the head of the queue to the
serviece windows. However, the walking time is not taken into account in the
N-Fork (Fig. 1 (b)). Therefore, we consider the D-Fork as in Fig. 2 (a) by rep-
resenting the distances using cellular automaton. The cells, which are indicated
as window, are service windows, and the other cells are passage cells. The place
that people are waiting, which is not divided into cells, is a queue. For simplicity,
we study the system, whose head of the queue is at the end of it, i.e., the service
window 1 is in front of the head of the queue, and a service window which is the
largest number is farthest from the head. λ, μ, and s are the arrival rate, the
service rate, and the number of service windows, respectively. a and b represent
the length of the passage, and k is the length between two service windows. The
distance from the head of the queue to the service window n is described as
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Fig. 2. Schematic views of queueing systems. (a) D-Fork-type queueing system (s = 3).
p ∈ [0, 1] is the hopping rate of the people. Several people walk through the area CL
at the same time. Therefore, people sometimes cannot go forward since other people
stand in front of them. (b) Double D-Fork-type queueing system (s = 2) × 2. The
numbers in the service windows represent the window number.

dn = a + b + k(n − 1). Fig. 2 (a) represents the case s = 3, a = 3, b = 2, and
k = 2. Service windows have two states: vacant and occupied. When a person at
the head of the queue decides to move to the vacant service window n, it changes
into occupied state. The person proceed to the service window by one cell with
the probability p in one time step as asymmetric simple exclusion process. A
service starts when the person arrives at the service window and after it finishes
the state of the service window changes into vacant state.

2.2 Update Rules

The simulation of walking-distance introduced queueing theory consists of the
following five steps per unit time step.

1. If there is at least one vacant service window and one person in the queue,
and the first cell of the passage D1 (Fig. 2 (a)) is vacant, then the person
decide to proceed to a vacant service window which is the nearest to the
head of the queue, and the state of the service window become occupied.

2. Add one person to the queue with the probability λ.
3. Proceed each person in the passage cells to his/her service windows with

probability p if there is not other person at their proceeding cell.
4. Remove people at the service windows and change their states into vacant

state with the probability μ.
5. If 1. takes into practice, proceed the person at the head of the queue to D1

with probability p.

2.3 Mean Field Analysis

We define the sum of the walking time and the service time at service window
n as a throughput time τn and its reciprocal as a throughput rate μn. Here, we
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calculate the mean throughput rate μ̂n when n service windows are occupied, and
obtain stationary equations of the D-Fork. The mean value of the throughput
time E(τn) is described as follows in the case we suppose that all passage cells
are vacant by mean field approximation.

E(τn) =
1
μ

+
a+ b+ k(n− 1)

p
. (1)

Then the throughput rate μn is obtained as

μn =
1

E(τn)
=

1
1
μ + a+b

p + k(n−1)
p

=
μ̃

1 + αμ̃(n− 1)
=

μ̃

1 + 2β(n− 1)
, (2)

where μ̃, α, and β are

1
μ̃

=
1
μ

+
a + b

p
, α =

k

p
, β =

1
2

k
p
1
μ̃

. (3)

In the case 2β(n− 1)� 1, we calculate the mean throughput rate μ̂n as

μ̂n =
1
n

n∑

l=1

μl ≈
μ̃

1 + β(n− 1)
. (4)

By using (4) the stationary equations are described as follows:

λP0 = μ̂1P1

λPn−1 + (n + 1)μ̂n+1Pn+1 = (λ+ nμ̂n)Pn (1 ≤ n ≤ s− 1)
λPn−1 + sμ̂sPn+1 = (λ+ sμ̂s)Pn (n ≥ s).

(5)

We obtain the mean waiting time Wq by solving (5) analytically. In the case β =
0, we have the stationary equations of M/M/s [15] from (5), thus β represents
the effect of walking time.

In our simulation the distribution of the throughput time is gamma distribu-
tion. We approximate it as exponential distribution in this calculation, however,
when β is small the results from the exponential distribution approximated well
to those from gamma distribution. According to Pollaczek-Khintchine formula
[15], Wq is large when the variance of the service time distribution is large. Since
the variance of exponential distribution is larger than that of gamma distribu-
tion, theoretical calculation estimate Wq larger than that of simulation.

3 Comparison of a Parallel Queue and a Fork Queue

We compare the mean waiting time Wq of the Parallel (Fig. 1 (a)), the N-
Fork (Fig. 1 (b)), and the D-Fork (Fig. 2 (a)). In the following, the service
rate includes the effect of a + b, that is to say μ̃ = μ since the main object is
to study the difference between a parallel-type queueing system and a fork-type
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Fig. 3. (a) Comparison of Wq of the Parallel, the N-Fork, and the D-Fork in the case
a = 1, b = 1, p = 1, β = 0.05, μ = 0.05. (b) A queueing system which makes the
mean waiting time Wq minimum in the case s = 4, μ = 0.05.

queueing system. a+b, which represents the distance from the head of the queue
to the nearest service window, influences a parallel-type queueing system and a
fork-type queueing system in the same way.

Figure 3 (a) show Wq against the utilization ρ(= λ/(sμ)). The results of
analysis agree with those of the simulation very well. We see that Wq of the
N-Fork is smaller than that of the Parallel and the D-Fork in 0 ≤ ρ < 1. There
is a possibility that more than one person is waiting in one queue and no one
is in the other queue in the Parallel (s ≥ 2), however there is no vacant service
window in the N-Fork when people are waiting in the system. This is the reason
why Wq of the N-Fork is always smaller than that of the Parallel. Since the
N-Fork does not take into account of the effect of the walking distances, i.e.
β = 0, it is obvious that Wq of the N-Fork is smaller than that of the D-Fork.
The N-Fork is the most efficient of the three; however, it is an ideal system and
does not exist in reality. By focusing on the curves of the Parallel and the D-
Fork, we can clearly observe the crossing of them. This means that when the
utilization ρ is small, i.e., there are not sufficiently many people in the system;
we should form the D-Fork to decrease the waiting time. On the contrary, when
the utilization ρ is large, i.e., there are many people in the system, we should
form the Parallel. When β become large, the crossing point move to the left.
The strong effect of the walking distances extend the suitable ρ region for the
Parallel. This agrees with our intuition, since the D-Fork is influenced by the
distances but the Parallel does not. The reversal phenomenon of Wq is obtained
for the first time by introducing the effect of distances.

Figure 3 (b) shows the type of queueing system, which minimize Wq against
ρ and β in the case s = 4. This figure is useful for designing queueing systems.
The curves divide the ρ− β plane into three regions. In the lower left region Wq

of the D-Fork (s = 4) is the smallest, and in the upper right region Wq of the
Parallel is the smallest. Surprisingly, Wq of the D-Fork (s = 2) × 2 (Fig. 2 (b))
is the smallest in the middle region. This indicates that the choice of the type of
queueing systems is not only the Parallel and the D-Fork, but also a combination
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of them. According to (3), β represents the ratio of walking time and service time.
Therefore, the D-Fork is suitable when service time is much longer than walking
time. The value of β is small in most D-Fork in reality, however, in large queueing
system such as an immigration inspection floor in the international airport, we
should divide the large D-Fork into the several small D-Forks to decrease the
effect of the walking distances.

4 Method for Decreasing Waiting Time and Stress

In the former sections, we discuss the queueing systems, whose distribution of
interarrival time is exponential distribution, i.e. random arrival. Here, we con-
sider the situation that many people arrive at the same time, such as arrivals of
people who alight from trains and airplanes. The total throughput time Ttotal

that all people finish leaving the system is calculated and studied to decrease it.
We consider the system, which has four service windows. There are two kinds
of people whose service time are short (SP) and long (LP). The service rate of
SP and the number of service windows only for SP are denoted as μS and sS ,
respectively. Similarly, those of LP are described as μL and sL. We have three
strategies as follows:

(S-a) Mix (s = 4) (Fig. 4 (a))
Both SPs and LPs use the same windows.

(S-b) Separate (sS = 1, sL = 3) (Fig. 4 (b))
SPs use the window only for SP and LPs use the windows only for LP.

(S-c) Separate (sS = 1, sL = 3)→ Long (sL = 4) (Fig. 4 (c))
First same as (b), but after all SPs have left, the window, which was only
for SP, is open for LP.

The distribution of the Ttotal when 50 SPs and 50 LPs arrive at the same time
is described in Fig. 5 (a). We see that the mean of Ttotal of S-c is the smallest
and that of S-b is the largest. When S-b or S-c is adopted, the queue of the SP
is not affected by the distances. Thus SPs leave the system quickly. After all
SPs have left, all four service windows are used efficiently in S-c, however, one
window is not used in S-b. This makes S-c the best and S-b the worst.

We also discuss the stress of waiting people by Fig. 5 (b), which describes
the number of people waiting in the queue against the time step t. People suffer
from a stress when they are waiting in the queue and do not when they leave the
system. Therefore, an area surrounded by the axes and the curves represents the
sum of all people’s stress until they left. Clearly, we observe that (Area of S-c)
< (Area of S-b) < (Area of S-a). It is interesting that when we compare Ttotal,
S-a is better than S-b, however, comparing the stress, the result is opposite. We
also find that S-c is the best strategy from the both point of views: Ttotal and
the stress.

If the arrival of people is random, it is difficult to adopt S-c since we cannot
find out when to change the type of the queueing system. However, if we have
information about people’s arrival, we can decrease both waiting time and stress
of people by adapting the type of the queueing system into proper one.
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Fig. 5. (a) The probability distribution of the total throughput time Ttotal. (b) Number
of people in the queueing system against time step t. The value of plot S-b and S-c
decrease dramatically, when people start to be given services. This is because SPs get
out from the system quickly by avoiding the disturbance by LPs.

When we apply this study to the real system, the service rates are estimated
by the data from the measurement.

5 Conclusion

We have introduced the effect of walking distances from the head of the queue to
the service windows and shown that the performance of a parallel-type queue-
ing system is better than that of a fork-type queueing system when there are
sufficiently many people in the system and walking distances are long enough.
It also turns out that dynamical changing of a queueing system decrease both
waiting time and stress of people when two kinds of people, whose service time
are short and long, come into the system at the same time. These results are
obtained analytically for the first time in this paper. It is an important future
work to study the way to make people form a queue which neither occupy much
space nor cause congestion.
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Abstract. Cellular Automata(CA) based VLSI implementation of t-
byte errors correcting code has been established by previous research to
be superior to the other existing techniques employed for realizing Reed-
Solomon(RS) code. However, the scheme suffers from the limitation that
it can correct t−byte errors (t ≥ 2) provided errors are confined either
wholly to the information bytes or entirely to the check bytes. The work
reported in the present paper overcomes this limitation and corrects the
errors likely in both information and check bytes. Moreover one weakness
found in an earlier similar work has been identified and rectified using a
modified check symbol expressions.

Keywords: Byte Error Correcting Code, Cellular Automata, RS Code
and VLSI.

1 Introduction

RS code has found many applications in storage devices (CD, DVD), wireless
communications, high speed modems and satellite communications. The com-
plexity of RS encoder and decoder increases with the error correcting capability
of the code. Hence many researchers have put their effort to minimize the com-
plexity of RS encoder/decoder for communication applications. A number of
general encoding and decoding schemes of the RS code is available in the liter-
ature [7, 8].

But VLSI system designer always prefers to have simple, regular, modular
and cascadable structure with local interconnection for reliable high speed oper-
ations of the circuit. It has been found that these parameters are supported by
local neighborhood Cellular Automata (CA). In [1] CA based byte error correct-
ing code has been proposed. The proposed design in [1] requires less hardware
compared to the existing techniques used for RS code. A new scheme has been
proposed for pipeline implementation of CA based tbEC - tbED codes that are
analogous to the conventional RS code in [2]. Another design scheme has been re-
ported for parallel implementation of CA based SbEC/DbED and DbEC/DbED
code that is also analogous to the conventional RS code in [3]. A new high speed
VLSI architecture for decoding RS codes with Berlekamp-Massey (BM) algo-
rithm has been published in [4]. In this scheme, the speed bottleneck in BM
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algorithm is eliminated by using fully systolic architecture. A new degree com-
putationless modified Euclid (DCME) algorithm and its dedicated architecture
for RS decoder has been reported in [5]. The architecture has low hardware
complexity compared with conventional modified Euclid architecture.

However, the scheme in [1] can correct t-byte errors (t ≥ 2) provided errors
are totally confined to information or check byte only. The scheme[1] fails if one
error is in information byte and another in check byte. Another weakness of
the scheme in [1] is that single byte error in kth information byte and double
byte errors one in kth information byte and another in the last information byte
correspond to the same equation for error location identification.

In this paper, an improved double byte error correcting code using CA has
been proposed. The new scheme over comes the limitation of [1] and can correct
errors even if one error occurs in the information byte and another is in the
check byte. Also the scheme can unambiguously determine error locations. CA-
based VLSI design is attractive because of its simplicity, regularity and higher
throughput.

The rest of this paper is organized as follows. In the next section, a brief
overview of existing CA-based double byte error correcting code is described.
Then, we describe the weakness and limitation of the existing CA-based double
byte error correcting code in section 3. Section 4 discusses the proposed new
scheme and finally the paper is concluded in section 5.

2 CA-Based Double Byte Error Correcting Code

In this section, we discuss the preliminaries of CA and CA based double byte
error correcting code which has been proposed in [1].

2.1 Cellular Automata Preliminaries

A cellular automata (CA) consists of a number of cells arranged in a regular
manner, where the state transitions of each cell depends on the state of its
neighbors and each cell consists of a storage element (D flip-flop) and a combi-
national logic implementing the next-state function. The next-state function for
a three-neighborhood CA cell can be expressed as follows.

qi(t + 1) = f [qi−1(t), qi(t), qi+1(t)]

where qi(t) is the output state of the ith cell at time t and f is the next state
function also called the rule of the automata[6]. An n-cell CA can be character-
ized by an n× n characteristic matrix T . St+1 can be computed by multiplying
[St] with T , where St and St+1 represent the states of the CA at tth and (t+1)th

time instant respectively. This matrix has additional properties of being tridi-
agonal and having a primitive characteristic polynomial. This guarantees that
linear recurrence has maximum period 2n− 1. Detailed information on CA may
be found in [6]. Only linearity property of CA is used in byte error correcting
code.
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2.2 Overview of the CA-Based Double Byte Error Correcting Code

CA-based byte error correcting code [1] is similar to extended RS code. But
compared to RS code, the proposed code is much simpler and requires much less
hardware. In two byte error correcting code, encoder generates four check bytes
from a block of N-byte information. After that the check symbols are appended
to information bytes to form the code word. Now four check bytes should be
generated by running the CA for N cycles, while sequentially feeding the N
information bytes (Dk), where 0 ≤ k ≤ (N − 1). The four check bytes are as
follows:

C0 = DN−1 ⊕DN−2 ⊕ ...⊕D0 (1)

C1 = DN−1 ⊕ T [DN−2]⊕ ...⊕ TN−1[D0] (2)

C2 = DN−1 ⊕ T 2[DN−2]⊕ ...⊕ T 2(N−1)[D0] (3)

C3 = DN−1 ⊕ T 3[DN−2]⊕ ...⊕ T 3(N−1)[D0] (4)

The primary objective of decoding is to retrieve the correct information byte.
Decoding is done by employing the properties of maximum length group CA.
The syndrome corresponding to the qth check byte, Sq is defined as

Sq = Cq ⊕ C
′

q ; 0 ≤ q ≤ 3. (5)

where Cq is the qth received check byte and C
′

q is the qth check byte recomputed
from the received information bytes (with possibility of error present).

Decoding Algorithm
step 1: If all the syndrome bytes S0, S1, S2, S3 are zeros, then there is no error
in the received information block.
step 2: If any one or two of the syndrome byte(s) is/are nonzero but the other
are zeros, then the check byte(s) is/are in error.
step 3: If more than two syndrome bytes are nonzero then any one of the
following three cases may occur.
1) One error is in the information byte
2) Double byte errors are in the information byte.
3) One error is in the information byte and other error is in the check byte.
step 4: In case none of the above conditions regarding the syndrome bytes hold,
then more than two errors have occurred.

Suppose two byte errors have occurred in two information bytes. If Ek and El

are the errors in kth and lth information bytes, then the corresponding syndrome
equations are

S0 = Ek ⊕ El (6)

S1 = T i[Ek]⊕ T j[El] (7)

S2 = T 2i[Ek]⊕ T 2j[El] (8)

S3 = T 3i[Ek]⊕ T 3j[El] (9)
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Also i + k = N − 1 and j + l = N − 1, where 0 ≤ k, l ≤ N − 1. If at least three
syndromes are non-zero and there exist two integers i and j (0 ≤ i, j ≤ (N − 1))
such that

T i[S2]⊕ S3 = T 2j(T i[S0]⊕ S1) (10)

T 2i[S1]⊕ S3 = T j(T 2i[S0]⊕ S2) (11)

then the kth and the lthinformation bytes where k = N −1− i and l = N −1− j
are erroneous. Let T i ⊕ T j = T y. Again, if L = 2n − 1 is the cycle length of
a n-cell maximum length group CA, then (T y)−1 = T−y = T (L−y) = T p. The
error magnitudes are determined using the two equations given below.

El = T p(T i[S0]⊕ S1) (12)

Ek = S0 ⊕ El (13)

If D
′

m , Em are the received mth information byte and the calculated mth error
byte respectively, then the correct information byte can be obtained as

Dm = D
′

m ⊕ Em; where 0 ≤ m ≤ (N − 1) (14)

The next section reports the weakness and limitation of scheme [1].

3 Weakness and Limitation of the CA-Based Double
Byte Error Correcting Code

CA based byte error correcting code proposed in [1] is very good from VLSI
implementation point of view. But the scheme has a weakness and one limitation.
This section explains the weakness and limitation of the scheme proposed in [1].

3.1 Weakness of the CA-Based Double Byte Error Correcting Code

Case 1 : Single byte error in the information byte
Assume that a single byte error has occurred in the kth information byte. If Ek

is the error in kth byte, then according to [1] corresponding syndrome equations
are

S0 = Ek; S1 = T i[Ek]; S2 = T 2i[Ek]; S3 = T 3i[Ek] (15)

where S0, S1, S2, S3 are the four syndrome bytes. From (15) we get

S1 ⊕ S3 = T i(S0 ⊕ S2) (16)

S2 ⊕ S3 = T 2i(S0 ⊕ S1) (17)

Equations (16) and (17) may be used to determine the single byte error location
in information byte. But we can’t use the two equations if the error is in the last
information byte. For an error in the last information byte the syndromes are
all equal i.e. S0 = S1 = S2 = S3 = EN−1, where EN−1 is the error in the last
information byte. Therefore, S2⊕S0 = 0; S1⊕S3 = 0; S1⊕S0 = 0; S3⊕S2 = 0
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and equations (16) and (17) will be satisfied for all i and we can not determine
error location uniquely.

Case 2 : One error in the (N − 1)th i.e. the last information byte and
the other in the kthinformation byte
The syndrome equations according to [1] are

S0 = Ek ⊕ EN−1 (18)

S1 = T iEk ⊕ EN−1 (19)

S2 = T 2iEk ⊕ EN−1 (20)

S3 = T 3iEk ⊕ EN−1 (21)

Using above four equations we get

S1 ⊕ S3 = T i(S0 ⊕ S2) (22)

S2 ⊕ S3 = T 2i(S0 ⊕ S1) (23)

It is observed that the equations (16), (17) in case1 are same as equations (22),
(23) in case2. So it is impossible to compute error location uniquely. But we can
separate the case1 and case2 by checking any one of the additional conditions.

T iS0 
= S1; T iS1 
= S2; T iS2 
= S3 (24)

When any one of the above three conditions and equations (16), (17) are sat-
isfied then one error in the kth information byte and another in the (N − 1)th

information byte is identified. So it requires only one extra checking.

3.2 Limitation of the CA-Based Double Byte Error Correcting
Code

The scheme [1] suffers from the limitation that it can correct errors provided
errors are totally confined to information or check bytes only. If one error is in
the information byte and another is in the check byte, then the error is located
in maximum of three information byte position. In the next section, we modify
the scheme [1] to overcome the above weakness and limitation.

4 Our Improved Scheme

In our improved double byte error correcting code, check bytes are generated by
running the CA for N cycles while sequentially feeding the N information bytes.

Algorithm to compute Check byte Ci

begin
X := 0; (X denotes the CA state)
for k = 0 to N − 1 do
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begin
X := X ⊕Dk;
Run the CA for one cycle;(CA with characteristic matrix T i)

end;
Ci := X ;

end;
For double byte error correcting code, the expression for check symbols C0, C1, C2

and C3 are given below.

C0 = DN−1 ⊕DN−2 ⊕ ...⊕D0 (25)

C1 = TDN−1 ⊕ T 2[DN−2]⊕ ...⊕ TN [D0] (26)

C2 = T 2DN−1 ⊕ T 2(2)[DN−2]⊕ ...⊕ T 2(N)[D0] (27)

C3 = T 3DN−1 ⊕ T 3(2)[DN−2]⊕ ...⊕ T 3(N)[D0] (28)

Next we will derive the equations to identify the error locations from the received
information and check bytes. Suppose two byte errors have occurred in kth and
lth information bytes with k 
= l. The corresponding syndrome equations are

S0 = Ek ⊕ El (29)

S1 = T i[Ek]⊕ T j[El] (30)

S2 = T 2i[Ek]⊕ T 2j[El] (31)

S3 = T 3i[Ek]⊕ T 3j[El] (32)

where S0, S1, S2, S3 are the four syndrome bytes and Ek and El are the corre-
sponding errors in the kth and lth bytes. Also i + k = N and j + l = N , where
1 ≤ i, j ≤ N . From the above four syndrome equations we get

T i[S2]⊕ S3 = T 2j(T i[S0]⊕ S1) (33)

T 2i[S1]⊕ S3 = T j(T 2i[S0]⊕ S2) (34)

So using the above two equations we can determine the error locations if both
the errors occur in the information byte.

Theorem 1. The scheme identifies the error locations uniquely if single/double
byte(s) error occurred and it is independent of error position.

Proof We establish the result for the following cases where indistinguishability
of error location identification equations can happen.

Case 1 : One error in the (N − 1)th i.e. the last information byte and
the other in the kthinformation byte
According to proposed scheme the equations for error location identification are

T [S2]⊕ S3 = T 2i(T [S0]⊕ S1) (35)

T 2[S1]⊕ S3 = T i(T 2[S0]⊕ S2) (36)
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Case 2 : Single byte error in the kth information byte
The equations for error location identification are

T i(S2 ⊕ S0) = S1 ⊕ S3 (37)

T 2i(S1 ⊕ S0) = S3 ⊕ S2 (38)

If single byte error occurs in the last information byte then also we can identify
the error location using equations (37) and (38). According to our scheme S0 
=
S1 
= S2 
= S3, so above two equations will be satisfied for a particular i.

It is observed that equations (35), (36) in case1 are different from equations
(37), (38) in case 2. Thus, it overcomes the weakness of scheme [1] given in
section 3.1. Note that we can also derive the equations in case1 and case2 from
equations (33) and (34). Next we describe the situation where one error is in the
information byte and other is in the check byte.
Two Byte Error location identification when one information byte and
one check byte are erroneous
Theorem 2. The scheme decodes correctly if one error is in the information
byte and another is in check byte.
Proof. Assume e0, e1, e2 and e3 are the errors in the 1st, 2nd, 3rd and 4th check
byte respectively. If one error is in kth information byte and another is in any
one of the four check bytes, then any one of the four different cases may occur.
1. If 1st check byte and kth information byte are erroneous, then the syndrome
equations are

S0 = Ek ⊕ e0; S1 = T iEk; S2 = T 2iEk; S3 = T 3iEk (39)

S3 = T iS2; S3 = T 2iS1; S1 
= T iS0 (40)

Ek = TL−iS1 (41)

Equation (40) is used to determine the error location k, where k + i = N and
equation (41) is used to determine error magnitude.
2. If 2nd check byte and kth information byte are erroneous, then the syndrome
equations are

S0 = Ek; S1 = T iEk ⊕ e1; S2 = T 2iEk; S3 = T 3iEk (42)

S3 = T iS2; S2 = T 2iS0; S1 
= T iS0 (43)

Ek = S0 (44)

Equation (43) is used to determine the error location k and equation (44) is used
to determine error magnitude.
3. If 3rd check byte and kth information byte are erroneous, then the syndrome
equations are

S0 = Ek; S1 = T iEk; S2 = T 2iEk ⊕ e2; S3 = T 3iEk (45)

S1 = T iS0; S3 = T 2iS1; S3 
= T iS2 (46)
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Ek = S0 (47)
Equations (46) are used to determine the error location k and equation (47) is
used to determine error magnitude.
4. If 4th check byte and kth information byte are erroneous, then the syndrome
equations are

S0 = Ek; S1 = T iEk; S2 = T 2iEk; S3 = T 3iEk ⊕ e3 (48)

S1 = T iS0; S2 = T 2iS0; S3 
= T iS2 (49)
Ek = S0 (50)

Equation (49) is used to determine the error location k and equation (50) is used
to determine error magnitude.

So, the proposed scheme can identify error locations unambiguously if one
error is in information byte and the other is in check byte. Thus it overcomes
the limitation of scheme [1] given in section 3.2.

5 Conclusion

The paper presents an improved scheme for the double byte error correcting code
using CA which overcomes the weakness and limitation of the existing scheme.
The proposed scheme can determine error locations which is independent of
erroneous byte position and number of errors provided number of errors are
less than or equal to error correcting capability of the code. The proposed code
is much simpler and requires much less hardware for decoding compared with
conventional RS code having two-byte error correcting capability.
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Abstract. In a stream cipher the plaintext digits are encrypted one
at a time, and the transformation of successive digits varies during the
encryption. LFSRs produce sequences having large periods and good sta-
tistical properties, and are readily analyzed using algebraic techniques.
But the output sequences of LFSRs are also easily predictable, if we
know proper successive output sequences in output sequences. In this
paper, we give a new method which generates nonlinear sequences using
maximum-length cellular automata.

1 Introduction

Pseudorandom sequences have many applications in cryptography and commu-
nication engineering. The inherent simplicity of LFSRs, the ease and efficiency
of implementation, some good statistical properties of the LFSR sequences, and
the algebraic theory underlying these devices turn them into natural candidates
for use in the construction of pseudorandom generator, targeted to the imple-
mentation of efficient stream cipher cryptographic strength. On the other hand,
some of the attractive properties listed above are also the reason for the failure
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of many of these constructions. The shrinking generator which is one of clock-
controlled generators, is well-known pseudorandom sequence generator, proposed
by Coppersmith et al.[1]. It is a very simple generator with good cryptographic
properties.

Sabater et al.[2] proposed the algorithm to convert the shrinking generator
into a 90/150 group CA-based linear model which is simple and can be applied
to shrinking generators in a range of practical interest. But they didn’t consider
that individual cells of CA(Cellular Automata) can generate sequences having
the same characteristic polynomial[3] and CA can generate sequences having
short period according to seed vectors, even if the period of 90/150 group CA
and the period of sequence generated by shrinking generator are same.

In this paper, we propose a new method which generates nonlinear pseudo-
random sequences using two maximum-length 90/150 LHGCA obtained by Cho
et al.’s algorithm[4]. The generator which generates these sequences is possible
to overcome spatial weak points of the interleaved sequence generator proposed
by Gong[5]. Unlike the method proposed by Sabater et al.[2], the new sequence
generator can generate nonlinear sequences whose cycle lengths are always same
for a given initial state. The nonlinear pseudorandom sequence obtained by our
method has a larger period and a higher linear complexity than the shrunken
sequence generated by LFSRs.

2 Preliminaries

CA is an array of cells where each cell is in any one of the permissible states. At
each discrete time steps the next state of particular cell is usually assumed to
depend only on itself and on its two neighbors (three-neighborhood dependency)
for a local neighborhood CA. The state of the ith cell at time (t + 1) can thus
be denoted as:

qi(t+ 1) = f(qi−1(t), qi(t), qi+1(t))

where f represents the combinatorial logic and it is called next state function.
In this paper we deal with 90/150 linear hybrid group cellular automata

(LHGCA).
Characterizations of linear CA based on matrix algebraic tool have been re-

ported in [6]. The matrix algebraic tool employing minimal polynomial and char-
acteristic polynomial of the state transition matrix of CA showed various inter-
esting features of CA behaviour. The most effective application of linear group
CA has been proposed in the field of pseudorandom pattern generation, since
many researchers[7] showed that maximum-length CA whose all nonzero states
lying in a single cycle produce high quality pseudorandom patterns. It has been
established that the maximum-length cycle in the state transition diagram of
90/150 CA can be produced only if the characteristic polynomial is primitive([3],
[4]). In this paper only one-dimensional maximum-length 90/150 LHGCA are
considered. 90/150 LHGCA is completely specified by which cells use rule 90
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and 150. A natural form for the specification is an n-tuple < d1, d2, · · · , dn > ,
called the rule vector, where

di =
{

0, if cell i uses rule 90
1, if cell i uses rule 150

The shrinking generator was introduced by Coppersmith et al.[1]. Neverthe-
less, due to its simplicity and provable properties, it is a promising candidate
for high-speed encryption application. The shrinking generator is a well-known
keystream generator composed of two LFSRs. A control LFSR R1 is used to se-
lect a portion of output sequence of a second LFSR R2. Therefore the keystream
produced is a shrunken version of the output sequence of R2.

According to [1], let R1 and R2 be maximum-length LFSRs whose charac-
teristic polynomials are primitive, of lengths L1 and L2, respectively, and let
{ki} be an output sequence of the shrinking generator formed by R1 and R2. If
gcd(L1, L2) = 1, the period of {ki} is (2L2 − 1) · 2L1−1 and its linear complexity
LC satisfies the following inequality L2 · 2L1−2 < LC ≤ L2 · 2L1−1.

3 Interleaved Sequences

The interleaved sequences were introduced by Gong[5]. Interleaved sequences are
constructed by taking sequences and combining them under control of a shift
sequence e. Let a = {ai} be a binary sequence. If a is a periodic sequence with
period l, then we write a by [a0, a1, · · · , al−1]. The left shift operator L on a
is defined as L(a) = {a1, a2, · · ·}, i.e. the left shift operator L when applied
to a sequence will shift the sequence to the left by one position. For Li(a) =
{ai, ai+1, ai+2, · · ·}, i is said to be phase shift of a. Two periodic sequences a
and b are shift equivalent if there exists an integer k such that ai = bi+k for all
i = 0, 1, 2, · · ·. Let u = [u0, u1, u2, · · · , ust−1] be a binary sequence with period
st, where s and t are integers greater than 1. We can arrange the elements of
the sequence u into an s× t array as follows:

A =

⎛

⎜⎜
⎝

u0 u1 · · · ut−1

ut ut+1 · · · u2t−1

...
...

. . .
...

u(s−1)t u(s−1)t+1 · · · ust−1

⎞

⎟⎟
⎠

If each column vector of A is either phase shift of a binary sequence a of period s,
or zero sequence, then u is called an (s, t) interleaved sequence. Let Aj be the jth
column vector of A which is the matrix form of u, then A = (A0, A1, · · · , At−1).
Aj is the transpose of either Lej (a) , or (0, · · · , 0), where ej is the phase shift of
a. If Aj = (0, · · · , 0)t, then we denote ej = ∞. u is called an (s, t) interleaved
sequence associated with (a, e), and e = (e0, e1, · · · , et−1) is called a shift sequence
of u.

This generator has some troubles that it must be paralleled t LFSRs with
period s to generate a (s, t) interleaved sequence. In this paper we propose the
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method which is possible to overcome spatial weak points of the interleaved
sequence generator. This method employs a maximum-length 90/150 LHGCA
whose characteristic polynomial is primitive. High quality pseudorandom se-
quences can be generated from the CA. This is due to the apparent random
phase shift of the output bit sequences from its various stages that are cell posi-
tions. Each cell position generates pseudorandom sequences. Unlike LFSRs, the
phase shift is generally different between stages of a CA. Schemes finding phase
shifts of maximum-length 90/150 LHGCA were proposed in [3].

4 SI Sequence Based on 90/150 LHGCA

Sabater et al.[2] considered the linear model of shrinking generator described
in [8] in terms of 90/150 LHGCA. They proposed a synthesis algorithm for the
90/150 LHGCA which is equivalent to any shrinking generator. This LHGCA is
formed by concatenations of basic maximum-length 90/150 LHGCA and their
mirror images, with one or two modification in each LHGCA component. The
characteristic polynomial of the 90/150 LHGCA obtained by the algorithm is
the same as the one of the original shrinking generator. Since the number of
concatenations is 2L1−1(L1 is the length of R1) and the length of the basic
primitive 90/150 LHGCA is L2, the required length of the 90/150 LHGCA is
given by L = L22L1−1. For example, consider a shrinking generator with the
following component LFSRs: a selector register R1 with length L1 = 3 and the
second register R2 with length L2 = 4. Then the period of the shrunken sequence
is (24 − 1)2(3−1) = 60. In order to generate the same sequence as shrunken
sequence obtained by the shrinking generator, it needs the 90/150 LHGCA whose
characteristic polynomial is p(x)N , where p(x) is a primitive polynomial with
degree 4 and 23−2 < N ≤ 23−1. But all cycles of 90/150 LHGCA synthesized
are not equal to the period of the 90/150 LHGCA though the period of the
90/150 LHGCA is equal to the period of the shrunken sequence generated by
the shrinking generator. Table 1 shows the configuration and cycle structure of
90/150 LHGCA whose characteristic polynomials are (x4 +x3 +1),(x4 +x3 +1)2

and (x4 +x3 +1)4. In Table 1, a(b) means that the number of cycles with length
b is a.

Table 1. Configuration and cycle structure of the 90/150 LHGCA synthesized

characteristic polynomial configuration cycle structure

x4 + x3 + 1 1101 1(1), 1(15)

(x4 + x3 + 1)2 11000011 1(1), 1(15), 8(30)

(x4 + x3 + 1)4 1100001001000011 1(1),1(15),8(30),1088(60)

The period of the sequence generated by 90/150 LHGCA C with some initial
state whose characteristic polynomial is of the form p(x)N is not always equal
to the period of C. It means that the 90/150 LHGCA which is equivalent to any
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shrinking generator is not secure. To overcome this problem, we present a method
which generates a new nonlinear pseudorandom sequence. Each cell position
of 90/150 maximum-length LHGCA generates a pseudorandom sequence. In
addition the phase shift is generally different between stages of a CA. The new
sequence generator compose of two 90/150 maximum-length LHGCAs: a selector
90/150 maximum-length LHGCA C1 that produces a sequence used to decimate
the sequences generated by the other 90/150 maximum-length LHGCA C2.

Let T1 (resp. T2) be the state transition matrix for a given m-cell (resp. n-cell)
maximum-length 90/150 LHGCA and let u0 (resp. v0) be the initial state of T1

(resp. T2). Then we obtain a (2m−1)×m (resp. (2n−1)×n) matrix A (resp. B)
consisting of m (resp. n) independent pseudorandom sequences generated by T1

(resp. T2) as its columns. Here gcd(2m − 1, 2n − 1) = 1. Define a (2n − 1)(2m −
1)× (n + 1) matrix S = (sij) as follows:

S =

⎛

⎜
⎝

B Aj

...
...

B Aj

⎞

⎟
⎠ ,

where Aj is the jth column of A.
Let S∗

I be the 2m−1(2n − 1)× (n + 1) matrix obtained from S by discarding
the ith row of S if si,m+1 = 0. Let SI be the 2m−1(2n − 1)× n matrix obtained
by deleting the (n+ 1)th column of S∗

I . Then SI is the following matrix:

SI =

⎛

⎜
⎜
⎝

k0 k1 · · · kn−1

kn kn+1 · · · k2n−1

...
...

. . .
...

k(2m−1(2n−1)−1)n k(2m−1(2n−1)−1)n+1 · · · k2m−1(2n−1)n−1

⎞

⎟
⎟
⎠

Definition 4.1. Let K = [k0, k1, · · · , k2m−1(2n−1)n−1] be a sequence obtained by
SI with period 2m−1(2n−1)n. We call K a (2m−1(2n−1), n) shrunken interleaved
sequence (SI sequence).

Example 4.2. Consider a SI sequence generator with the following two compo-
nent maximum-length 90/150 LHGCA C1,C2 :
1. Let C1 be the maximum-length 90/150 LHGCA with length m = 2, rule
vector < 01 > and initial state (0, 1). Then

T1 =
(

0 1
1 1

)
and A =

⎛

⎝
0 1
1 1
1 0

⎞

⎠

2. Let C2 be the maximum-length 90/150 LHGCA with length n = 3, rule vector
< 011 > and initial state (0, 0, 1). Then

T2 =

⎛

⎝
0 1 0
1 1 1
0 1 1

⎞

⎠ and Bt =

⎛

⎝
0 0 1 0 1 1 1
0 1 0 1 1 1 0
1 1 0 0 1 0 1

⎞

⎠
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where Bt is the transpose of B. Since At
2 =

(
1 1 0

)
, we obtain the following

matrix S:

St =

⎛

⎜
⎜
⎝

0 0 1 0 1 1 1 0 0 1 0 1 1 1 0 0 1 0 1 1 1
0 1 0 1 1 1 0 0 1 0 1 1 1 0 0 1 0 1 1 1 0
1 1 0 0 1 0 1 1 1 0 0 1 0 1 1 1 0 0 1 0 1
1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0 1 1 0

⎞

⎟
⎟
⎠

Hence we obtain the (14, 3) SI sequence as the following:

K = [001011010111101001100010110101011100111110]

Theorem 4.3. Let C1 be a maximum-length 90/150 LHGCA with length m
and let C2 be a maximum-length 90/150 LHGCA with the n degree minimal
polynomial f(x), where gcd(2m − 1, 2n − 1) = 1. Then
(1) The minimal polynomial m(x) of the SI sequence is of the following form:

m(x) = [f∗(xn)]N ,

where 2m−2 < N ≤ 2m−1 and f∗(x) is the reciprocal of f(x).

(2) The linear complexity LC of the SI sequence satisfies the following

2m−2n2 < LC ≤ 2m−1n2

5 Conclusion

In this paper, we proposed a new method which generates nonlinear pseudoran-
dom sequences using two maximum-length 90/150 LHGCA. The generator which
generates these sequences is possible to overcome spatial weak points of the in-
terleaved sequence generator proposed by Gong. Unlike the method proposed
by Sabater et al., the SI sequence generator can generate nonlinear sequences
whose cycle lengths are always same for a given initial state. The SI sequence
obtained by our method has a larger period and a higher linear complexity than
the shrunken sequence generated by LFSRs.
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Abstract. Substitution boxes (S-boxes) are the main elements of block
ciphers, wide used in modern cryptography. In this paper we propose a
new method to create S-boxes, which is based on application of Cellular
Automata (CA). We present results of testing CA-based S-boxes, which
confirm that CA are able to realize efficiently Boolean functions corre-
sponding to classical S-boxes. Proposed CA-based S-boxes offer crypto-
graphic properties comparable or better than classical S-box tables.

Keywords: Cellular Automata, S-Boxes, Block Cipher, Cryptography,
Boolean Functions.

1 Introduction

Cryptography plays an important role in security of data in the modern world.
Two main cryptography systems are used today to provide a secure communi-
cation: secret and public-key systems. An extensive overview of currently known
or emerging cryptography techniques used in both types of systems can be found
in [10]. The main concern of this paper are cryptosystems with a secret key. The
main interest of this work are Boolean functions used in S-boxes and applied
in efficient algorithms in secret key systems. Many known secure standards of
symmetric key cryptography, such as e.g. [3], [4], use efficient and secure algo-
rithms working on the base of S-boxes. S-boxes are ones of the most important
components of block ciphers.

In the next section the concept of the S-box and its most known applica-
tions are presented. Section 3 describes a few cryptographic criteria to examine
Boolean functions realized with S-boxes. Section 4 presents the concept of CA.
In section 5 the idea of substitution of S-boxes by CA is proposed. Section 6
presents results of examination of CA-based S-boxes, their quality measured by
efficient criteria and comparison with earlier proposals. The last section con-
cludes the paper.
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2 S-Boxes in Cryptography

S-box is a function f, which from each of n Boolean input values of Bn block
consisting of n bits bi (i ≤ n) generates some k Boolean output values called
Bk block consisting of k bits b′j (j ≤ k and k ≤ n) : f : Bn → Bk, what
corresponds to the mapping (b0, b1, ..., bn) → (b′0, b′1, ..., b′k). When n is equal to
k, the function f, from n different input values maps n different outputs values,
and such a S-box is called bijective [5].

One of well known application of S-boxes is applying them in Data Encryp-
tion Standard (DES) as the ”heart” of this algorithm [3]. In DES algorithm
64 input bits are transformed into 64 output bits. The main part of DES algo-
rithm is a function f (see, [3]), which uses 8 wide known S-boxes. Each of these
eight S-boxes realize functions S1, ..., S8, which collectively transform the 48
bit input block into 32 bit output block. These functions are tables composed of
16-columns and 4-rows. Each function takes a 6-bit block as input and yields a
4-bit block as output.

Let us consider the function S1 represented as a table. Suppose that the input
block of this function is the block B6, e.g. 110010. Two bits from B6, the first
and the last one (e.g. 10) define row 2 of the S1 block. Four middle bits 1001
define the column 9 of the S1 block. The intersection of the column 9 and the
row 2 points the number 12, e.g. 1100, and these bits are considered as the B4

output block.
S-boxes are also used in modern symmetric key cryptography systems, e.g.

in the new standard Advanced Encryption Standard (AES) (see, [4]). AES is
successor of DES, and provides much better cryptographic quality then DES.

3 The Most Important Cryptographic Criteria for
Boolean Functions

In our study we propose to use CA as a function which can be characterized
by the same properties and realize the same functions as wide known S-boxes.
The quality of S-boxes designed with use of CA must be verified by required
properties of S-boxes. The most important theorems for this purpose are recalled
from cryptographic literature [8], [1], [5], [2].

A Boolean function f : Z n
2 → Z2 maps n binary inputs to a single binary

output. The number of possible outputs is equal to 2n .
The non-linearity Nf of Boolean function f is the minimal distance to the set

of affine functions and is calculated as:

Nf =
1
2
(2n −WHmax(f)), (1)

where WHmax(f) denotes Walsh Hadamard Transform. The more higher is the
non-linearity of observed ciphers (WHmax is low) the cipher is more difficult to
cryptanalysis.

Another important property of stream ciphers is autocorrelation ACf . Auto-
correlation is similar to correlation, but polar form f(x) correlates with polar
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form f(x⊗ s) its shifted version. The autocorrelation of a Boolean function f is
absolute maximum value of any Autocorrelation Transforms, and is denoted by
the equation:

ACf = maxs�=0|
∑

x

f̂(x)f̂ (x⊗ s)|, (2)

where s ∈ Zn
2 −{0}. Lower is the autocorrelation of observed ciphers the cipher

is more difficult to cryptanalysis.

4 Cellular Automata

One dimensional (1D) CA is in the simplest case a collection of two-state ele-
mentary cells arranged in a lattice of the length N , and locally interacting in a
discrete time t. For each cell i called a central cell, a neighbourhood of a radius r
is defined, consisting of ni = 2r+ 1 cells, including the cell i. When considering
a finite size of CA, and a cyclic boundary condition is applied, it results in a
circle grid.

It is assumed that a state qt+1
i of a cell i at the time t + 1 depends only on

states of its neighbourhood at the time t, i.e. qt+1
i = TF (qt

i , q
t
i1, q

t
i2, , q

t
in), and a

transition function TF , called a rule, which defines a rule of updating a cell i. A
length L of a rule and a number of neighbourhood states for a binary uniform
CA is L = 2n, where n = ni is a number of cells of a given neighbourhood, and a
number of such rules can be expressed as 2L. For CA with e.g. r = 2 the length
of a rule is equal to L = 32, and a number of such rules is 232 and grows very
fast with L. CA for systems with a secrete key were first studied by Wolfram
[12] and later by many other authors (see, e.g. [11]).

5 Cellular Automata and Constructing S-Boxes

A classical S-box is a function expressed as a table composed of natural numbers.
A quality of S-boxes are measured with use of different functions which examine
its different properties [6], [7], [1], [9]. Cryptographic literature shows us many
examples and methods of searching of S-box tables. Each of these methods in the
consequence still search for the combinations of numbers in the table. We would
like to propose another method without using a table as the base of the S-box.
In our approach CA are expected to perform the same tasks as S-boxes. In this
proposition creation of specific table is unnecessary, because the CA as a tool
equivalent to Universal Turing’s Machine (see, [13]) can realize any function, in
particular functions related to S-boxes.

The CA-based S-box which we propose can be seen as a vector composed of
the following elements:

- a number of CA cells
- an initial state of CA
- rule/rules applied to CA
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- a number of CA time steps
- input/output bits of CA-based S-box.

Selected cells of CA (in its initial state) serve as input bits of the S-box,
and the same cells, after declared time steps, are considered as the output of
the S-box. To construct CA performing the S-box function it is necessary to
find appropriate CA rules and verify produced results according to the S-box
functions criteria.

6 Designing CA-Based S-Boxes and Their Analysis

6.1 Searching for CA Rules and Construction of CA-Based S-Boxes

We start from considering uniform CA consisting of the 8 cells, and examining all
256 rules (r = 1). As a bijective S-box, CA with a size equal to 8 cells (an initial
CA state corresponds to S-box input) is examined in time steps t (a CA state at
this moment corresponds to the S-box output) equal to 5, 6, 7, 8, 30, 50, 100. Non-
linearity and autocorrelation values of all examined 256 CA rules were calculated
to select the best CA rules. The best found CA rules at this stage of experiments
were the following ones: 30, 57, 86, 99, 135, 149. These rules provide non-linearity
and autocorrelation values higher then the other examined rules. Scores of the
best CA rules for non-linearity are in the range [101, 108] and for autocorrelation
in the range [56, 80].

Generally, higher value of Nf means that the S-box provides higher quality
related to non-linearity criterion, in opposite to autocorrelation of the S-box
in which higher quality of the S-box corresponds to lower value of ACf . The
best (worst) theoretical values of non-linearity and autocorrelation correspond-
ing to this 8 bit CA-based S-box are equal to 128 (0) for non-linearity and 0
(256) for autocorrelation, respectively. We will show in the paper that values
of non-linearity and autocorrelation obtained in experiments can be successfully
compared with results (lower or similar) presented by [6], [7] and [1]. On the
base of these preliminary results, we will be able conclude that behavior of CA
which implement the S-box provides a good quality.

During all conducted experiments presented in this paper we assume that we
have to do with CA-based S-boxes with 8 inputs and 8 outputs, despite the
fact that a size of CA can be larger than 8. The next step of the research was
a verification of CA rules quality from the point of view of bijectivity. When
the CA size is equal to 8 input/output cells then diversity of outputs obtained
from each of possible inputs is lower than 20%. Therefore, CA-based S-box was
examined with a number of cells ranging from 8 to 500, because larger CA
size provides higher diversity. During experiments the problem of allocation of
8 examined input/output bits in larger CA arises. An initial state of large CA
was randomly selected, but input/output bits of CA-based S-box need to be
determined. These 8 bits (main bits) are always located in one block (first bits
in CA - for simplicity) as a part of CA’s state. Other bits of large CA forms
background, an environment for evolution of the block of the main bits.
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Another idea on how to arrange bits in the background is to locate bits sep-
arately in CA cells. In the series of tests main bits were located in CA cells in
the distance 1, 2, 5 and 10 cells from each other. The remaining CA cells were
set randomly. Results of experiments (not presented in this paper) show that in
fact the way of arranging main bits in the background has small influence on
diversification of outputs - the difference is of the range of 2%.
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Fig. 1. The diversification of outputs (in %) given by CA (after 100 time steps) with
rules: 30, 57, 86, 99, 135, 149 for CA’s sizes in the range [8, 500] averaged over 1000
CA runs

Figure 1 presents results of the verification in bijectivity condition. One can
see that for rules 57 and 99 the maximal number of different outputs of CA-based
S-box is equal to only 8% values out of 256 values. It means that these rules are
not suitable for the purpose of the S-box. Therefore, in our next experiments
these rules will not be taken more into consideration. Figure 1 shows also results
for rules 30, 86, 135 and 149. One can see that results for these rules are much
better than for the previous ones: the maximal number of different outputs is
equal to about 63% and this feature concerns a relatively wide size of CA up to
100 cells. These results seem to be promising and therefore for the next study we
focused on CA with 100 cells. Reassuming, in all our next experiments CA size
will be equal to 100, but the number of the main bits (input/output of CA-based
S-box) will be equal to 8. Large CA (100 cells) will be evaluated in discrete time
steps (100 time steps), but we will observe and examine only the main bits (8
input/output bits) in large CA.

The last conducted experiments concerned examination of CA rules which
passed both verification procedures. During two previous experiments rules 30,
86, 135 and 149 were selected as the best rules from the set of CA rules with
neighborhood radius equal to 1. These rules were next studied to define the final
quality with a new CA size, i.e. values of non-linearity and autocorrelation were
calculated. Results of the study are presented in the next section.
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6.2 Comparison of CA-Based S-Boxes with Classical S-Boxes

In the 1000 runs with different random background of bits in CA with 100 cells,
the main bits were arranged in one block. In each experiment CA was running
100 time steps. Rules were selected from the set of rules with neighborhood
radius r = 1. Table 1 presents results of our experiments, and compares them
with ones obtained by Clark [1] and Millan [6].

Table 1. Comparison of results of non-linearity Nf and autocorrelation ACf (the best
values are in the bold) obtained with use of CA (with CA size equal to 100 cells, in
1000 CA runs, each run of 100 time steps), with ones by Clark and Millan (∗ - no
data).

Observed The best values The worst values
Method boundary values in single runs in single runs

(Nf , ACf ) (Nf , ACf ) (Nf , ACf )

CA with rule 30 (90, 112) (105, 44), (110, 48), (108, 48) (98, 112), (90, 88)

CA with rule 86 (91, 96) (108, 48), (106, 48), (109, 52) (104, 96), (91, 76)

CA with rule 135 (91, 104) (108, 48), (106, 48), (109, 52) (96, 104), (91, 84)

CA with rule 149 (91, 100) (109, 44), (108, 48), (106, 48) (99, 100), (91, 76)

Clark et. al [1] (90, ∗) (100, ∗), (∗, 80), (∗, 102) (90, ∗)
Millan et. al [6] (80, ∗) (98, ∗), (∗, 98), (∗, 100) (80, ∗)

Observed boundary values presented in Table 1 mean that in all CA runs we
could not find a value of Nf which is lower than 90, and the higher value for
ACf is not greater than 112. The best and the worst qualities presented in 3-rd
and 4-h column of Table 1 correspond to single runs, selected from the set of
1000 runs. Result of these runs are shown in each row. One can see that the best
value of non-linearity is equal to 110 and corresponds to the rule 30. Low level
of autocorrelation for this rule is also provided. On the other hand, the rule 149
is characterized by the best value of autocorrelation equal to 44, with high level
of non-linearity.

In [6] and [1] for the same size (8 input bits, 8 output bits) of the S-box,
S-boxes were found with values of Nf in the ranges from [80, 100] and [90, 100],
respectively (see, Figure 2). The best autocorrelation values ACf presented in
[6] and [1] are equal to values from the sets {98, 100} and {80, 102}, respectively
(see, Table 1). If we compare these results with our results we can conclude that
(a) even our boundary values of (Nf , ACf ) are comparable with their results,
and (b) our the best results are better than pointed in their study.

Our boundary values of Nf equal to {90, 91} for appropriate CA rules are in
ranges of values presented in [6] and [1]. Similarly our boundary values of ACf

equal to {96, 100, 104, 112} for appropriate CA rules are comparable with their
best results.

On the other hand, our the best results presented in the 3-rd column of Table 1
are characterized by much higher values of non-linearity Nf (108, 109 and 110
for appropriate CA rules) and are better than the value equal to 100 found in
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[6] and [1]. Also, the best results of autocorrelation ACf presented in the 3-rd
column of Table 1 characterizing by much lower values (44 and 48 for appropriate
CA rules) are better than values equal to 98 and 80, presented in [6] and [1],
respectively.
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Fig. 2. Frequency (in %) of distribution for non-linearity in our CA-based S-boxes with
rules: 30, 86, 135, 149, compared with Clark et al. results [1] and Millan results [6]

Frequency of non-linearity distribution in our results and results given by
Clark [1] and Millan [6] are presented in Figure 2. In 1000 runs most of CA-
based S-boxes for Nf ranging from [98, 108] and the best CA-based S-boxes give
values even equal to 110. These ranges of Nf values keep better quality than
ranges [80, 100] and [90, 100] for results of non-linearity presented in [6] and [1].
Also, the most of our results concerning autocorrelation ACf (not presented in
this paper) ranging from [52, 84], and are better than results 98 and 80 presented
in [6] and [1], respectively.

Lets observe non bijective S-boxes. These 8×m S-boxes, from 8 inputs provide
m outputs (m = 2, 3, 4, 5, 6, 7). The quality (Nf , ACf ) of these S-boxes presented
in literature ([6], [7], [1] and [9]), shows that exists a relationship between values
of non-linearity and autocorrelation of the best S-boxes and the number of output
bits. If the number of output bits grows then the quality of S-boxes goes down
(i.e., the value of non-linearity goes down and the value of autocorrelation grows).
We can conclude that non-linearity and autocorrelation of our proposed CA,
which realize the S-box functions provides for some classes of S-boxes higher
values than obtained in [6], [7], [1] and [9], for 8×m S-boxes. Our the best CA
(see, Table 1) keep better quality (higher non-linearity, lower autocorrelation)
than result (108, 56) presented in [1] and the result (110, 56) presented in [9] for
8× 5 S-boxes.
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7 Conclusions and Future Work

The paper presents a new idea of creating S-boxes using CA approach. Applying
CA to create S-boxes eliminates inefficient memory consuming tables which are
used in the classical approach, and gives a possibility to create S-boxes in com-
pact and elegant way. CA from input block of bits generate output block of bits
and this output is evaluated by the same examine criteria like the traditional
S-box. Obtained preliminary results are very promising. Conducted experiments
have shown that CA-based S-box is characterized by a high non-linearity and low
autocorrelation. These values correspond to values related to classical S-boxes
or outperform them. The open issue is the question of enlarging the maximal
value of the number of possible output values of CA-based S-box. This issue is
the subject of a current research.
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Abstract. One of the key issues in hematology is how blood cell produc-
tion is conducted and sturdily maintained under physiological and patho-
logical conditions. Due to the difficulty in manipulating hematopoietic
stem cells in vitro, control of hematopoietic processes remains unclear.
Models are required for easy access and are highly expected to show not
only reproduction of blood cell behaviors in vivo, but also predictabil-
ity of specific cellular responses under experimental stimulations. We
demonstrate herein a granulopoietic model using a 3-dimensional cellular
automaton (3D-CA) model. This model incorporates a spatio-temporal
concept to describe granulopoiesis that develops in the finite space of the
bone marrow cavity. This 3D-CA model is valuable in clinical simulation
studies such as determination of a granulocyte growth factor administra-
tion for cancer patients with neutropenia. Analyzing the cellular kinetics
of hematopoiesis by 3D-CA modeling will provide novel strategies for
cancer treatment.

1 Introduction

Mature blood cells and their precursors in bone marrow (BM) are ultimately
derived from a small population of hematopoietic stem cells (HSCs) [1]. A sin-
gle HSC displays a high self-renewal capacity [2,3] and can differentiate into
any type of blood cell, including lymphocytes, granulocytes, monocytes, erythro-
cytes, megakaryocytes, eosinophils, basophils and mast cells (Fig.1a). Numbers of
each type of cell are maintained within a very narrow range in normal individuals,
at approximately 5000 granulocytes, 5×106 erythrocytes and 150, 000−300, 000
platelets/μL of whole blood. The mechanisms regulating hematopoiesis are not
completely understood. Dynamic regulatory mechanisms for maintaining the
number of blood cells presumably involve negative feedback. However, no or-
gans or tissues that detect cell numbers or levels of factors for granulopoiesis have
been identified, so the existence of feedback in the systems remains hypothet-
ical. Furthermore, little is known how self-maintenance of the HSC population
is achieved. Given the difficulties in manipulating HSCs in vitro, mechanisms
controlling HSC kinetics remain unclear.
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Computer simulations using cellular automaton (CA) models may provide a
useful tool for understanding the systems involved [4]. CA models can produce
complex patterns based on simple strategies describing behaviors of elements,
analogous to the appearance of complex systems as commonly seen in biological
events [5]. We have recently developed a 3D-CA model for granulopoiesis and
demonstrated the emergent properties of feedback regulation and characteriza-
tion of HSC behavior in the granulopoietic system [6,7]. We describe herein our
efforts to establish appreciation of the granulopoietic CA model adapted under
clinical situations such as chemotherapy and hematopoietic stem cell transplan-
tation (HSCT) for the treatment of cancer patients.

2 Methods

2.1 Compartmentalization of Granulopoiesis

To describe human granulopoiesis (Fig.1b), we divided the granulopoietic pro-
cess into 10 compartments in which each cell stage is represented by a model
compartment characterized by transit time (T ), number of mitoses and the frac-
tion of actively proliferating cells (Fig.2). Stages 1 to 15, set arbitrarily, are
defined as the state variables in this simulation. Fundamental transit time steps
that reflect cell maturation are appointed according to transit times (in hours).

Fig. 1. Sequential development of progenitors and mature cells from stem cells [1]. a)
A single hematopoietic stem cell differentiates into the progenitors of all blood lineages.
Progenitor cells committed to specific lineages are termed colony-forming unit (CFU).
More primitive progenitors than CFUs were termed burst-forming units (BFUs). b)
Granulocyte differentiation pathway. Granulopoiesis following CFU-GM consists of the
proliferating cell stages (CFU-G, myeloblasts, promyelocytes, and myelocytes) and the
postmitotic, non-proliferating, and maturing stages (metamyelocytes, and band and
segmented-form granulocytes).



488 T. Horisawa, T. Komatsuzaki, and Y. Saikawa

Fig. 2. Compartmentalization of granulopoiesis. Granulopoietic processes were divided
into 10 compartments characterized by transit times, the number of mitoses, and the
fraction of actively proliferating cells.

The compartment of stem cells (stage 1) includes pluripotent stem cells with
self-renewal capacities and cells at a very early stage of granulocytic lineage. At
this early process of HSC differentiation has not been clarified, the given transit
time is referred to as optional (T1). Likewise, all features of HSC self-renewal re-
main obscure. We define this compartment as duplication, with the transit time
(Tdup) referred to as optional. The compartment of committed progenitor cells
(CFU-GM, stage 2) is fed by the influx of cells originating from the compartment
with pluripotent stem cells. The next compartments represent the proliferating
cell stages of CFU-G (6 mitoses, stages 3-8), myeloblasts (1 mitosis, stage 9),
promyelocytes (1 mitosis, stage 10), myelocytes (2 mitoses, stages 11 and 12)
and the postmitotic maturing stages of metamyelocytes (stage 13), band (stage
14) and segmented forms (stage 15). Mature granulocytes leave the bone mar-
row and enter the circulation compartment and marginal pool in the peripheral
blood. Importantly, this model does not presuppose the presence of peripheral
negative feedback loops. Model parameters, including transit times and the num-
ber of mitoses used here for normal granulopoiesis, were taken directly from the
literature or deduced from published experimental data [8].

2.2 Stem Cell Division Model

The stochastic model of HSC differentiation used here is shown in Fig. 3. An HSC
replicates (self-renewal) or differentiates to a CFU-GM cell. Once committed
to a differentiation pathway, the HSC gives rise to a clone that contributes
to granulopoiesis. Three patterns of the HSC division process are theoretically
proposed for this model system: each stem cell undergoing cell division either
generates two, one, or no daughter stem cells until differentiated to CFU-GM in a
stochastic situation. Given three probabilities of p, r, and q (Fig. 3); p+r+q = 1,
an expansion of stem cell numbers is induced under the situation that p > r+ q,
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Fig. 3. Stem cell division model. Open and closed circles indicate HSC and CFU-GM
cells. The probability of each type of cell division is expressed as p, r, and q, respectively.

while an extinction for a finite population occurs if p < r + q. A strict steady
state is maintained if r = 1, while a stationary state is also possible if r < 1,
and p = q. The stochastic concept of single cell growth described here is in line
with the classic models proposed by others [9].

2.3 Development of a CA Model

The CA model is developed for a 3-dimensional space that assumes bone mar-
row is where granulocyte-lineage cells are distributed. The space consists of
130× 130× 130 unit cubic areas, with the size of each corresponding to a single
biological cell (Fig.4a). The analytical space contains structural objects mimick-
ing vessels and trabecular bone as components of the BM cavity. To represent
cell distributions in space, two kinds of state variables are assigned to each unit
area. First, a set of cell states is prepared so that cells are located at certain
positions and distinguishable by proliferation stage. According to the assump-
tion regarding the granulopoietic process, a total of 16 cell states (including a
cell absence case) are required (Fig.2). As the second state variable, cell age is
defined in addition to the areas in which cells are present. Age is counted at
every simulation step to express cell maturation until reaching respective transit
times for the next stage (see fundamental transit time steps, Fig.2).

2.4 Description of the Local Neighbor Rules

State variables are updated synchronously according to local neighbor rules at
every calculation step. These rules include movement of cells, transition to a
different stage depending on state of the unit element and neighbors. Essentially,
the cell is able to move to any of the nearby elements from 26 directions selected
randomly at every time step (Fig. 4b). To avoid collisions with other cells at
a certain neighbor site, conflicting directions are evaded during movements by
the following implementation: each cell is mapped, and prior to movement, a
moving direction is randomly chosen from the available nearby vacant sites. If
cells happen to conflict at a destination, an arbitrarily selected cell is then allowed
to move while the others are kept in their present locations. Respective transition
to the next stage in the cell lineage is fundamentally determined by intrinsic
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Fig. 4. Schematic presentation of a 3D-CA model. a) The CA model is developed for
a 3-D space consisting of a 130 × 130 × 130 unit cubic area with structural objects
mimicking vessels and trabecular bone forming components of the BM cavity. b) A
2-dimensional view of cell movement. A cell moves to any of the nearby 26 elements,
randomly selected at every time step.

properties of each cell, such as transit time compared with maturation (age)
counts, although the process that incorporates cell multiplication is influenced
by local neighbor conditions. Cells are restricted in proliferation and cell division
and are kept in the current state if no vacancy is present in an adjacent space.
Consequently, cells may overrun transit time steps.

3 Results

3.1 Homeostatic Production of Granulocyte-Lineage Cells

The simulation program as developed in this study yields 3D distribution pat-
terns of granulocyte-lineage cells. Since total cell numbers in BM are theoretically
maintained at a balance between cellular influx (production) and efflux (leaving
the BM), rates of self-renewal and differentiation of HSCs represent critical simu-
lation parameters. Based on the stochastic HSC division model, T1/Tdup = 2 was
initially given to avoid exhausting the HSC population. Changing these param-
eters produced 3 different features of granulopoiesis: extinction; steady state; or
oscillation. Fig.5 shows representative steady-state granulopoiesis achieved with
a typical set of stimulation parameters, with fundamental transit time steps as
shown in Fig.2 and optional T1 and Tdup at 1, 600 and 800 steps, respectively.

3.2 A Model for Anticancer Drug-Induced Neutropenia

Incorporated intracellular anticancer drugs inhibit mitosis, resulting in induc-
tion of cell death. As a result, both cancer cells and normal mitotic hemopoietic
cells are affected. Anticancer drug-induced neutropenia, which often causes life-
threatening infections in patients and requires prompt medical intervention, is
achieved by eliminating the mitotic compartment of cells (CFU-G-myelocytes)
from the model with a constant disappearance rate during drug exposure (24h).
As non-mitotic mature granulocytes are spared from drug induced-cell death (al-
though still subject to natural death), the number of granulocytes in peripheral
blood was maintained for the first 6 days after drug administration (Fig.6a, b).
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Fig. 5. A representative granulopoiesis model. Steady-state granulopoiesis is achieved
with fundamental transit time steps as shown in Fig.2 and optional parameters: T1 =
1, 600 steps and Tdup = 800 steps.

Thereafter, neutropenia, defined as cell numbers below the initial level, appeared
and lasted for 7 days in this model. These cellular kinetics fit well with clinical
observations and experimental results [10].

3.3 Simulation Studies of G-CSF Administration for the Treatment
of Neutropenia

G-CSF is a regulatory growth factor for the granulocyte lineage. Administration
of G-CSF to humans results in a dose-dependent increase in circulating granu-
locytes. G-CSF has been demonstrated to be effective in reducing the incidence
of febrile neutropenia when administered immediately after chemotherapy [11].
However, G-CSF administration schedules for granulocytic recovery have been
poorly examined [10]. G-CSF function was achieved by reducing transit times
of CFU-G through mature granulocytes by up to 50% without increasing the
frequency of mitosis. Administration of G-CSF was initiated on the indicated
days after chemotherapy (Fig.6c, arrow) in the model with 11-day neutropenia.
G-CSF clearly reduced the duration of neutropenia (5-7 days) compared to that
in control (11 days). Interestingly, mobilization of mature granulocytes was ob-
served when G-CSF was initiated within 5 days after chemotherapy, resulting
in a temporary increase in granulocyte number, and paradoxically neutrope-
nia appeared earlier. Effects equivalent to early administration (within 5 days)
were observed even if G-CSF was started during neutropenia (7-14 days after
chemotherapy).This model strongly indicated appropriate timing for G-CSF ad-
ministration and an absence of cost-benefit for immediate use afterchemotherapy.

3.4 Simulation Studies for Hematopoietic Stem Cell Transplantation
(HSCT)

HSCT involves the transplantation of HSCs derived from BM (i.e., bone marrow
transplantation (BMT)), HSCs mobilized in peripheral blood after chemotherapy
with or without G-CSF administration (peripheral blood stem cell transplanta-
tion (PBSCT)) or HSCs contained in umbilical-cord blood (cord blood stem cell
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Fig. 6. Simulation studies for anticancer drug-induced neutropenia and G-CSF ad-
ministration schedules. a), b) Cellular kinetics of granulocytes in peripheral blood (a)
and differentiating cells in BM (b), after administration of anticancer drug (arrow). c)
Simulation studies for G-CSF administration schedule for the treatment of anticancer
drug-induced neutropenia.

transplantation (CBSCT)). After several weeks of growth in the recipient BM,
expansion of HSCs and their progeny is sufficient to normalize blood cell counts
(engraftment). One of the characteristic features of CBSCT is prolonged time
to engraftment compared to BMT [12]. Median time to engraftment is 21 days
in CBSCT and 14 days in BMT. When the granulopoietic model was initiated
with a mixture of stem cells, CFU-GM and CFU-G cell population as a BMT
source, continuous production of mature granulocytes appeared in peripheral
blood at 13 days, compared to 18 days when started with a single population of
stem cells as a CBSCT source (Fig.7). These HSCT simulation models demon-
strated that diversity of hematopoietic progenitor cells contained in the grafts
was responsible in part for differences in time to engraftment.

4 Discussion

The present study demonstrated that 3D-CA granulopoietic modeling was highly
valuable in clinical simulation studies, as: 1) the cellular dynamics of drug-
induced neutropenia in cancer patients fit well with clinical observations; 2)
analyses of cellular kinetics indicated appropriate timings of G-CSF administra-
tion and no cost-benefit of immediate use after chemotherapy for the treatment
of neutropenia; and 3) diversity of hematopoietic progenitor cells contained in
the grafts was responsible for time differences to engraftment in HSCTs.

Several assumptions were required in this model for simplification. First, this
model simulated only granulopoiesis, so specific interactions of different lineage
cells were not considered. Second, stem cells in the model were deterministically
programmed to differentiate toward granulocytes. Third, apoptotic events (pro-
grammed cell death) of cells were excluded in this model. Last, the BM cavity
consists of a vast network of vascular channels as well as non-hematopoietic cells
forming the microenvironment and niches, and is clearly not as simple as por-
trayed in the model. Despite these simplifications, the results obtained in this
model will help to provide fundamental principles for kinetic analyses of the



Computational Hematology in Systems Biology 493

Fig. 7. Simulation studies for duration to engraftment after HSCT with different com-
ponents in grafts

hematopoietic system. Currently, residual leukemic cell kinetics and leukemic
stem cell behaviors in patients are under investigation for prediction of relapse.
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Abstract. We present the model of tumour induced angiogenesis that
apart from predominating phenomena, as influence of VEGF, includes
newly discovered factors such as Dll4/Notch signalling and remodelling
processes. The Cellular Automata approach is employed to model cellular
and intracellular processes that occur in cancer tissue and surroundings.
Vascular system is modelled by using the Graph of Cellular Automata,
which combines graph theory with the Cellular Automata paradigm.
Additionally, an outline of model verification method which uses graph
descriptors is presented and exemplified.

1 Introduction

Angiogenesis is the process of blood vessels formation [1]. The cells influenced
by the stresses (e.g., low O2, low pH), synthesise angiogenic stimulators (most
of all VEGF — Vascular Endothelial Growth Factor) [1]. Stimulators diffuse
towards the nearest blood vessels and activate the endothelial cells (ECs) that
lines the vessel walls. In the response the endothelial cells start to proliferate
and migrate being attracted by the gradient of VEGF. The wall of parent blood
vessel becomes degraded and a lumen of a new capillary is formed.

The process of angiogenesis has a crucial role in solid tumour growth. Clusters
of growing tumour cells are short of oxygen and nutrients. The ”starving” tumour
cells produce VEGF and other angiogenic stimulators (Tumour Angiogenesis
Factors — TAFs) that activate neighbouring vessels.

Tumour induced angiogenesis is a very promising target in anti-cancer therapy
[3]. Inhibition of angiogenesis or regression of existing vasculature may suppress
tumour development. Treatment targeted on improving vasculature around tu-
mour can be helpful for drug delivery during chemotherapy.

The computer models of angiogenesis employ continuous or discrete approaches
[2]. The continuous models base on differential equations and as a result we ob-
tain distributions of endothelial cells in the tissue. The main disadvantage of the
continuous approach is the lack of information about the structure of vascular
network. In contrast, the discrete models are able to produce vascular network of
a given topology [2]. These models mostly base on the Cellular Automata (CA)
paradigm and assume that modelled species (endothelial cells, angiogenic factors
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etc.) are treated individually. In [6], Anderson and Chaplain assumed that growth
of a single sprout is governed by move of the endothelial cell located at its tip. It
moves across regular, rectangular network of CA according to predefined rules. At
each step of simulation the tip cell moves in one out of four directions or waits with
a certain probability. The probabilities are calculated by using diffusion equation
with terms reflecting VEGF and fibronectin influence [6]. Additional rules that
model vessels branching and anastomosing were also defined.

In [8] we proposed a new framework for modelling multiscale phenomena in
tumour induced angiogenesis. Our approach combines the Cellular Automata
paradigm with a graph structure into a new modelling tool which we call the
Graph of Cellular Automata [7]. We assumed that the tissue is represented by
a regular mesh of cellular automata and some of the accompanying diffusion
processes are modelled by using simple rules of local interaction. The vascular
network is represented by the graph structure constructed over the regular mesh.
The graph is made of some CA cells, for which we define additional relations of
neighbourhood with other cells.

The role of Dll4/Notch in angiogenesis has been investigated experimentally
quite recently [9]. This ligand regulates the processes of sprouting and vessels
maturation. Inhibition on Dll4/Notch causes creation of dense but dysfunctional
(immature) vascular network, while its stimulation results in creation of sparse
though functional network. Both the inhibition and stimulation can be consid-
ered as anti-cancer therapeutic strategy, The influence of Dll4/Notch on the
dynamics of the process of angiogenesis has not been modelled so far.

Unlike in the normal angiogenesis (e.g. during embryogenesis), tumour in-
duced angiogenesis forms mostly pathological vascularisation [4]. Defected ves-
sels and vessels, which do not transport blood decline and are removed from the
tissue. Conversely, the vessels with circulating blood survive [5].

Models of any physical processes require verification. In the case of angio-
genesis this verification is not trivial. We use the feature vectors of statistical
descriptors, hoping that these descriptors, as an ensemble, will have sufficient
generalisation power to classify various network structures. The analysis of the
networks, i.e., investigation of their similarities and dissimilarities can be made
then by using pattern recognition tools, such as classifiers, clustering and feature
extraction techniques.

In this paper we present extended version of our previous Cellular Automata
model [8]. First, we shortly introduce its foundation and our recent extensions.
Then we discuss exemplary results. We propose also the method of quantitative
analysis of vascular networks, which employs the statistical graph descriptors
[11]. Finally, we discuss the conclusions.

2 Tumour-Induced Angiogenesis Model with Vascular
Network Reorganisation

The formal definition of the model and the outline of the essential algorithms
were presented in [8]. Shortly, the model works as follows:
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1. The cells, which form the graph (“vessel” cells) are the sources of nutrients
(e.g. O2). Nutrients are distributed to surrounding cells producing a certain
gradient of concentration.

2. Tumour cells with nutrients concentration below a certain threshold change
their states into ”hungry” and start producing TAFs. TAFs are distributed
over the mesh of CA with certain gradient of concentration.

3. The growth of a single vessel is governed by the move of its tip. The consec-
utive tip cell positions follow local TAFs gradient.

4. Initially, a newly formed vessel is not mature enough to be able to supply
nutrients. The maturation level of each cell in the graph is incremented at
every step of simulation until it reaches the ”mature” state.

5. When TAFs concentration in “vessel” cell exceeds a certain threshold and
the cell is “mature” enough, a new sprout is generated. The vessels, which
glue together produce anastomoses.

Fig. 1. A: The outline of the model of tumour-induced angiogenesis [8]. B: Initial geom-
etry for model of tumour induced angiogenesis enforces the direction of blood flow.

In Fig. 2 we present an outline of the model. At each step of simulation, pro-
cedures, which implement the defined CA rules are applied both to the Cellular
Automata and the Graph of Cellular Automata. The model is very flexible and
new modules can be easily included.

In this paper we investigate the influence pf Dll4/Notch ligand on sprouting
and maturation processes. The process of removing of unused and dysfunctional
vessels (the vessels without circulating blood) is also taken into account. The
new rules are as follows:

1. The “mature“ vessels supply oxygen only if they create the closed circuit
with blood flowing due to pressure gradient.

2. Dysfunctional vessels, i.e., the vessels which do not transport blood are re-
moved gradually.

3. The ”vessel“ cells have additional parameters corresponding to Dll4/Notch
signalling. It describes sensitivity of the cells to the TAFs and the rate of
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maturation. The value of Dll4/Notch, which exceeds a given threshold stim-
ulates sprouting but delays the process of maturation. Conversely, low value
of this parameter keeps low level of sprouting but speeds up maturation.

We define the following set of the control parameters:

1. tg — TAFs(VEGF) gradient coefficient.
2. og — Oxygen gradient coefficient.
3. dll4 — Dll4/Notch signalling level in ”vessel“ cells.
4. tt — TAFs threshold that activates ”vessel“ cells.

We assume also that some previously defined parameters [8] are functions of
TAFs and Dll4/Notch concentration, i.e., the probability of branching is directly
proportional, while maturation speed is inversely proportional to this value.

Calculating blood flow in such a complex, chaotic and dynamically changing
network structure is extremely difficult. We assume, that blood flows only in
the vessels that create closed circuits. We detect such the circuits, calculating
”pressure“ at each node of the network and ”blood flow” in every edge. The
edges with nonzero pressure gradient between corresponding nodes are treated
as “efficient” ones.

To simplify the model, we construct initial conditions of simulations with two
vessels: artery and vein (see Fig. 2B). We assume that only the artery has the
ability of sprouting. The sprouts attracted by TAF gradient grow towards the vein.
This way the blood flow direction from artery to vein is biased (see Fig. 2B). Closed
circuits and blood flow in the edges are updated at each step of simulation.

At each step of simulation the cells in vessels network, which do not transport
blood, are marked as inactive. After a certain amount of time-steps, these cells
are removed from the vascular network.

3 Results

The simulations were performed on the mesh of 100× 100 cells. Figure 2A displays
vascular network generated without removal of unused vessels while in Fig. 2B
we present the results of simulation with this option turned on. As shown in Fig.
2C the “brush border effect” (sudden increase of density of sprouts) appears as a
result of existence of TAF threshold, which activates endothelial cells.

The networks displayed in Fig.2A and Fig.2B were generated with lower value
of dll4 parameter (Dll4/Notch signalling) than those shown in Fig.2C. As a result
we obtain considerably sparser vascular network with a better organised structure.

3.1 Quantitative Verification

To verify the model, the networks obtained from simulations have to be compared
to the networks extracted from images of real vascular systems. We require a
parameter space (feature space) that will be able to differentiate their structural
properties. To make such the structural analysis possible we use the feature
vectors composed of statistical descriptors of complex networks [11]. This method
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Fig. 2. Sample simulation results (see comments in the text). The vessels with blood
flowing are depicted in black while those without blood circulation are marked in grey.

Fig. 3. Three sets of simulated network topologies (0, 1, 2) representing 3 different
values of parameters. The result of visualisation of descriptor feature space with MDS
method is displayed. Two different views of reduced 3-D feature space are shown.

will allow for investigating model parameters, which influence topology of the
simulated vascular networks. These parameters can be tuned reflecting various
types of drug treatment (e.g. inhibiting of VEGF). Thus our model can serve as
a kind of virtual laboratory for testing of various therapy strategies.

We applied a selected set of graph descriptors [11] to calculate feature vectors
and compare them using pattern recognition tools such as the multidimensional
scaling [10]. Each network is described by 11 component feature vector. MDS
method translates 11-D feature space into its 3-D representations. In Fig.3 we
show the sample results of simulation generated for three different combinations
of parameters (sets marked as (0, 1, 2)). The feature vectors have been calculated
for each set. We visualise the results using multidimensional scaling procedure.
We can see clusters in the feature space corresponding to each class of generated
networks (0, 1 and 2). This way we can estimate the influence of various biological
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factors on the network topology. There are only preliminary tests but we show
that the method can effectively separates network samples generated for various
model parameters.

4 Conclusions

We show that the general framework of the Graph of Cellular Automata used for
modelling tumour-induced angiogenesis [8] can be easily extended by new factors
and processes. We have defined additional parameter that reflects influence of
Dll4/Notch signalling on sprouting and maturation processes. It controls both
the reaction of endothelial cells in the vessels, VEGF concentration and the rate
of vessels maturation. We show that by changing the parameter correspond-
ing to the Dll4/Notch activity we can obtain instead of rich but chaotic and
dysfunctional vascular network more sparse structure but potentially efficient.

The model has been extended with algorithms that detect vessels with blood
flowing. The process of remodelling of vascular network in case of tumour induced
angiogenesis is very important. Treatments targeted against tumour induced an-
giogenesis aim at vessels regression. Also therapies that support vessels network
normalisation require rules for removal of unused and defective sprouts. In this
way the network system tries to build up more and more efficient structure.

The application of graph descriptors for comparison of the vessel networks,
their classification and model validation is a very promising method. In the future
we plan to select from tens of known descriptors [11], those which are the most
relevant in the detection and generalisation of dominant networks topologies.
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Abstract. In this paper we describe a Multi-Agent framework to model
the dynamics of self-renewing and differentiating stem cells. Our model is
extended to an effective stochastic simulator of 5-bromo-2-deoxyuridine
(BrdU) uptake and loss on different detection thresholds. Matching the
results of an existing BrdU model validates our effort. Additionally our
Multi-Agent approach enables much more statistically rich analysis and
provides a modelling platform stem cell scientists can easily understand
and relate to.

1 Introduction

There is a great need for quantitative modelling and simulation of stem cell
dynamics to elucidate the intra-cellular and inter-cellular components and in-
teraction networks present in a stem cell system. A Multi-Agent model, where
each agent represents a cell, can serve as a very natural conceptualisation of
inter-cellular stem cell interactions, and hence be easily grasped by stem cell
biologists.

In this paper we present such a multi-agent model to simulate the dynamics
of self-renewing and differentiating stem cells based on Hierarchical Stem cell
Proliferation (HSP). The hierarchical structure of our model is motivated in
Section 2 and in Section 3 we derive the agent-based algorithmic version of
the universal stem cell dynamics introduced in the previous section. Finally,
in Section 4 we present a case study where our base model is implemented as
a stochastic simulator of 5-bromo-2-deoxyuridine (BrdU) uptake and loss on
different detection thresholds. The results of our approach matches that of a
previous Ordinary Differential Equation (ODE) based model, but since it is
stochastic it has the ability to produce much more statistically rich results.

2 Hierarchical Stem Cell Proliferation

Stem cells have the unique ability to produce copies of themselves (self-renewal)
as well as other types of cells (differentiation) when they divide [2]. Hierarchical
Stem Cell Proliferation (HSP) is a conceptualisation that views stem cells as
losing their self-renewal potential as they progress down the hierarchy by be-
coming more and more specialised. The resulting tree-like structure (Figure 1)

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 500–505, 2008.
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Fig. 1. Hematopoietic proliferation hierarchy. Hematopoietic stem cell populations in
the mouse range from 12-200 cells/million of total bone marrow cells [1].

determines the possible properties and developmental stages of daughter cells af-
ter division. The leaves represent terminally differentiated cells which have lost
their ability to self-renew or differentiate.

Advantages of the hierarchical treatment of stem cell proliferation include the
fact that it is easily implemented as a multi-agent model (as we will show in the
next section), and it also closely correspond to the stem cell biologists’ perception
of the reality. By the latter we mean that the most common way for biologists
to identify stem cells (ASC at least) is by their cell surface markers [1]. Each
‘node’ in Figure 1 thus corresponds to a population of cells with a unique set
of surface markers, and the hierarchy shown has in most cases been determined
through a series of transplantation assays (whose description is beyond the scope
of this paper). A further advantage of building a model on HSP is that it does
not require the implementation of the whole hierarchy but allows one to focus
on a small substructure at a time, depending on the objective and the data one
wish to model.

3 A Multi-agent Model Based on HSP

Since stem cells are rare entities with relatively low numbers compared to other
cells, it is quite feasible to simulate large stem cell systems with single cell (agent)
based methods in a reasonable amount of time. Each node in the proliferation
tree can be represented by a different type of agent whose differentiated progeny
are determined by the structure of the tree. Agents’ actions would be influenced
by their interaction with each other and with their local environment, returning
to steady state after stress and injury events.

We have implemented our model as an Object Oriented application in Java
using the Repast Agent Simulation Toolkit [3] and an informal specification is
given below. In the following section we present a case study where we show how
this base model can be extended to test the validity of two opposing hypothesis
about chromosome segregation in HSCs.
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Each agent is defined by:

– A unique identification number so that individual agents’ fate can be
traced.

– A type which will define the type of stem cell this agent represents.
– Some form of state. The state is a general interface for properties that

change over time.
– A list of possible actions. The default actions are: self-renew, differentiate

and die. Each action has a certain probability per time unit (tick) associated
with it.

– A control structure which assigns probabilities to the agent’s actions.

The standard HSP simulation would proceed as follows:

1. Fix the number of different cell types, their position in the hierarchy and the
structure of the hierarchy.

2. Initialise the initial number of agents of each type, and T , the total number
of ticks the simulation must run.

3. Initialise the state and control of each agent.
4. Run the main loop (Algorithm 1).

Algorithm 1. Main loop of HSP
while tick < T do

for all agent ε agentlist (in random order) do
action ⇐ agent.actionlist (with equal probability)
prob action ⇐ agent.control(action)
execute agent.action with probability prob action

end for
tick ⇐ tick + 1

end while

4 A Case Study

In this section we will demonstrate the powerful versatility of HSP model by
simulating the uptake and loss of BrdU. BrdU is a synthetic nucleotide and an
analogue of thymidine which means it can be incorporated in synthesised DNA
by substituting for thymidine. Fluorescent-marked antibodies that attaches to
BrdU can then be used to detect it, thus providing a mechanism to measure
the proportion of cells in a given population that where actively replicating
their DNA. BrdU data can be misleading however when interpreted directly.
Much more certainty about turnover -and death rates can be gained by using
computational and mathematical models to simulate BrdU dynamics. A trivial
extension of our model through the implementation of chromosomes in the state
of each agent transforms our model into a very useful stochastic simulator of
BrdU dynamics.
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Algorithm 2. Asymmetric segregation
for i = 1 to num chromosomes do

daughter1.chr(i).5prime ⇐ mother.chr(i).5prime
daughter1.chr(i).3prime ⇐ brdu present

end for

Algorithm 3. Random segregation
for i = 1 to num chromosomes do

rnd ⇐ Random.uniform(0, 1.0)
if rnd > 0.5 then

daughter1.chr(i).5prime ⇐ mother.chr(i).5prime
daughter1.chr(i).3prime ⇐ brdu present

else
daughter1.chr(i).5prime ⇐ brdu present
daughter1.chr(i).3prime ⇐ mother.chr(i).3prime

end if
end for

4.1 Extending the Base Model: Agents with Chromosomes

Chromosomes are implemented as collections of boolean pairs in the state vari-
able of each agent. Each unit of the boolean pair represents one of the DNA
strands of a cell’s chromosome (3-prime or 5-prime strand) and is set to true if
the strand has taken up BrdU and false otherwise. A global boolean variable
brdu present indicates whether BrdU is applied or not, so that both BrdU up-
take and loss can be simulated. With our agent-based approach we can count
the explicit number of chromosomes that are BrdU positive at each time point
and this allows us to also model the sensitivity of BrdU detection.

4.2 Simulating BrdU Kinetics in Murine Hematopoietic Stem Cells

A recent study by Kiel et. al. [4] uses BrdU data from murine HSCs to refute
the asymmetrical segregation of chromosomes hypothesis in favour of the ran-
dom segregation hypothesis. The asymmetrical segregation or immortal strand
hypothesis was first proposed in 1975 [5] and suggests that adult stem cells re-
tain older DNA strands. We repeated the study of Kiel et. al. to validate and
evaluate the usefulness of our BrdU model. Model settings and parameter values
used are chosen to match the values reported in Kiel et. al.:

– We used a population of 400 agents, each with 40 chromosomes.
– Turnover rate is 6% per day. We implemented this as 3% self-renew, 3%

differentiate and 0% death rates per day.
– BrdU uptake is simulated for 10 days, followed by a chase period of 130 days.

In addition we implemented two versions of the stem cell agent’s divide func-
tion, one for each hypothesis (Algorithm 2 and 3).
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Fig. 2. Simulation results of 50 runs, showing the average predicted percentage of
400 cells that are BrdU positive after an uptake period of 10 days (shaded in green).
A threshold of 25% means at least a quarter of the chromosomes needs to be BrdU
labelled before the agent is regarded as BrdU positive.

Fig. 3. 50 Stochastic simulations of: A - random segregation (50% detection threshold);
and B - asymmetric segregation. Also showing 95% confidence intervals and observed
experimental data.

4.3 Results and Comparison to Existing BrdU Models

The average simulated BrdU measurement based on different detection thresh-
olds of 50 stochastic runs are shown in Figure 2. Note that the detection thresh-
old has no effect during the first 10 days (the time BrdU was applied) and also
during the chase period for asymmetric segregation.

The plot in Figure 2 compares favourably with Figure 3a of Kiel et. al. also
supporting random segregation above the immortal strand hypothesis. This can
be more clearly seen in Figure 3 which compares the individual 50 runs for the
random segregation and asymmetric segregation models with the observed data
respectively. Note that our model is much more precise in terms of simulating
the detection threshold, since the model of Kiel et. al. simulates the number of
divisions N before BrdU becomes undetectable rather than the labelled chro-
mosomes itself. But N depends on whether one or both chromosome strands
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are labelled, causing the ‘overlap’ effect between different detection thresholds
as apparent from the legend in Figure 3a of Kiel et. al.

The model of Kiel et. al. and that of other well known BrdU models in liter-
ature [6] are all ODE-based and thus deterministic in nature. There are several
disadvantages in modelling biological systems as deterministic processes, the
most obvious being the fact that a deterministic model needs to assume com-
plete knowledge of the biological system under consideration. This is not possible
for most biological systems that researchers are interested in (due to the mere
complexity of the spatial position, size, velocity, etc. of billions of molecules, not
to speak of the atoms that constitute these molecules). Hence deterministic mod-
els invariably have to adopt a higher level view, representing actual biomolecular
reactions as some form of aggregate. On this higher level the system dynamics
behaves in a stochastic manner and needs to be modelled as such.

4.4 Conclusion

Stochastic results from our model confirms the conclusion of Kiel et. al. that
HSCs do not asymmetrically segregate chromosomes upon division, but further
analysis showing the late stage observed values falling outside 95% confidence
bounds (Figure 3 A) and a difference in statistical locality (not shown) suggests
there might be a more complex process involved than that assumed by Kiel et.
al. For example it is quite likely that the HSC population as identified by the
CD150+CD48−CD41−lineage−Sca-1+c-kit+ markers are not in fact a homoge-
neous population with a homogeneous turnover rate.
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Abstract. In this paper, a cellular automata based Built-in self-test
(BIST) core design for a self testing System-on-Chip (SoC) is proposed.
The objective of the core is to generate pseudo-random test patterns that
are injected into the various IP cores within an SoC. The corresponding
output patterns are compacted and analyzed for correctness, during the
test mode of the SoC. The BIST core was tested on some synthetic
SoCs built by integrating ISCAS 85 benchmark circuits. Considerable
reduction in the total test time and area is noticed, compared to the
corresponding non-BISTEDed SoCs.

Keywords: Cellular Automata, Built-in self-test, System-on-Chip, Test-
Pattern-Generator, Response-Analyzer.

1 Introduction

Recent advancement in the IC technology has made it possible to incorporate
the various components of a traditional printed-circuit-board on a single silicon
substrate. Such systems are called system-on-chips (SoCs) [1]. Each individual
circuit component of a SoC is commonly called core. After a chip is manufac-
tured, testing the cores deeply embedded into the SoC is a challenge. One of
the factors is that there is limited access into the core directly from the pri-
mary i/o pins of the SoC. The application of test vectors into the SoC from
an external automatic test equipment (ATE) is a slow and expensive process,
adding to the test complexity. Built-in self-test (BIST) methodology of testing
individual IP cores is a widely accepted strategy [2]. Linear feedback shift reg-
ister (LFSR) and cellular automata (CA) are primarily used as the hardware
generating pseudo-random test patterns in BIST applications. LFSR based test
compression techniques in SoCs have been proposed in [3], [4].

In this paper, we propose a design where all the components required for
testing a SoC is integrated into a single core. We call this coreBIST. The core
contains a linear hybrid cellular automata based test generator and a signature
analyzer. In a SoC design, a system is built by integrating reusable cores from
various core vendors. In many cases the cores themselves may be BISTed. In the
method we propose, we are going to show that there is a considerable reduction
in the total hardware overhead of the SoC with coreBIST compared to the SoC
where each core has a dedicated BIST.
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The rest of the paper is organized as follows. Section 2 explains the vari-
ous techniques of generating pseudo-random test patterns and the CA imple-
mentation. Section 3 explains the proposed method of test pattern generation,
signature analysis, and the BIST hardware. Section 4 illustrates our approach
with experimental results on synthetic SoCs built using ISCAS 85 combinational
benchmark circuits . Section 5 concludes the paper.

2 State-of-the-Art of Pseudo-random BIST

Two main pseudo-random test pattern generators that are mostly used are
linear-feedback-shift-register (LFSR) and cellular automata (CA). Among these
LFSR is the most frequently used test pattern generator (TPG). One of the rea-
sons is that LFSR is more area efficient since it needs lesser combinational logic
per flip-flop than a CA based implementation. CA based test TPG has the ad-
vantage over LFSR in that it has a structure where the feedback interconnection
between any two cells are physically closer making it easily extendible. Another
advantage is that the test patterns produced by a CA are more random than
those produced by a LFSR.

A CA is constructed based on some rules. Rules provide the logical relationship
of how flip-flops are to be connected to its two nearest neighbors. In a particular
CA implementation, there may be a combination of several rules. A popular
combination of rules is Rule 90 and Rule 150 since this combination, in a certain
order, gives the exhaustive set of test patterns, i.e., for an n-bit CA it gives all
the 2n−1 combination of patterns. All zero pattern is not considered. Such a CA
is often called linear hybrid cellular automata (LHCA). The order in which the
rules are to be applied in order to generate exhaustive patterns using CA can be
found in [5]. In rule 90, the value of a particular cell, at time t, is obtained by
XORing the values of its previous and next cells at time t-1, see equation 1. In
rule 150, this value is obtained by XORing the values of previous, next as well
as the value of the cell itself, at time t-1, see equation 2.

Rule 90 : xt
i = xt−1

i−1 ⊕ xt−1
i+1 . (1)

Rule 150 : xt
i = xt−1

i−1 ⊕ xt−1
i ⊕ xt−1

i+1 . (2)

A generic cell for a CA using combination of rule 90/rule150 is shown in
Figure 1 [2]. When the enable line is high, the structure acts according to rule
150 else it acts according to rule 90.

3 coreBIST - Concept and Design

The general structure of coreBIST is shown in Figure 2. This core has two
main blocks - test pattern generator and test response analyzer. coreBIST has
a single input pin which is also a primary input of the SoC. This pin is the test
enable line. When the signal to this pin is high, implying that the SoC is in the
test mode, then the BIST within the core is activated. When the SoC is in the



508 R. Chakraborty and D.R. Chowdhury

D    Q   

    xi - 1 

D    Q   

     xi

D    Q   

   xi+1

Rul e 150 enable   

Fig. 1. A generic CA cell for rule 90 and rule 150 combination

functional mode, then this line is kept low. The core has a single output pin
which is a primary output of the SoC. This pin is high when the test is going
on and there is no error, this pin is set low when a fault is identified in the
circuit. The concept of the integration of the coreBIST into a SoC is illustrated

   CA test generator   

  Response Analyzer   

from PI   

to PO   

to cores   

from cores  

Pass/Fail   

Test enable   
Test vectors   

Fig. 2. General structure of coreBIST

in Figure 3. Among all the cores the one with the largest input pin counts is
identified. Let it be n. The length of the register of the CA test generator in
coreBIST is of size n. The cores with smaller pin counts can be tested with the
same CA. Each line of the n-bit output of coreBIST is driving the test input
lines of one or more cores. Preprocessing of the test-set of each core is needed to
understand which core a coreBIST output line should be connected to. There is
an advantage of hardware and area reduction, over the traditional BISTed core
SoC testing, in the proposed method where in a single core the whole testing
hardware for the SoC is implemented. In the traditional method of testing each
core has a dedicated BIST, as shown in Figure 4. The improvement can be
observed in Table 1.

3.1 Pseudo-random Test Pattern Generation

CA implementation of TPG is popular since CA produces patterns that have
good randomness properties. Rules 90 and 150 have been combined to produce
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exhaustive pseudo-random patterns in this work. In order to determine the CA
register size and seed selection, a preprocessing step is required before the CA
is built.

Preprocessing:

STEP 1: Selecting CA register size. The size of the CA register assigned the size
of the largest input pin count among all the cores in the SoC.
STEP 2: Distributing TPG output lines. Amongst the test set for each core, the
cores that can be tested concurrently by sharing test generator output lines of
coreBIST are identified.
STEP 3: Test pattern compaction. Set a signature for testing the response.

3.2 Output Response Analyzer

To verify the output response, the technique of data compaction has been used.
The expected responses to the test patterns are compacted into a representative
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pattern (repPattern). During testing the test responses are compacted in the
similar manner and finally compared to the repPattern. In case of a match, the
circuit passes test and when there is is a mismatch the circuit fails test. Pass/Fail
is indicated by the output line of the response analyzer which is also a primary
output. Here the output pattern for a particular input test data is stored in a
register. The input to each element of the register is XORed with the previous
value stored. At the end of testing, the value stored will be the final pattern to
be compared with the repPattern.

4 Experimental Results

For the purpose of testing our method, we have built some synthetic SoCs using
the ISCAS 85 combinational benchmark circuits, as cores.

Working flow for timing verification

STEP 1. For each core, the test set for stuck at faults were generated using a
commercial automatic test pattern generating tool, Tetramax.
STEP 2. An n-bit linear hybrid cellular automata was used, where n is the
maximum number of primary input lines among all the cores in the SoC.
STEP 3. The initial value to which the registers of the CA needs to be set to,
called seed, is then found out, using algorithm setSeed(), to get a good test
coverage.
STEP 4. Next, the hardware to implement the CA based test pattern generator
is designed.
STEP 5. After that, the hardware to implement the response analyzer is designed.
Both the test generator and the response analyzer is incorporated into a single
core. There is only one input line to the core, the BIST enable line, and only
one output line which says if the testing has been successful or not.

Table 1. Synthetic SoC Details

Name ISCAS Cores CA reg. length Compactor reg. length % area improvement

SoC1 c17,c1908,c880,c335 60 136 9.4

SoC2 c432,c449,c17 41 41 2.7

SoC3 c335,c17,c6288,c449 41 98 6.0

SoC4 c17,c1908,c6288 33 59 4.3

SoC5 c17,c432,c1908 36 34 4.2

Experiments were done on synthetic SoCs built by using ISCAS 85 benchmark
circuits. Table 1 shows the details of the SoCs. Column 1 provides the names of
the synthetic SoCs. Column 2 shows the ISCAS combinational circuits that were
used as cores. Column 3 gives the length of the CA register. This corresponds to
the input pin count of the core with maximum input count. Column 4 gives the
length of the output register where the compacted output is stored. The length
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of this register is the total output pin count of the maximum number of cores
that can be tested in parallel. A comparison of the SoC having coreBIST with
a SOC built with the same cores but having a CA based BIST implementation
inside each core, with respect to area, was made, and the result is shown in
column 5. In each case some improvement was observed.

5 Conclusion

This paper proposes the design and analysis of a new core called coreBIST.
This core represents the BIST for an entire SoC. The CA based BIST inside
the core provides a considerable improvement of test coverage and hardware
overhead over the conventional test access methodology. Experimental results
on synthetic SoCs built using ISCAS 85 benchmark circuits show the elegance
of the core design.
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Abstract. We propose a graphics processor unit (GPU)-accelerated method for
real-time computing and rendering cellular automata (CA) that is applied to hexag-
onal grids. Based on our previous work [9] –which introduced first and second
dimensional cases– this paper presents a model for hexagonal grid algorithms.
Proposed method is novel and it encodes and transmits large CA key-codes to the
graphics card and consequently, this technique allows to visualize the CA infor-
mation flow in real-time to easily identify emerging behaviors even for large data
sets. To show the efficiency of our model we first present a set of characteristic
hexagonal behaviors, and then describe computational statistics for central pro-
cessing unit (CPU) and GPU on a set of different hardware and operating system
(OS) configurations. We show that our model is flexible and very efficient as it per-
mits to compute CA close to a thousand times faster than classical CPU methods.
Additionally, free access is provided to our downloadable software for hexagonal
grid CA simulations.

Keywords: Hexagonal cellular automaton, GPU-accelerated computation, Digi-
tal imaging, Real-time rendering, Emerging behavior.

1 Introduction

This paper belongs to a series of papers concerning the computation and rendering
real-time boolean multi-dimensional cellular automata (CA). Based on our previous

Fig. 1. [Left] Example of hexagonal CA (2Dh
b CA) applied to the conference logo (101 steps);

[right] Example of hexagonal structures found in nature: (a) stones found in the Giant’s Cause-
way, Ireland; (b) honeycomb; (c) eye of a fly; (d) hexagon spotted over Saturns surface; (e)
snowflakes

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 512–521, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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approach proposing first dimension and second von Neumann dimension CA [9], the
current work focuses on 2D hexagonal structures (2Dh

bCA).
As shown by the literature described in next Subsection 1, CA is a powerful tool

that can be used in a wide variety of domains. Unfortunately, in CA, emerging phenom-
ena are often impossible to predict by theoretical approaches [20]. To help researchers
compute complex phenomena –such as species competition and evolution [3]– faster, or
identifying emerging behaviors almost instantaneously, we propose real-time graphical
visualization models. A demonstration of the capabilities of our approach is available as
a freeware provided on first author web site. In the following subsections we first present
the literature focusing on hexagonal CA and then describe the structure of the paper.

Background. This study belongs to the research fields of CA and computer science
(CS) specialized in real-time digital imaging applied to visualization of multidimen-
sional massive set of cells. Computer graphics literature dealing directly with CA has
become more and more prevalent, especially since GPU programming became popular.
There has been a growing interest in the field following the publishing of a fundamental
textbook by Stephen Wolfram [20] in 2002, covering all practical aspects of CA. As-
suming that every structure with interacting elements is a type of CA, references will
actually be too numerous to mention. Moreover this paper is a direct extension of our
introduction to multi-dimensional model [7] where the reader can find a non exhaustive
list of references in fields relative to formal, classical, and applied CA is provided, as
well as CG and GPU programming ([10]). Within the scope of this paper, we will focus
on hexagonal CA (hCA) references.

As shown in Figure 1[right], the hexagonal structure is very common in nature. In-
deed, due to one of its properties regarding neighborhood cells (central symmetry), it
offers a natural structure for simulation. This has inspired researchers to utilize hexag-
onal CA in a wide range of applications (hCA): reaction-diffusion system [1]; mod-
eling forest fire [22,4]; simulation of debris flows [11]; physics-based simulation of
material decomposition [12]; biology and repartition of forest studies [14]; gas basic
flow simulation [18]; biological model of tuna school formation [17]. A number of
research papers involving hCA were presented also in a previous Conference on Cel-
lular Automata for Research and Industry (ACRI2006) such as: the study of CA in-
alterability of topology without memory in [2]; bacteria modeling [21]; fluid (greases)
simulation [13]; robot path planning [19]. While there is a wide range of literature on
applications of hexagonal CA, we did not find any references to general algorithms
for GPU-based 2D hexagonal CA, which indicates that our approach is novel and
original.

2 Previous Work

In order to increase the performance of CA computations we use a GPU programming
based approach. The following section summarizes concepts relative to graphics proces-
sor units (GPU) and cellular automaton (CA) which are detailed in our previous work
[9] where we proposed a GPU solution for first and second direct neighbors Boolean
CA respectively called 1DbCA and 2DvN

b CA.
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Fig. 2. Multidimensional CA geometric representations: (a) 1DCA; (b) 2DtCA; (c) 2DvNCA;
(d) 2DhCA; (e) 2DMCA; (f) 3DtCA; (g) 3DvN CA; (h) 3DM1CA; (i) 3DM2CA; (j)
3Dh1CA

Fig. 3. All symmetrical configurations for Boolean 2Dh
b CA

Graphical Processor Unit (GPU). Over the last few years, GPU cluster program-
ming ([5]) has increased CPU computational capacity by a factor of 10 to 30 depend-
ing mainly on the graphics card series and the operating system. Our current approach
uses a C++ code on CPU to communicate with OpenGL Shading Language (GLSL)
programs on GPU. The graphics card uses three algorithms in its pipeline: the ver-
tex Shaders, the Geometric Shaders, and the Fragment or ”Pixel” Shaders. To use the
graphics card as a computational device only the pixel Shaders is useful, however, we
must compile and call the vertex Shaders. The main loop which allows cellular buffers
to be considered as textures and copied back to matrices, is detailed in [9]. To include
a summary here, the following main steps illustrate the aforementioned relationship
between CPU and GPU:

1. associate a Vertex and Pixel Shaders pointers to source files;
2. compile Vertex and Pixel Shaders programs => return 2 pointers;
3. if compilation is fine...
4. ...get the Shaders-program pointer...
5. ...attach Vertex and Pixel pointers to the Shaders program;
6. ...link them all together.

Terminology, Concept and Definitions. The terminology used in this paper, as in pre-
vious papers ([9]), include various notions of CA types, neighborhoods, rules, changes
of state, and CA-key codes. Some cellular automata structures are presented in Figure 2
which illustrates most 1st, 2nd, and 3rd dimensional CA. Considering the multitude of
possible CA structure and types, we use the following rule to symbolize them all:
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[dimension]D[structure]
[state nb] CA ≡ dDN

n CA with: (1)

– d as dimension, e.g. d=3 for space;
– n the number of states that a cell C can have, e.g. for Boolean n ≡ ’b’ = 2;
– N the structure, i.e.

• for the square/cube structure with direct neighbors N ≡ ’vN’ = 4 in 2D, vN
stands for von Neumann;

• for the square/cube structure with indirect neighborsN ≡ ’Mi’ = 8 in 2D, Mi

stands for Moore with i being the growing number of possible indirect cases;
• for the hexagonal grid N ≡ ’h’ = 6 in 2D;
• for the triangle or tetragonal structure N ≡ ’t’ = 3 in 2D and = 4 in 3D;

Therefore, in the dDN
n CA domain, for each cell C with N number of neighbors,

let’s define c and ρ respectively for the number of configuration structure –see Figure 3
including all possible rotations i.e. the CA key-codeϕ1, ϕ2,... , ϕc)– and the number of
possible CA, then:

with c = n(N+1) and ρ = nc then ρ = nn(N+1)
(2)

Let τ be the truth table made with the neighbor of C: A,B,C...X . Notice that the
“pivot” cell is call ”P” in Figure 2.

Now that basic concepts relative to Shaders and multidimensional CA have been
defined, we move on in the following section to propose a model for computing any
rule of 2Dh

bCA enabling the visualization of the corresponding data flow in real-time.

3 Current Model: GPU-Accelerated 2Dh
b CA

Using equation 2 we can determine that ρ(2Dh
b CA) is equal to 2128 which is a large

number of possible Boolean CA. A huge majority of these CA seem to behave in a very
chaotic way such that it is not possible to identify geometrical characteristics of their
respective behavior. That is why in this study we concentrate on symmetrical CA. We
will see in the next section that the number of symmetrical CA is much smaller (228)
than all possible Boolean CA, which narrows the search space. Nevertheless, trying to
identify one by one the corresponding 268.435.456 behaviors is not the best approach.

Fragment Shaders Model. As previously stated the algorithm of the hexagonal CA is
based on the relationship between a CPU program (using MSVC++) and Shaders codes.
To make such a software, three main functions are required: CA computations, the
hexagonal rendering, and the human machine interface (HMI, also called user interface)
for the interactive choice of CA. As the first two functions are highly computationally
expensive, both are implemented using Shaders. Furthermore, when CA’s number of
neighbors is superior to 6 key-code, it becomes too large to be transmitted. To solve
this issue we encode the key-code as a 1D-texture that can be easily transmitted to the
Shader program. Here is the pseudo-code of the fragment Shaders for the computation
of the CA:
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Based on the coordinates shown in Figure 2(d), we use the symbol “ � ” for the texel
(texture pixel), Γ for the key-code texture, l the parity of the matrix line, and i for the
intensity threshold to assume input images as Boolean matrices:

– Fxy ← Cxy ← Pxy ← �xy

– (C,F )x ← (C,F )x ± δ�
– if (l): Axy ← Exy ← Fxy and (A,E)y ± δ� and Bxy ← Dxy ← Pxy and

(B,D)y ± δ�
– else:Axy ← Exy ← Pxy and (A,E)y±δ� andBxy ← Dxy ← Cxy and (B,D)y±
δ�

– ∀ cells X : set its state Xs to true if intensity of �X > i
– define state code γ = Ps + 2As + 4Bs + 8Cs + 16Ds + 32Es + 64Fs

– P t+1
s ← Γ (γ)

Table 1. Corresponding symmetrical shape for the 128 bits 2Dh
b CA key-code

(F EDCBAP )d Corresponding 2Dh
b CA symmetrical shape –see Figure 3

0..31 1 2 3 4 3 4 5 8 3 4 6 9 5 8 11 15 3 4 7 10 6 9 12 16 5 8 13 17 11 15 19 22

32..63 3 4 6 9 7 10 13 17 6 9 14 18 12 16 20 23 5 8 12 16 13 17 21 24 11 15 20 23 19 22 25 26

64..95 3 4 5 8 6 9 11 15 7 10 12 16 13 17 19 22 6 9 13 17 14 18 20 23 12 16 21 24 20 23 25 26

96..127 5 8 11 15 12 16 19 22 13 17 20 23 21 24 25 26 11 15 19 22 20 23 25 26 19 22 25 26 25 26 27 28

Symmetrical Rules. As illustrated in [9], symmetrical CA can be very useful in the
domain of real-time imaging, especially in computer graphics (CG) for automatic sur-
face texturing or analysis of image flow. To understand the relationship between the
key-code (rule) of a CA and its equivalent symmetrical code (if any), here is a practical
example based on the emerging behavior in Figure 1[left]. This CA shows a growing of
ramification spreading regularly but not symmetrically all over the surface. To do so we
applied a specific, selected symmetrical key-code (i.e. 1 to 28 possible φ′ set to true)
equivalent to a CA-rule with a key-code of 32φ. In this particular case the relationship
is described by equation 3.

ϕ′
true = [2.4.6.7.9.10.12.13.15.16.17.18.20.23.24.26.28]≡

τ(ϕ(1..32) = [A2E8EFC2EFBFCBE82BF3FEBB83FA2B8A])
(3)

This global behavior generating root-like patterns can be associated to non-photorealistic
renderings (NPR). Notice that only cells that have changed state are shown, furthermore
to improve printing effects surrounding cells are blurred.

Fig. 4. Hexagonal rendering pipeline
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Hexagonal Grid Rendering

w(x) =
n∑

i=1

(cos(
k.x

k2
)) with k = 2i− 1 (4)

Figure 4 presents the pipeline for the rendering Shaders enabling real-time and very
accurate visualisation of the hexagonal grid. The four functions are t(x) for translation,
c(x) for clipping, w(x) for triangle-wave, and s(x) for scaling. The first two allow the
center of the cells to be consistent relative to the hexagonal grid. We used the triangle
wave (i.e. Fourier series) shown in equation 4 enabling to simulate hexagons for w(x)
and the last function scales the (y)-axe by

√
3

2 so that hexagons are regular in all direc-
tions. An example of hexagonal grid rendering is illustrated in the pictures (e) and (f)
of Figure 5.

Fig. 5. From (a) to (d) a comparative test of five 2Dh
b CAs on two input images with different

levels of complexity (the right one being Da Vinci’s “La Joconde”); from (e) to (j) Mona Lisa’s
left eye where triple CA (R,G,B) were applied, from left to right, a hexagonal discretization of
the eye, the RGB Boolean equivalent, and four examples of hCA

Fig. 6. Results of a 2Dh
b CA after 25 steps using 10 basic roots shows row (a)
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Graphical Results and Observations. The last four pictures in Figure 5 (g) to (j)
propose interesting hCA emerging behaviors respectively contour detection, artistic
vectorization, fragment-Voronoi patterns, and –similarly to Figure 1– another CA of
root-like pattern. Another example of hCA set is presented Figure 5 where three dif-
ferent hCA are simultaneously tested on two type of faces (with 25 steps): picture
(b) representing a converging edge detection CA; picture (c) with symmetrical rule
[5.6..18.19.23.27] gives an excellent representation of the famous game of life CA –
converging after 2324 steps. To study hCA behaviors more systematically, we focus on
CA that grows from simple to complex seeds. Figure 6 presents a set of eight of such
CA with ten different seeds –row (a)– from simple dot (left) to a very small hexagon
(right). In this palette of patterns, we can observe these non exhaustive list of properties:
silhouette and texture symmetries, chaos, fractal, spiral formation, crystal-like patterns
(e.g. snowflakes see also Figure 1 (e) for comparison).

4 Performance

In this section, we present our contribution in acceleration of CA computations by com-
paring different types of algorithms (CPU or GPU based), machine configurations (with
a number of different graphical cards), and texture sizes.

Six Configurations. All algorithms presented in this paper were developed in C++
on Microsoft Windows XP-pro using MSV C++, the graphics library OpenGL [16],
and the OpenGL Shading Language (GLSL) [15]. To highlight the efficiency of the
method presented in this paper, we demonstrate that our technique offers high real-time
performance on common everyday computers which are available in reasonable prices
(within the price range of regular home and office computers). Table 2 presents the six
hardware configurations used to test our model.

Table 2. General specifications of six configurations with their respective graphical test points
based on 3DMark06 ranking system –(*): overclocked processor

Config Comp.type OS Graphical Card Memory Processor 3DMark06 pts

1 PC (HP) Vista GeForce 8600 GS, 512MB 3072MB 2 proc. Q6600, 2.39 GHz 2650

2 PC WinXP GeForce 7600 GT, 256MB 1024MB 2 proc. Q6300, 1.86 GHz 3432

3 PC (Dell) WinXP Quadro FX 3500, 256MB 2048MB 2 proc. 6700, 2.66 GHz 4326

4 PC (Dell) WinXP Quadro FX 3500, 256MB 3072MB 4 proc. Xeon, 3.20 GHz 5198

5 NB () WinXP GeForce 7900M GTX, 512MB 2048MB 2 proc. T7200, 2.00 GHz 4700

6 PC () WinXP GeForce 8800 GTX, 768 MB 2048MB 2 proc. E6750, 2.90* GHz 12500

Texture Limitations and Influence. As explained in previous sections, graphical tex-
tures are used as a computational buffer for the CA matrices as well as the CA key-
codes. The size of these textures depend on the graphics card and pixel Shaders drivers.
For GeForce 7000s and Quadro 3000s, buffer sizes are limited –for any dimension–to
4096 pixels, and can reach 8192 for high-end graphical cards (GC) such as the NVidia
GeForce 8800 GTX. Therefore, when using GPU for fast buffer computation, one buffer
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Fig. 7. Comparing performance between six different configurations: (a) and (b) time to com-
pute ten thousand iterations on different buffer sizes, respectively for the GPU and the CPU; (c)
comparison of the speed of GPU and CPU –using a logarithmic scaling.

cannot exceed a matrix bigger than 81922 –only available for high-end GC in 2D. In
practice, the matrix cannot exceed the GC memory, i.e. in the best case 768Mb. Never-
theless there are ways to work this around to enable access to even large 3D matrices,
some of these will be presented in our next publication on 3DvN

b CA.

GPU and CPU Results. The left graph of Figure 7 presents the time (in seconds) that
the six configurations spent for computing (using the GPU method) CA over different
matrix sizes (from 5002 to 20002) for ten thousand iterations. For the largest matrix,
the slowest was configuration 1 with 869.2s and the fastest configuration 6 with 3.1s.
Notice that first results are linear and that the four intermediate machines are regrouped
very close to each other at values from 152.3 to 204.2 seconds. The middle graph of
Figure 7 proposes also the same task but computed by the CPU. Results are also linear
but this time are ranged closer to each other from 2828s for configuration 6 (again the
fastest) to 4042s the Xeon processor.

Comparison Between GPUs. Three categories of computers is clearly shown by right
graph of Figure 7 representing the ratio between GPU and CPU computational power
for this particular task. In one particular case (PC 1, GeForce 8000 series) , we suspect
the operating system (MS Windows Vista) might be slowing down the graphics card,
but to conclude this for certain, more tests are needed. We were also surprised by the
excellent result of configuration 6, showing a computation ratio 915 faster than its own
CPU which is the fastest of all other PCs. The rest of the configurations c2, c3, c4, c5
provided fairly good results which corresponds to the similar cases in literature, re-
spectively: 24.6, 27.4, 32.7, 35.6 times faster than their CPU. As demonstrated by the
reported results, our proposed algorithm greatly increases the computational perfor-
mance on all platforms.

5 Conclusions and Future Work

Following up on our recent publications [9], in this paper we have presented an ex-
tended method to simulate –i.e. compute and visualize– Boolean CA using a graphics
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card accelerated method for hexagonal grids. After introducing the programming tech-
nique using both CPU and GPU and summarizing concepts used in our previous work,
we proposed a novel method to encode large CA key-codes allowing a generalized
Boolean CA algorithm to be performed on a GPU –restricted to memory size limita-
tions. We then have presented an original method to automatically sort symmetrical
CA for any dimension based on their symmetrical structure. We have detailed how to
encode generalized algorithms for 2DhCA presenting the pseudo-code of the Shaders
algorithms. Finally, to show the capabilities of our model we have presented examples
of characteristic patterns, common global behaviors, and computational statistics done
on six different hardware and software configurations. We demonstrated that our model
allows to compute up to 915 times faster than if CPU alone was utilized. We are con-
vinced that this method can lead to an accelerated and generalized model for 3D-surface
CA [8] which would be a breakthrough for automatic texturing and simulations. The fu-
ture work in our agenda regarding this research is to report the findings on an extended
model for three-dimensional Boolean CA with direct neighbors (3DvNCA). This work
also explores new issues such as memory management and real-time graphical ren-
dering of 3D with GPU. Furthermore, our current research team works on a range of
topics on virtual reality (VR) and we are developing a system to explore CA models
interacting with virtual scenes.

Acknowledgment. We would like to thank Dr. Arzu Coltekin for the proofreading of
the text.
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Abstract. In several cases, the DNA sequences of an organism are available in 
different stages of its evolution and it is desirable to reconstruct the DNA se-
quence in a previous evolution stage for which the exact sequence is not known. 
A CAD tool for backtracking the DNA sequence evolution based on Cellular 
Automata (CA) and Genetic Algorithms (GAs) was developed. Furthermore, 
the proposed system is able of automatic production of synthesizable VHDL 
code corresponding to the CA model. More specifically, DNA is modeled as a 
one-dimensional CA with four states per cell, i.e. the four DNA bases A, C, T 
and G. Linear evolution rules, represented by square matrices, are considered. 
The evolution rule can be determined using the global state of the DNA se-
quence in various evolution steps. This determination is accomplished using 
GAs. Moreover, because of the final produced CA’s binary states and its local 
rule simplicity, the hardware implementation of the proposed model is straight-
forward. Finally, the FPGA processor that executes the CA model was fully de-
signed, placed and routed. 

1   Introduction 

Bioinformatics research has proven to be very successful. Thanks to the development 
of advanced biochemical and biophysical instrumentation methods, we are able to 
collect valuable information about genome and proteome sequences, and structures of 
biological macromolecules [1]. The collected data, however, are often noisy and am-
biguous, and thus the need for better techniques to solve complex problems connected 
with proper interpretation and plausible reconstruction (in terms of models) of the 
obtained biochemical information. It requires more accurate and faster database and 
data processing technologies, and better computational intelligence algorithms. Bio-
chemical and biophysical laboratories collect data only about constituent elements 
that must be combined, analysed, and processed in order to obtain valid bioinformat-
ics models [2]. Fortunately, several of the existing computational intelligence tech-
niques can be adopted for solving bioinformatics problems, and new methods are 
being developed almost daily. In general, we can use computational intelligence 
methods providing that they are wisely combined with bioinformatics, as illustrated 
by the authors in [2]. 
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Following the aforementioned outline, we figured out that DNA can be modelled 
as a one-dimensional Cellular Automaton (CA) [3]. In this model the phosphate chain 
corresponds to the CA lattice and the deoxyribose sugars to the CA cells. At each 
sugar molecule one of the four bases A (Adenine), C (Cytosine), T (Thymine) and G 
(Guanine) may bind. These four bases correspond to the four possible states of the CA 
cell. CAs appeared to be a promising model for DNA [3], because the DNA structure, 
function and evolution can be simulated using several mathematical tools (such as 
linear algebra and operators), introduced through the use of CAs. Following that line 
we developed a simulator, named CAs for DNA, for the study of DNA sequences with 
the help of CAs. CAs for DNA is an interactive simulation tool that includes a Graphi-
cal User Interface [GUI] which has been implemented using Matlab facilities. More-
over, in elementary CAs, the CA evolution rule can be extracted from a given number 
of CA evolution patterns. This method can also be applied to the CAs that model 
DNA. As a result, the developed simulator is able for modelling DNA evolution by 
extracting CA rules using Genetic Algorithms (GAs) [4]. The evolution rule can be 
determined by providing the global state of the DNA sequence in various evolution 
steps. Then, since the rule of evolution and the sequences of DNA are known for 
several evolution steps, it may be possible to determine the DNA sequence in previ-
ous evolution steps. 

Finally, in order to speed up the application of CA to the study of DNA sequences 
the proposed tool is capable of producing Very High Speed Integrated Circuit 
(VHSIC) Hardware Description Language (VHDL) synthesizable code for the hard-
ware implementation of the CA rules that model DNA. More specifically, CAs for 
DNA using a translation algorithm, that checks the CA parameters values previously 
determined by the user with the help of GA, automatically produces the synthesizable 
VHDL code that describes the CA algorithm. It should be mentioned that CAs are one 
of the computational structures best suited for hardware realization. The CA architec-
ture offers a number of advantages and beneficial features such as simplicity, regular-
ity, ease of mask generation, silicon-area utilization, and locality of interconnections. 
As a result, the automatically produced VHDL code can be fed into a commercial 
Field Programmable Gate Arrays (FPGA) CAD system, and the layout of the dedi-
cated hardware that executes the CA algorithm can be designed to any FPGA Pro-
grammer. In this paper, the design processing of the finally produced VHDL code, i.e. 
analysis, elaboration and simulation, has been checked out with the help of the Quar-
tus II, v. 7.2® design software of the ALTERA® Corporation. Test benches were 
automatically constructed by our system, for the simulation needs of the VHDL code, 
and the Simulator of Quartus® was used to simulate the operation of the dedicated 
processor described by the VHDL code obtained. Consequently, the implementation 
of the resulting VHDL code results in a FPGA, which is able to perform some real 
experiments, and to serve as a powerful “virtual lab” dedicated to the modelling of the 
backtracking of DNA sequences evolution. 

2   Modeling DNA in Terms of Cellular Automata 

In this session we suggest strategies for modelling DNA in terms of CAs by including 
a simultaneous translation of DNA properties into CAs. In the presented model the 
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phosphate chain corresponds to the CA lattice and the deoxyribose sugars to the CA 
cells. At each sugar molecule one of the four bases A, C, T and G may bind. These 
four bases correspond to the four possible states of the CA cell. In non-sexual repro-
duction, the DNA molecule is passed from an individual to its offspring, whereas in 
sexual reproduction, the DNA of the offspring consists of parts of the parental DNA. 
We define as an evolution event a change in state, which may occur in one or more 
CA cells. Therefore, mutation is an evolution event and it corresponds to cell state 
changes. The time step in CA evolution is the time interval between two CA cell 
changes and, therefore, the time flow is not uniform. A result of modeling DNA as a 
CA is that the DNA strand and the individuals passing it from one generation to the 
other may exist in different time scales and, therefore, the DNA evolution is time-like 
separated from the life of the individuals that carry it. 

The main question that rises when one tries to model DNA is whether mutations 
are completely random or not. If mutations are completely random, then CAs, which 
are deterministic computational models, can not model DNA evolution. In this case 
probabilistic methods, such as Markov chains may be appropriate. Although the an-
swer to this question is not known, there are some indications that mutations and, 
therefore, DNA evolution may not be completely random [5, 6]. 

We will proceed to the model construction by assuming that mutations, i.e. CA cell 
changes are not completely random, but depend on the states of some of the cells that 
are located near by. Neighbor-dependent mutation has been studied using Markov 
chains and revealed biases in mutation rates that depend on the neighboring bases. 
Suppose that a state change at the ith cell occurs, and a time step is taken. In the 
model presented here it is supposed that the state of this cell has changed as a result of 
the effect of the states of its neighbors. The new state of the ith cell at this time step 
(which is generally the t+1 step) is given by: 
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where operator, 
∧

M , may be a mathematical function, a logic function, a matrix etc. In 

the case of linear evolution rules the operator 
∧

M  of equation (1) is a matrix, M [3]. 
While, a vast number of evolution rules can be applied to the CA that models DNA, 
the study of linear rules reveals the dynamics of the CA evolution and provides a very 
good insight to the structures created by evolution. The use of linear rules is further 
justified by the fact that a linear algebra has already been successfully used to the 
analysis of mutation rates. Most of the studies on mathematical models of DNA are 
limited to nearest neighbor interaction. Because of that, we have chosen to use in our 
simulations an evolution rule that incorporates only nearest neighbor interaction. As a 
result, all the elements in a matrix row of M are zero, except the three neighboring 
elements that are equal to one. In equation (1) cell states are one of the four bases A, 
C, T and G, which are represented by numbers of the quaternary number system, 
which contains only four numbers, i.e. 0, 1, 2 and 3. We represent the bases with 
numbers as follows: A →  0, C →  1, T →  2, and G →  3. In elementary CAs, 
given an evolution pattern the evolution rule that generated it can be determined. It is 
very probable for such a method to exist for CAs that model DNA evolution. In this 
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case if the evolution of the DNA sequence at various time steps is given, it will be 
possible to determine the evolution rule (or rules) that generated this evolution. After 
that, since the evolution rule and the DNA sequence at present time are known, it may 
be possible to predict the next evolution event (or events) and, therefore, the DNA 
sequence at the next time step. 

3   CAs for DNA CAD Tool 

CAs for DNA is an automated simulation and hardware implementation tool for ex-
tracting with high success the CA evolution rule, or rules that model the evolution of 
DNA sequence with the usage of GAs. A vast number of evolution rules can be ap-
plied to the presented CA that models DNA evolution. The CA rule space comprises 
all the possible local rules that may be applied to the CA cells. For CAs with only two 

states per cell, the number of all possible rules is given by 22
n

, where n is the number 
of cells in the neighbourhood. In one-dimensional CAs with only two states per cell, 
the neighbourhood of which comprises the left, the right and the same cell, the num-

ber of all possible rules is 28, while in the four-state CA these rules are extended to 44
3

 
or 464. The whole rule space of such CAs must be searched in order to find the possi-
ble CA evolution rules that model the DNA sequence evolution. In this work GAs are 
used to search the CA rule space. A possible evolution scheme of the proposed CA is 
shown in Fig. 1, where the first row gives all the possible states the cells within the 
neighbourhood could take. The ri’s in the second row are the rule components which 
take values from the discrete set {0, 1, 2, 3}. The last row shows the coefficients as-
sociated with the corresponding components. The rule R can be defined as R=(r0, r1, 

r2, r3, …, r63). The numerical label D assigned to R is given by: ∑ −

=
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which is simply the sum of the coefficients associated with all nonzero components. 
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Coefficients47 46 45 44 43 42 41 40...463

r7 r6 r5 r4 r3 r2 r1 r0
...r63

013 012 011 010 003 002 001 000...333

 

Fig. 1. Evolution rules of the four state classical CA model of DNA evolution 

After the assignment of the origin DNA sequence by the user of the simulation 
tool, an initial population P that contains n possible solutions, meaning n CA evolu-
tion rules is constructed randomly. The value of n is user-defined and should be a 
compromise between accuracy and computer time and memory. For each possible 
solution i of population P with n individuals an error function is given by: 
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where y(i, j) is the measured state at data point j for chromosome i and ),( jiy
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predicted state, in correspondence. Each chromosome in the current population is 
ranked with respect to Mer of equation (2). The chromosome with the least Mer occu-
pies the first position, the chromosome with the second least Mer occupies the second 
position and so on. Chromosomes with the same error share the same rank. After the 
final ranking we calculate the fitness function for each chromosome. The fitness func-
tion of the ith chromosome is defined as: 
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The pseudocode of the GA algorithm for the selection of CA evolution rules can be 
summarized as follows: 

Table 1. Pseudocode of the GA algorithm for the selection of CA evolution rules 

Pseudocode Comments 
1. Start  
2. Set the current generation number i =1. /* Take a time step */ 
3. Set the GA algorithm parameters. /* User defined GA parame-

ters */ 
4. Generate the population set P with n individuals.  
5. Compute Mer (modulus of error function) for each individ-
ual in P. 

/* Use Equation 2 */ 

6. Rank the individual in R.  
7. Calculate the fitness function. /* Use Equation 3 */ 
8. Apply the parent selection technique to P.  
9. Employ crossover and mutation to P to produce the corre-
sponding offspring set P’. 

 

10. Calculate the corresponding fitness function for the chro-
mosomes in the offspring set P’. Select the n fittest individual 
from both the population set P and the corresponding set P’, by 
comparing the fitness value. Reset P using the corresponding 
newly selected n individuals and nullify the offspring set P’. 

 

11. Set the generation number i=i+1.  
12. If generation number less than a prespecified number of 
generations G 
Go to 7 and repeat until has been reached 
Else finish. 

/* G is the user defined 
number of generations */ 
 
/* Final state */ 

13. Stop  

 
A paradigm of the functional operation of CAs for DNA is presented in Fig. 2. 

These simulations show that the evolution data visualization is straightforward, and 
the evolution patterns can be studied and interpreted [7]. 



 Automatic Design of FPGA Processor 527 

4   Automatic FPGA Implementation 

To implement the aforementioned CA model in hardware, synchronous very large 
scale integrated (VLSI) circuits should be used. These implementations could lead to 
dedicated FPGA processors that can be designed using commercially available FPGA 
CAD systems. Furthermore, the hardware implementation of the algorithms could be 
achieved after the manual translation of their parts into a synthesizable subset of a 
hardware description language (HDL). 

 

Fig. 2. The final screen of the CAs for DNA after the execution of the GA algorithm. (The 
graphical user interface of the simulator) (A: white, C: dark gray, T: light gray and G: black.)  

The presented system CAs for DNA is able of automatic translation of the CA algo-
rithm’s code into synthesizable VHDL code based on the user’s choice of simulation 
parameters. There are many reasons for implementing an algorithm, which simulates 
a system, using a hardware description language, and especially VHDL, instead of 
using standard VLSI design CAD tools. Mainly, because the VHDL models present 
the most reliable design process with the minimum cost and time and, furthermore, 
because they are capable of avoiding design errors. Furthermore, because the execu-
tion time in software depends on the complexity of the rule, while the execution time 
(throughput) in hardware is almost independent of the rule complexity. In our CAD 
tool, the primary parameters of the translation algorithm are used to produce the 
VHDL code. In the beginning, the CA algorithm is read by the translation algorithm. 
After the CA algorithm is read, the translation algorithm searches the CA code to 
detect the CA rule found by the GA algorithm in order to produce the VHDL code for 
the main component, i.e. the CA cell. This will be the behavioral part of the final 
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VHDL code, containing process and signal assignment statements. Subsequently, the 
translation algorithm searches the CA code to detect the lattice size, the boundary and 
initials CA conditions, in order to construct the structural part of the final VHDL 
code. The structural part implements the final module as a composition of subsys-
tems, like the aforementioned main component (schematic Fig. 3). The final VHDL 
code produced by translation algorithm, including both the behavioral and structural 
parts, addresses all the basic VHDL concepts (i.e. interfaces, behavior, structure, test 
benches) included in the IEEE Standard 1076-2002. No previous knowledge of 
VHDL is required, since the VHDL code is directly produced from the high-level 
programming language code through the translation algorithm. However, there is 
always a possibility of functional simulation of the VHDL code with the use of the 
appropriate automatically generated test benches. The simulation results of the VHDL 
code are guaranteed to be found in complete agreement with the compilation results 
of the CA algorithm, produced during the phase of estimating the CAs algorithm 
performance and of verifying its functional correctness. 
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Fig. 3. Three (3) cells neighbourhood of the proposed CA architecture and its corresponding 
basic structural element 

The automatically produced synthesizable VHDL CA code is translated into a 
hardware schematic of the defined architecture using predetermined timing con-
straints in Quartus II, v. 7.2® design software. The next step includes translation and 
mapping. In this phase the hardware schematic is mapped to the specific hardware of 
the FPGA and the communication channels between the generated components are 
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specified. The final phase is the generation of a configuration file. Finally, this trans-
lates the mapped design into a stream of bits that control the switchboxes, LUTs and 
other components of the FPGA. It should be mentioned that for hardware implemen-
tation purposes, the performance and the size of reconfigurable hardware such as 
FPGAs have been drastically improved in the last several years. With the latest FPGA 
chips, more than one hundred grids can be computed in one clock cycle (less than 50 
ns), and the reconfigurability of FPGAs makes it possible to compute any kind of CA 
on the same chip. 

Design of the proposed processor results in an ALTERA Stratix EP1S10F484C5 
FPGA device, which indicates a maximum clock rate around 240MHz and consists of 
100 CA cells. Initial data is loaded in a semi-parallel way and the automatic response 
of the processor provides the CA evolution of the DNA sequence under test. More 
specifically, inputs to the dedicated processor are the lines through which the initial 
conditions are transferred to the CA, the clock, the reset and load control signals, the 
boundary condition signals, as well as the power and ground connections. Further-
more, for comparison purposes we have evaluated the speed of the traditional  
software Matlab CA code implementation running on a typical Pentium IV 3GHz 
Windows XP computer system and the results justify the aforementioned integration 
of the FPGA processor. More specifically, a speed-up of 6 times for a medium length 
CA and a speed up of 23 times for an extra long length CA was measured concluding 
that the implementation of CA is significantly faster in FPGA hardware than in opti-
mized software, thus enabling real parallel processing of data using custom digital 
structures. As a result, the proposed CA is running faster when implemented to a 
dedicated ASIC processor compared to a general purpose computer. 

5   Conclusions 

In this paper, CAs for DNA, an automated simulation and hardware implementation 
tool for DNA sequence evolution by extracting CA rules with the usage of proper 
GAs was developed. CAs for DNA was based on a CA DNA evolution model. Based 
on this model, a CAD tool of DNA evolution was developed, a GA methodology has 
been presented to determine the evolution rules generating given evolution patterns 
and a fast FPGA processor that executes the CA model was fully automatically de-
signed, placed and routed. Speed is extremely significant in this application domain 
and it is really important to observe that hardware performance becomes available out 
of a general purpose FPGA card. As future work, the FPGA processor as well as the 
GA algorithm for the selection of the CA evolution rule, can be calibrated with real 
data (DNA sequences) of different microorganisms in various evolution steps target-
ing to the production of suitable drugs. Moreover, Register Transfer Level (RTL) 
design could be used by the proposed tool for the CA implementation giving better 
results. Furthermore, this work will facilitate the development of CA models of the 
self-organizing properties of DNA. As CAs models are developed, they are expected 
to contribute to the interpretation of DNA sequences, and possibly indicate new direc-
tions in the field of artificial intelligence for bioinformatics.  
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Abstract. Self-organizing circuits are able to grow, to self-replicate, and
to self-repair. These properties are implemented in hardware thanks to
configuration, cloning and cicatrization mechanisms. They are realized
by the configuration layer of the POEtic tissue, a data and signals cellular
automata based circuit. Specified as a data-flow processor, the applica-
tion and routing layers of the circuit compose a timer as an application
example.

1 Introduction

Borrowing three structural principles (multicellular architecture, cellular divi-
sion, and cellular differentiation) from living organisms, we have already shown
how embryonic hardware [1] is able to implement bio-inspired properties in sil-
icon. This hardware implementation leads to self-organizing circuits, based on
data and signals cellular automata (DSCA), capable to deal with faults in a fully
automatic way. In Section 2, the self-organizing mechanisms are implemented as
a configuration layer in the POEtic tissue, a reconfigurable circuit that draws
inspiration from the structure of complex biological organisms. The application
and routing layers of the circuit are then specified in order to define a data-flow
processor, the MOVE processor (Section 3). Using four such processors, a timer
is realized as an application example. A brief conclusion (Section 4) summarizes
our paper and opens new research avenues.

2 DSCA Based Reconfigurable Circuit

2.1 Circuit Characteristics

The POEtic tissue [2] is a reconfigurable circuit that draws inspiration from the
structure of complex biological organisms to implement the three main models
commonly used in bio-inspired systems: (1) Phylogeny, the history of evolution
of the species through time, (2) Ontogeny, the development of an individual as
directed by its genetic code, and (3) Epigenesis, the development of an indi-
vidual through learning processes. This tissue is the first hardware substrate
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dedicated to the implementation of systems able to combine the three axes of
bio-inspiration into one single circuit. Physically, the tissue is a 2-dimensional
array of molecules and each molecule is composed of the three layers described
in the following paragraphs.

2.2 Configuration Layer

The configuration layer implements the self-organizing mechanisms and their
constituting processes [3]. This layer is designed as data and signals cellular au-
tomaton (DSCA) cell [4], resulting from the interconnection of a processing unit
handling the data and a control unit computing the signals. In the detailed archi-
tecture of our layer (Fig. 1a), six resources implement the growth and branching
processes:

– An input multiplexer DIMUX, selecting one out of the four input data NDI,
EDI, SDI or WDI.

– A 2N-level stack organized as N genotypic registers G1 to GN (for mobile
data), and N phenotypic registers P1 to PN (for fixed data).

– An output buffer DOBUF producing the output data DO.
– An encoder ENC for the input signals NSI, ESI, SSI, and WSI.
– A transmission register I for the memorization of the input selection.
– A generator GEN producing the output signals NSO, ESO, SSO, and
WSO.

In order to implement the load, repair and reset processes, the architecture of
the configuration level (Fig. 1a) requires four supplementary resources:

– A decoder DEC defining the mode and the type of the molecule.
– A signal register S.
– A mode register M.
– A type register T.

To allow the bypassing of the spare, faulty or repair molecules, data and signals
transmission multiplexers and demultiplexers are added to the configuration
layer. Depending on its molecular type T, the layer finally controls its output
signals with buffers. These buffers limit the propagation of the load and reset
signals according to the boundaries of the cell.

2.3 Application Layer

The application layer implements the logic design of the system under develop-
ment as well as its short range connections between neighboring molecules. The
core of this layer (Fig. 1b) is made up of four resources:

– An input multiplexer AIMUX, selecting four inputs out of the four applica-
tion data NAI, EAI, SAI, WAI, and the routing data RO.

– A 16-bit look-up table LUT.
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M
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(a)

Fig. 1. Detailed architecture of a molecule. (a) DSCA cell corresponding to the con-
figuration layer. (b) Application layer. (c) Routing layer.

– A D-type flip-flop DFF for the realization of sequential systems.
– An output multiplexer AOMUX selecting the combinational or the sequential

data as application output AO.

To allow the bypassing of the spare, faulty or repair molecules, transmission
multiplexers are added to the application layer.

2.4 Routing Layer

The routing layer handling the short range connections between distant molecules
is made of a single resource (Fig. 1c):

– An output multiplexer ROMUX selecting the five outputs NRO, ERO,
SRO, WRO, and RO out of the four routing input data NRI, ERI, SRI,
WRI, and the application output data AO.

To allow the bypassing of the spare, faulty or repair molecules, transmission
multiplexers are added to the routing layer.

3 Multi-processor Application

3.1 MOVE Processor

The MOVE processor, originally developed as an application-specific dataflow
processor [5], relies on a set of functional units connected together by a bus.
Fig. 2 details the constituting resources of the processor:
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– A program memory PM.
– An instruction fetch unit IF.
– Four functional units with input registers RI and output registers RO.
– Two communication units with address registers ADR and data registers

DATA.

The instructions of the processor move operands into the input registers RI of
the functional units and move the result from their output registers RO. Using
their address registers ADR and their data registers DATA, the communication
units are handled in the same way as the functional units.
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Fig. 2. Detailed architecture of the MOVE processor

3.2 Timer Application

A timer counting seconds (from 00 to 59) and minutes (from 00 to 59) is realized as
a chain of four counters SU (units of seconds), ST (tens of seconds), MU (units of
minutes), and MT (tens of minutes). This application involves four MOVE proces-
sors that are specified as modulo-10 counters for the units (seconds SU or minutes
MU) and modulo-6 counters for the tens (seconds ST or minutes MT). Each pro-
cessor contains consequently the following specialized functional units (Fig. 2):

– A comparator CMP.
– An incrementer INC.
– A count enable unit EN.
– A position unit POS for the location within the chain.

The chaining of the four processors is implemented at the programmable cir-
cuit level and realized by a distributed long range routing algorithm [6] that
dynamically connects the output communication units NEXT to the input com-
munication units PREC.

3.3 POEtic Implementation

Each MOVE processor, using one basic cell of the POEtic tissue for each of its
30× 12 molecules, implements a counter cell of the timer organism. In order to
build this organism (Fig. 3a), the structural configuration mechanism, the func-
tional configuration mechanism, and the cloning mechanism are applied at the
cellular level. Starting with the structural and functional configuration data of
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the MOVE processor, these mechanisms generate successively the four counters
of the timer.

The cicatrization mechanism results from the introduction in each cell of
one column of spare molecules to the right (Fig. 3a), defined by the structural
configuration of the MOVE processor, and the automatic detection of faulty
molecules. Thanks to this mechanism, the faulty molecule of the upper right cell
(Fig. 3b) is deactivated, isolated from the network, and replaced by the nearest
right molecule, which will itself be replaced by the nearest right molecule, and so
on until a spare molecule is reached. The functional reconfiguration mechanism
takes then place in order to regenerate the counter cell of the timer organism.
As shown in Fig. 3b, the display of the regenerated counter cell presents some
graphical distortion.

MU

MT SU

ST

MT

MU ST

SU

(a)

(b)

Fig. 3. POEtic implementation of the timer. (a) Original configuration of the two
rows by two columns of processors displaying clockwise MT,MU:ST,SU=01:08. (b)
Cicatrization of the upper right processor displaying a distorted ST=5.

4 Conclusion

The self-organizing mechanisms are made of simple processes like growth, load,
branching, repair, and reset. They allow the cellular systems to possess bio-
inspired properties such as:

– Cloning or self-replication at cellular and organismic levels.
– Cicatrization or self-repair at the cellular level.
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Starting with the POETIC tissue, a DSCA based reconfigurable circuit, we
described first the configuration layer of its basic cell implementing the self-
organizing mechanisms and their underlying processes. We detailed then the
corresponding application layer and routing layer as well as their specifications
in order to define a MOVE processor. We finally realized a timer made up of
four such processors as an application example.

In order to improve our systems, we intend to study additional hardware
features such as:

– Automatic detection of faulty molecules, erroneous configuration data, and
application dysfunction.

– Asynchronous implementation at the organismic level and synchronous im-
plementation at the cellular level.
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Abstract. When a huge disaster occurs, many phenomena, not only
physical one like land-slides but also human factors like evacuation and
rescue, emerge and influent with each other. In order to mitigate dam-
ages from such a disaster, we need a tool to understand and to investigat
the disaster as a whole. I have been joined several research projects for
disaster mitigation in Japan, in which we have been developing an inte-
grated disaster-and-rescue simulation framework and a disaster mitiga-
tion information sharing platform. A key concept of these framework and
platform is modularity and integration. Because no researcher can be a
specialist of all phenomena of the disaster, we need a simple and flex-
ible framework to combine simulation technique for each phenomenon.
I show several example of application of these works like fire-fighting,
traffic under disaster, and evacuation from terrors.
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The research context of this paper refers to bottom–up approaches to crowd
dynamics that is, the study of how and where crowds form and move [1]. Sev-
eral phenomena like crowd aggregation, dispersion and self–organized movement
have been observed and studied by multiple disciplines interested to crowds (e.g.
physics, sociology, ethology, social and behavioral psychology, building design,
urban planning, security management, among others), each one with its spe-
cific viewpoint and ontological setting. SCA4CROWDS is an interdisciplinary
research within this context that aims at contributing towards the development
of a unifying ontology on crowds allowing the integration of contributions coming
from several disciplines and that could be exploited for scientific and applicative
issues (e.g. model comparison, validation, calibration). Potential exploitations
of SCA4CROWDS results are towards the support of design and management
of public crowded spaces and events to improve security, safety and comfort of
people. SCA4CROWDS, in particular, aims at developing formal and computa-
tional tools to support the design, execution and analysis of crowds’ behavior
as effect of individual interactions (e.g. physical, social, emotional) according to
Situated Cellular Agent (SCA) [2]. SCA is a modeling and simulation frame-
work to model and study crowd dynamics phenomena with an approach based
on Multi–Agent Systems (MAS) and Cellular Automata [3] principles.

In this paper we present the ontological framework for crowds’ study we de-
veloped according to Elias Canetti work [4], in which a classification and on-
tological description of the crowd has been proposed as result of 40–years of
empirical observations and studies from psychological and anthropological view-
points. In crowds and CA literature, a formal analysis with CA-based models of
theories developed within human sciences context has previously been proposed
in [9]. Elias Canetti can be considered as belonging to the tradition of social
studies that refer to the crowd as an entity dominated by uniform moods and
feelings. We preferred this work among others (see for instance [5,6,7,8]) due
to its clear semantics and explicit reference to concepts of loss of individuality,
crowd uniformity, spatio-temporal dynamics and discharge, that could be fruit-
fully represented by modeling approaches like SCA and Cellular Automata in
general. In the following we introduce a formal language belonging to the family
of Description Logics (DL [10]) that we propose for the formal representation
of conceptual description of crowds and their dynamic phenomena. Description
Logics is a family of knowledge representation languages that are used to develop
various applications to the issues of data management, including: expressing the
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conceptual domain model/ontology of the data source, integrating multiple data
sources, and expressing and evaluating queries. First, we define the basic syntax
and semantics of the DL language we propose and then we describe, according
to this language, basic concepts of Canetti work [4].

1 DL Language for Ontology Representation

A DL language is defined by a set of concepts, the elements of the described
subject, and a set of roles that specify the type of relationships that can hold
between concepts. The box on the left hand side of Figure 1 shows the graphical
representation of concepts and roles we defined. Atomic concepts (i.e ENTI )
QUAL ) PSY C ) PHEN /⊥) are:

– ENTI, entities representing the involved objects;
– QUAL, qualities, characterizing an ENTI;
– PSY C, psychological states;
– PHEN , phenomena involving ENTIs.

Fig. 1. On the left hand side the graphical representation of the used language basic
elements and their relations, composed by the basic concepts and roles shown in the
box. On the right hand side a schematic representation of the principal elements of
Canetti’s crowd ontology.

All atomic roles, relationships between atomic concepts, are not–symmetrical,
transitive, and reflexive (with the exception of Typify that is not reflexive):

– OpOn specifying that a concept “operate on” another concept;
– Create, when a concept is the cause of the birth of another one;
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– Typify that indicates a concept as an attribute of another;
– Start when a concept is the starting condition for the occurrence of another;
– Nullify specifying that a concept is the cause of the termination of another.

Language semantics is defined by the following relationships (graphically rep-
resented on the left hand side of Figure 1):

– a psychological state (i.e. PSY C) is a concept that operates on an entity (i.e.
ENTI), and starts a psychological state (i.e. PSY C) or creates an entity
(ENTI):
PSY C / (= 1)OpOn.ENTI ) ((= 1)Start.PSY C * (= 1)Create.ENTI)

– a phenomenon (i.e. PHEN) is a concept that is started by an entity (i.e.
ENTI) or a psychological state (i.e. PSY C) or a phenomenon (i.e. PHEN),
and operates on an entity (i.e. ENTI):
PHEN / (= 1)Start−.(ENTI * PSY C * PHEN) ) (= 1)OpOn.ENTI

– a quality (i.e. QUAL) is a concept that typifies an entity (i.e. ENTI):
QUAL / (= 1)Typify.ENTI

2 Elias Canetti’s Crowd

Elias Canetti’s definition of “crowd” can be summed up as follows:

... a unic entity dominated by uniform moods and feelings; it is
characterized by the spontaneous will of growing and aggregating other
pedestrians, and has a target, that is identified as a location of the envi-
ronment or an object that all the individuals aggregated into the crowd
desire. The aggregation phenomenon describes the growing effect that
starts from an aggregative psychological impulse called the “discharge” .
The “discharge” occurs spontaneously in people and overcomes the nat-
ural social repulsive behavior of the “fear to be touched”. On the other
side, crowd disgregation is the result of an other psychological impulse
called “panic”, rising as the result of “individulistic impulses”.

According to the DL language above described, crowd basic entities are
CROWD * PEDS * TARGET / ENTI, where PEDS are “pedestrians”,
CROWD is the aggregation of pedestrians that Canetti considers as a single
entity, TARGET is the location or the object desired by the crowd. Qualities are
AFRAIDTOUCHED*COHESION/ QUAL (where AFRAIDTOUCHED
represents the social repulsive behavior, i.e. afraid to be touched), and
COHESION is the crowd desire to remain compact. Psychological states are
DISCHARGE * PANIC * INDIV IMPULSE / PSY C, representing
Canetti’s discharge, panic and individualistic impulses, respectively. Finally, phe-
nomena are: AGGREG*ACQDIRECTION / PHEN , where AGGREG rep-
resents the “aggregation” phenomenon and ACQDIRECTION represents the
crowd motion towards its “target”. Relationships between concepts are graphi-
cally expressed in the right hand side of Figure 1, and in the DL language above
defined:
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– PEDS / ∀OpOn−.DISCHARGE ) ∀OpOn−.INDIV IMPULSE
– DISCHARGE / ∀Create.CROWD
– CROWD / ∀OpOn−.PANIC ) ∀Start.AGGREG ) ∀Start.
ACQDIRECTION

– PANIC / ∀Create.PEDS
– AFRAIDTOUCHED / ∀Typify.PEDS ) ∀Nullify−.DISCHARGE
– INDIV IMPULSE / ∀Start.PANIC
– AGGREG / ∀OpOn.PEDS
– ACQDIRECTION / ∀OpOn.TARGET
– COHESION / ∀Typify.CROWD ) ∀Nullify−.PANIC

3 Concluding Remarks

We presented a formal language belonging to the family of Description Logics
that we proposed for the representation of the ontological description of crowds
according to Elias Canetti psychological and anthropological studies. The main
contribution of this work is to provide a semantically clear reference ontology
for crowds’ models based on SCA (and on any CA-like approach). The formal
definition of such a reference ontology can be exploited, from one hand, for their
calibration and validation with available data sets, and on the other hand, for
their comparison with other CA-based models. Currently, we are integrating the
above presented ontology into SCA formal and computational framework, e.g.
to study crowds’ aggregation phenomenon.
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Abstract. In this paper we present a multi-agent model for supporting
the planning, design and organisation of exposition spaces. The model
and its related software implementation simulates the behaviour of agents
during their visit of an exposition with the objective to evaluate their
overall comfort and satisfaction. It takes into account both the architec-
tural and environmental aspects as well as the interaction among agents
simulating possible phenomena of crowding and other forms of competi-
tion. The representation of the relevant phenomena in the model relies
on the coexistence of both vector and cellular (raster) simulation ap-
proaches, taking into account the trade-off between the computational
efficiency and the need for precision.

1 Introduction

The objectives of the research programme whose assumptions, approach and
preliminary results are hereby outlined is to develop an agent-based simulation
model (i) to assist the design of exposition spaces and environments, (ii) to
support the organisation and planning of public expositions with massive par-
ticipation, and (iii) to help the management of flows of visitors in expositions,
museums, public interactive spaces. For these purposes, the presented simula-
tion model, together with its operative software implementation, is designed and
developed (i) to simulate and predict the behaviour and paths of movement of
visitors, (ii) to estimate the time of stay in places and to discover potential phe-
nomena of crowding, (iii) to evaluate the comfort and the satisfaction of visitors,
and finally (iv) to evaluate the effectiveness of services and information systems
designed for the exposition environment.

2 Outline of the Model

In the simulation model, the architectural environment is populated with sta-
tionary objects (e.g. walls, doors, attractions, etc.) and agents moving in the
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continuous space. Every entity is characterised by a shape with its vector repre-
sentation. Without losing essential geometric information, the walkable surfaces
are mapped onto horizontal planes and a uniform grid is used to compute and
store auxiliary data. The coexistence of both raster and vector representations
supports different agents’ capabilities of spatial perception, in an attempt to use
an appropriate combination of the two, given the trade-off between computa-
tional efficiency and precision. In particular, the raster space is mainly used to
manage agents’ micro-level planning activities (like choosing an attraction in a
room or selecting suitable view-points), while those spatial activities which re-
quire greater accuracy (such as agents’ visual perception of attractions for their
appreciation) are managed in the vector space. To model the theoretical fruition
in absence of other agents, we assume that every attraction projects a static
fruition space around itself, accounting for the presence of obstacles, lighting
conditions and other phenomena. Every point in that space has a static fruition
suitability (see Fig. 1). The suitability of every cell is pre-computed once at the
beginning of the simulation, and it considers the raster space as a cellular au-
tomaton where the vector fields emitted by attractions propagate along the cells.
Thus, the neighbourhood pattern and the rules of propagation, that have been
designed in order to allow obstacles to block the diffusion of visual signals [1], de-
termine the static fruition suitability of every cell for every attraction. However,
the actual fruition of an attraction by an agent is further influenced by the pres-
ence and the position of other agents (which can partially or totally obstruct the
view, provoke crowding, and compete for best view-points). This brings about
the need to pass from the static to a dynamic fruition space representing the
actual fruition suitability. During a simulation, a raster representation of the dy-
namic fruition space is obtained through the use of a cellular automaton where
each cell holding an agent emits a field propagating in the direction opposite to
the attraction. For each cell, such field represents the decay of the static fruition
suitability, and leads to the actual suitability value. Furthermore, there is a decay
of suitability around every agent in order to account for the decrease of fruition
comfort due to the crowdedness (see Fig. 2).

2.1 Behaviour of Agents

Every agent in the model expresses a personal interest for different categories
of attractions (e.g. different painting styles and periods) and for specific attrac-
tions within these categories (e.g. one specific painting). The goal of each agent
is hence to maximise a satisfaction function through the fruition of attractions,
given the limited time available. The fruition of an attraction is largely based
on a process of visual perception, whose quality and effectiveness depends (i) on
the position of the agent relative to the attraction, (ii) on the topology of the
room and (iii) on the presence of other agents which may be the source of view
obstruction, crowding and generally decay of the fruition comfort. To maximise
the satisfaction function, an agent must explore the environment looking for in-
teresting attractions, given its system preferences and given its knowledge about
the space and about the position of attractions within that space.
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Fig. 1. The static fruition space is
shaped by the physical obstacles

Fig. 2. The dynamic fruition space ac-
counts for the presence of agents

At a macro-level, each agent has the ability to build and memorise a rough
topological map (RTM) of the entire exposition environment. Practically, RTM is
an undirected graph whose nodes are associated to accessible places (like rooms,
corridors, halls, etc.) and arcs are associated to gates. The nodes of RTMs can
hold information on attractions in different places, as well as other data related
to agents’ exploration activity (like already visited nodes or already used gates).
Such RTMs are at the basis of agents’ macro-level planning process: as soon as
some information is present in its RTM, the agent is able to elaborate a plan
of visit, choosing which rooms and attractions to visit, what general path to
follow, and how to roughly allocate the available time among different rooms
and attractions. This macro-plans can be provisional and very short-term, since
incomplete and inaccurate RTMs get updated and expanded as agents better
explore and collect more information about the environment; which in turn can
make the macro-plan to change accordingly. On a micro-level, during the visit of
a room, an agent creates a list of visible potential targets (LVPT), which is the
set of relevant objects visible from the agent’s position. Typically, the relevant
objects are attractions of interest for the agent, or gates to other rooms and
regions of the environment. A LVPT has two main purposes: (i) once built, it is
used by agents to update and make their RTMs more accurate (e.g. as soon a
new gate has been discovered, it is added to the agent’s RTM); (ii) some or all
elements of the LVPT are visited or used by the agent, according to the decision
procedure described below. When the agent changes significantly its position,
its LVPT is rebuilt using the static visibility map (SVM) [2] which is computed
in a pre-processing phase at the beginning of the simulation. With the use of
the LVPT, the room-level behaviour of an agent is articulated into two phases.
During the first phase, upon the entrance of the agent into the room, the LVPT
is built, and the RTM is updated if necessary. Then, the agent selects one target
among those present in the LVPT, following a decision procedure based on a
gravitation-like model [3], where the elements of the LVPT are assumed to have
masses and thus attracting the agent. If the chosen target is an attraction, the
agent first moves towards it (using the heuristics described in [4,5], and then
it selects the favourable position for the fruition of the attraction, taking into
account the presence of other agents.

Otherwise, if the chosen target is a gate, the agent moves towards it and exits
the room. During the fruition of the attraction the agent computes a satisfaction
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Fig. 3. A screenshot of the simulation. The colour gradient refers to the static suit-
ability map.

parameter on the basis of a visibility test which is carried out through exact
geometric calculations accounting for the presence of the other agents.

3 Model Development

A preliminary version of the model (see Fig. 3) has been developed in C++,
using several open source components for spatial data integration, geometric
computation and fast spatial queries support. In particular, the software has
been designed for efficiently managing both raster and vector representation of
simulated entities. Some of the strategies adopted for this purpose was the use
a specific geometry engine, implementing a core set of operations on spatial
data through robust geometric algorithms [6], together with an efficient spatial
indexing strategy for moving objects (i.e. the Leaf-prior Update R-Tree [7]),
allowing therefore fast visual-perception algorithms.
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Abstract. Crowd evacuation from constructions can be modelled with the use 
of Cellular Automata. The crowd consists of individuals and its behaviour is 
modelled by the response of each individual to a simple updating rule that di-
rects a person to the nearest exit as facilitates any object avoidance. Individual 
interactions are defined locally while the crowd motion evolves. In this paper, 
this motion approach is based on the concept of virtual potential fields that are 
defined by the location of exits, other pedestrians or objects. Electric charges 
located at exit and obstacle positions generate such fields. Characteristic fea-
tures of crowd dynamics, such as incoherent-to-coherent pedestrian motion, 
blockings in front of exits and mass behaviour are successfully simulated. Fi-
nally, the paper presents the main architectural concepts of the corresponding 
dedicated FPGA processor, as the major structural part of an integrated, interac-
tive, decision-support system. 

Keywords: Cellular Automata, Evacuation, Potential Fields, Hardware, FPGA. 

1   Introduction 

Safety and security in human social activities are issues of major and constantly in-
creasing concern. Tragedies demonstrated during crowd evacuation processes, involv-
ing huge human casualties, prove in the most painful way the importance of  
consistent development of efficient egress systems able to confront with such phe-
nomena. Research community effectively turns its attention to this issue, presenting 
and updating sophisticated models that try to approach egress in a more elaborate way 
[1]. Sociologists and physicists have tried to study and understand crowd behaviour; 
mathematicians have provided tools while architects and engineers have tried to im-
plement knowledge to more applicable patterns, such as building construction or 
development of decision support systems. 

In this paper, crowd evacuation from buildings is modelled with the use of a poten-
tial-field cellular automata (CA) model. The idea of the proposed model can be found 
in Georgoudas et al. [2, 3] where a CA model is presented capable of simulating earth-
quake activity in correspondence to the quasi-static two-dimensional version of the 
Burridge-Knopoff spring-block model of earthquakes, as well as, to the Olami, Feder 
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and Christensen (OFC) earthquake model, applying the concept of self-organised criti-
cality in earthquake process. In the earthquake CA model the system balances through 
the exercitation of electrostatic Coulomb–forces among charges, without the existence 
of any other form of interconnection in–between. As a result, in the proposed CA, 
crowd motion approach is based on the concept of virtual potential fields that are gen-
erated by the location of virtual charges at exits and objects locations. Simple and 
easily hardware applicable updating rules, implemented locally, demonstrate global 
behavioural patterns that distinctly characterise mass egress. Exit seeking, obstacle 
avoidance, incoherent-to-coherent pedestrian motion, blockings in front of exits and 
collective effects have been successfully presented during simulation. 

In Section 2, the virtual potential field approach of the motion description and how 
it is applied to the CA evacuation model is discussed. In Section 3, the basic architec-
tural concepts of the corresponding dedicated FPGA processor are presented. Finally, 
conclusions are drawn in Section 4. 

2   Potential Field Approach to Pedestrian Movement 

Virtual potential fields generated by different charges that are located at exits and 
obstacles positions define motion approach. The method was originally proposed by 
Khatib in 1986 [4] as a real-time collision avoidance model, and later extended as a 
motion planning for mobile robotics [5]. In the CA based evacuation model each 
pedestrian responds locally to the field. Pedestrian motion is influenced by an artifi-
cial potential field induced by the exit and obstacles charges. Furthermore, walls are 
modelled by successively located charges that repel pedestrians and prevent pedes-
trian routes from unintentional sticking. The charges occupying exits and obstacles 
positions are responsible for the generation of electric fields. Moreover, the charges 
are stable and time independent. Consequently, the corresponding vector fields of 
electric intensity ),( yxE are time-independent, and the fields induced electrostatics 

thus conservative as well. Such fields can be described by a scalar function, namely 
the potential function ),( yxf . The gradient of the latter at every point M of the field 

is equal to function ),( yxE of the vector field. 

)()( MEMf =∇  . (1)

Motion is controlled by a law that derives from the gradient descent of the potential 
function. The gradient points in the direction where the derivative has the largest 
value (i.e. the greatest rate of increase in the value of f ). The gradient descent opti-

misation algorithm searches the opposite direction of the gradient to find the mini-
mum of the function. Potential field methods employ a similar approach. 

A characteristic potential field around the exit is mathematically described by the 
following equations: 

)()(
2

1
)( exit

T
exit xxxxxE −−=  , (2)
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exitxxxE −=∇ )(  , (3)

where x  is a position vector in the two-dimensional workspace. Vector exitx  acts as 

an attractor for the pedestrians, thus defining their route towards the exit (Fig. 1). 
Similarly, the obstacle acts as repulsor for the pedestrians when described by a po-

tential field as: 

)()(
2

1
)( obstacle

T
obstacle xxxxxE −−−=  , (4)

since following the negative gradient of E the pedestrian will move away from the 
obstacle (Fig. 1). 

 

Fig. 1. Simulation of evacuation, introducing virtual potential fields around objects and exits 

The negative gradient of the superimposed potential field described by Eqs. (2) and 
(3) describes the motion of each pedestrian moving towards an exit, avoiding an ob-
stacle as well. 

3   Architecture of the Dedicated FPGA Processor 

In this section, the main concepts of the architecture of the hardware implementation 
of the CA based evacuation model are presented. The motivation is the exploitation of 
massive parallelism that characterises CA. They can be effectively defined as Turing 
machines, characteristic examples of finite-state machines that are connected together 
and operating in parallel. Hence, CA ensure that all operations are performed simulta-
neously, thus extensively enhancing the speed of the modelled process. 

FPGA technology has been applied to design the processor using the Altera Quar-
tus II software multiplatform, a comprehensive environment available for system-on-
a-programmable-chip (SOPC) design. Each cell is separated into two parts; the  
combinational one that includes all computations taking place into cells and the mem-
ory part that passes the combinational results to the adjacent cells at successive time 
steps (Fig. 2). The combinational part comprises of three structures that are connected 
one right after the other; the closest exit identification circuit, the closest neighbour-
hood coordinates calculation circuit and the route tracking circuit. At the latter part 
the exit coordinates are loaded to two multiplexers and the control input defines each 
time the response. Initial data is provided to the processor by the external cells, which 
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engage the very left column of the CA grid and it proceeds to the rest of the grid. A 
peripheral, circuit defines the clock cycles required by this initialisation process to be 
completed and the application of the updating rule to start. 

CA cell
sequential

logic

IncompN

InruleN

InruleE

IncompW

FEEDER

compCA

InruleCA

InitEN clk

CAvalue

8

.

.

.

.

.

.

Combinational
circuit

Memory
Elements

inputs outputs

 

Fig. 2. Generic diagram of the CA cell 

Secondary circuits have also been designed to operate as one-to-eight or eight-to-
one bit converters in order to avoid multiple-pins input driving, as well as to preserve 
the functionality of the design. Furthermore, the pipelining notion has also been used 
to enhance the throughput, hence the speed, of the design and registers have been 
used at cells interconnection to prevent combinational loops from emerging. 

4   Conclusions 

The proposed CA evacuation model realises pedestrians route choice based on artifi-
cial potential fields induced by different charges located at exits and obstacles loca-
tions. The process is completed in two states; initially, the appropriate potential field 
is defined and then the pedestrian response to the field is specified. The model, effi-
ciently demonstrates prominent features of evacuation process, such as a phase transi-
tion from a disordered to an ordered situation, blockings in front of exits and herding 
behaviour. Inherent advantages of CA are exploited by the hardware implementation 
of the corresponding dedicated FPGA processor leading to an integrated, effective, 
decision-support system that can provide active guidance at mass egress. 
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Introduction. Several creatures are moving around in a cellular automata grid.
At a certain point of time all creatures want to exchange their information with
all others (all-to-all communication). The goal is to find an optimal rule for
the movement of the creatures in order to exchange their information as fast
as possible. The information exchange is only possible when the creatures meet
each other and when they form certain defined local patterns (communication
situations). Possible communication situations are exemplarily shown in Fig. 1.
In the cases a, b, c the creatures are directly in contact. But it is a matter of
definition whether such situations allow communication. For this investigation
we have defined the communication patterns d, e, f. A reason could be that
communication can only take place if a mediator/negotiator is used between
them. Furthermore the mediator may perform a particular computation (e. g.,
average, maximum, priority select). Such conflicts occur when creatures want to
move to the same target position, like vehicles which are meeting in a cross-way.
The center of the crossing can be interpreted as the mediator.

C C

(a) (b) (c) (d) (e) (f)

C

Fig. 1. Possible ommunication situations. Communication is only allowed for the situ-
ations d, e, f using a mediator C.

In former investigations [1] we have tried to find the best algorithms for the
creature’s exploration problem, in which the creatures have the task to visit all
empty cells in shortest time. The presented problem is related to it in the way
how creatures can move. But the task is different: The creatures shall exchange
their information in shortest time taking advantage out of the conflicts which
are the defined communication situations. – All-to-all communication is a very
common task in distributed computing. The problem’s specification can depend
on many fixed or dynamic varying parameters like the number and location of
nodes, the number and location of processes, the number, users and properties
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of the communication channels and so on. All-to-all communication in multi-
creature systems is related to multi-agent problems like finding a consensus,
synchronizing oscillators, flocking theory or rendezvous in space [2], or in general
to distributed algorithms with robots [3].

Modeling. The whole system is modeled by cellular automata (CA). It consists
of an environment (n×m grid) with borders or without borders (wrap-around)
and k uniform creatures. A creature has a certain moving direction and it can
only read the information from one cell ahead (target cell, front cell). If it detects
a border cell or a creature in front or a conflict, it will turn right (R) or left (L).
A conflict occurs when two or more creatures want to move to the same front cell
(crossing point, cell in conflict, mediator). The conflict detection is realized by an
arbitration logic [4] which is available in each cell. The arbitration logic evaluates
the move requests coming from the creatures and replies asynchronously by an
acknowledge signal in the same clock cycle. In the case that the creature can
move forward it is simultaneously turning right (Rm) or to the left (Lm). Thus
a creature performs the rule:

1. (Evaluate move condition x ):
If (front cell == obstacle ∨ creature ∨ conflict) then x = 0 else x = 1

2. (React): If (x) then R/L else Rm/Lm

The decision which of the actions R/L respectively Rm/Lm will be per-
formed depends on the behavior of the creature. The behavior (algorithm) of
a creature is defined by a finite state machine. Input of the state machine is
the move condition x. Output of the state machine is the signal y. The action
R/L is performed if y = 1/0 and x = 0. The action Rm/Lm is performed if
y = 1/0 and x = 1. The actions were defined in this way in order to keep
the control automaton as simple as possible – A state machine is defined by a
state transition table (Fig. 2) with current input x, current state s, next state
s′ and current output y. It is represented by concatenating the contents to a
string, e. g.: 1R5L3L4R5R3L-1Lm2Rm3Rm4Lm5Rm0Lm or in a simplified form
1R5L3L4R5R3L-1L2R3R4L5R0L.

To solve the problem very general either theoretical or practical with respect
to all interesting parameters is too difficult. Therefore we have specialized our
investigation. The grid size was set to 35 by 35. This size was taken over from for-
mer investigations allowing to distribute equally a varying number of creatures

x
s 0 1 2 3 4 5 0 1 2 3 4 5

s',y 1,R 5,L 3,L 4,R 5,R 3,L 1,Lm 2,Rm 3,Rm 4,Lm 5,Rm 0,Lm
i 0 1 2 3 4 5 6 7 8 9 10 11
j 0,1 2,3 4,5 6,7 8,9 10,11 12,13 14,15 16,17 18,19 20,21 22,23

0 1

Lm

10

35

2

4

Rm

Lm Rm

Rm
Lm

L R
L

L

R

R

Fig. 2. A state table, defining the behavior (algorithm) of a creature and the corre-
sponding state graph
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at the borders. The number of creatures was set to k = 16. From former investi-
gations in multi-creature systems we know that a number of creatures between
approx. 8 and 64 can lead to good synergy effects and a sufficient number of
conflicts which are required here. – The ultimate goal is to find the optimal
behavior on average for all possible initial configurations. As we cannot test all
possible configurations we will be satisfied if we can find the best behaviors for
a first test set of 10 randomly generated initial configurations which have to
confirm their quality using a second set of 100 random initial configurations. As
the search space for different behaviors is very large we are not able to check
all possible behaviors. Therefore we used a genetic procedure and tried to find
the best behavior within a reasonable computational time limit. – The fitness
of a multi-creature system is defined as the number of generations which are
necessary to distribute (all-to-all) the information, averaged over all initial con-
figurations (start positions and direction of the creatures) under test. In other
words we search for state algorithms which can solve the problem with a mini-
mum number of generations. – In order to model the distribution of information
we are using a bit vector with k bits which is stored in each creature. At the
beginning the bits are set mutually exclusive (bit(i)=1 for creature(i)). When
two, three or four creatures form a communication situation they exchange their
information by simply OR-ing their bit vectors together. The task is successfully
solved when the bit vectors of all creatures obtain 11 . . . 1.

Genetic Procedure. The behavior is described by a state table (Fig. 2) using
6 control states, 2 inputs (x = 0/1) and 2 outputs (y = 0/1). The string repre-
sentation of the state table defines the genome (individual, possible solution). P
populations of N individuals are updated in each iteration (optimization cycle).
During each cycle M offsprings are produced in each population. The union of
the current N individuals and the M offsprings are sorted according to their
fitness and the N best are selected to form the next population. An offspring is
produced as follows: (1. Get Parents) Two parents are chosen for each pop-
ulation. Each parent is chosen from the own population with a probability of
p1 and from an arbitrary other population with the probability of (1 − p1). (2.
Crossover) Each new component (s′i, yi) of the genome string is taken from ei-
ther the first parent or the second parent with a probability of 50%. This means
that the tuple (next state, output) for the position i=(input, state) is inherited
from any parent. (3. Mutation) The string being modified by the crossover is
afterwords mutated with a probabiltity of p2. If a mutation shall be performed,
an arbitrary position j is chosen and a new value (randomly choosen from the
set of valid values) is replacing the existing one. Thereby either the next state
or the output is changed at position i.

Results. The algorithms were optimized using P = 7 populations with N = 100
individuals each, M = 10 offsprings, p1 = 98% and p2 = 9%. 800 iterations were
performed starting with randomly generated state algorithms. The fitness was
tested for each offspring by simulating the multi-creature systems with 10 ini-
tial random configurations. The 700 best behaviors which were produced after
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(a)    0 150 301 (b)    0 331 591

Fig. 3. Simulation patterns of the best algorithms Ab (a) respectively Aw (b) (see
also Tab. 1) on an arbitrary start configuration. The numbers indicate the generations
of the CA when the situations were observed. The rightmost images show the final
generation when the algorithms accomplished all-to-all communication.

Table 1. The top 3 fastest alg. with and without borders averaged over 100 env

not visited
Generations cells d e f

Ab 2L5L5R1R3L4L-2R3R3L4R3L1R 391.76 29.43% 73.16 0.49 0.02
Bb 2L5L5L1R3L4L-2R3R3L4R3L1R 392.41 29.39% 72.72 0.51 0.02
Cb 2L5L3R1R3L2L-4R3R3L4R3L1R 394.06 29.48% 71.39 0.6 0.03

Aw 1R5L3L4R5R3L-1L2R3R4L5R0L 707.09 0.017% 82.68 0.35 0
Bw 4L2R3L1R5R3L-1L2R3R4L5R0L 722.08 0.031% 88.03 0.43 0
Cw 4R5L3L1R5R0L-1L2R3R4L5R0L 723.22 0.013% 83.58 0.34 0
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800 iterations were used for an additional test set consisting of 100 initial con-
figurations, also randomly generated in advance. – All algorithms which could
successfully communicate in all the 100 environments show a similar global be-
havior: The creatures first move to a corner and from there on a diagonal path
back and forth (Fig. 3(a)). Thereby two trails of communication are established,
forming a cross. When a creature meets another creature it is slightly deviated,
but manages to move back to a diagonal trail. The points of communication
mainly lie on these trails and they are marked in Fig. 3 as communication spots
in white. – We were not satisfied by this result when we realized that the com-
munication trails were induced by the shape of the borders, in particular by the
corners. Therefore we started another experiment: We removed the borders by
wrap-around in order to get more interesting results to be independent of the
border’s shape. By the use of the same genetic procedure we could also evolve a
bundle of good algorithms (the three best with borders and with wrap-around
are shown in Tab. 1). Now the communication trails form a sort of grid, which
is slightly turned to the right or to the left (Fig. 3(b)). Similar patterns have
emerged for all the algorithms out of the top 100 we have checked. The best algo-
rithm Aw is shown in Fig. 2. Analyzing the behavior of a single creature showed
that it is following a trail which forms a spiral with wrap-around in the torus. –
Future work: Further investigations are considered with different actions, a dif-
ferent number of control states, time-shuffled algorithms, non-uniform creatures
[5], specialized fixed communication cells, and complete quality tests or formal
proves for small environments.
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Abstract. The F.A.S.T. (Floor field and Agent based Simulation Tool)
model is a microscopic model of pedestrian dynamics [1], which is discrete
in space and time [2,3]. It was developed in a number of more or less consec-
utive steps from a simple CA model [4,5,6,7,8,9,10]. This contribution is a
summary of a study [11] on an extension of the F.A.S.T-model for counter-
flow situations. The extensions will be explained and it will be shown that
the extended F.A.S.T.-model is capable of handling various counterflow
situations and to reproduce the well known lane formation effect.

1 Introduction

Counterflow situations [12,13,14,15,16,17,18,19,20,21,22] pose a special problem
to models of pedestrian dynamic. To avoid deadlocks a certain degree of self-
organization is necessary, which typically leads to the formation of lanes, where
people in the same lane follow each other and different lanes have opposing
movement directions. CA models of pedestrian motion are particularly suscep-
tible to deadlocks, if the main orientation axis of a corridor is aligned to one
of the discretization axes. The reason for this is the given lane structure which
leads to many head-on collision situation which lack any asymmetry to decide
about the side of mutual passing. One modeling ansatz is to let opposing pedes-
trians exchange their cells with a certain probability [23]. While this method
is capable of reproducing some elements of reality, one still might be unhappy,
as in reality people just do not walk through each other. A major temptation
in modelling pedestrian counterflow using discrete models is to make use of the
lanes preset by the CA lattice and align the two opposing groups’ movement
along one lattice axis. While such simulations can increase the understanding
of a model or method, they are merely of academic interest and not sufficient
for general use in safety, traffic or city engineering. The other big difficulty is
combining counterflow situations with speeds larger than one cell per round. The
method presented here aims at being independent of the underlying lattice and
it includes speeds larger 1.

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 555–558, 2008.
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2 Extension of the F.A.S.T.-Model by a Comoving
Dynamic Potential

The probability pxy for an agent i to select a cell (x, y) as desired cell is multiplied
by an additional factor pf

xy:

p̄xy = pxy · pf
xy (1)

pf
xy = exp

⎛

⎝kf

N∑

j∈NN i

σ(i, j)
|σ(i, j)|P

j
xy

⎞

⎠ (2)

where kf is the coupling parameter that determines the strength of the effect.
NN i is the set of nearest neighbors of agent i. N is the maximum number
of nearest neighbors which is considered. NN i only consists of agents within
a distance rmax, which are visible to agent i (i.e. not hidden by walls and in
the field of view π/2 to the left and right of the direction of motion of agent
i. σ(i, j) = vi · vj is the scalar product of the velocities vi and vj of agent i
and agent j, so the fraction in equation 2 is +1, if the agents rather move into
the same direction and −1, if the rather move into opposite direction. Finally
P j

xy is the value of the comoving potential induced by agent j at position (x, y).
Assuming motion of agent j at position (x0, y0) along the x-axis, P j

xy has the
following form (for any other direction of motion, the potential has to be rotated
accordingly):

P j
xy = 2h

(
vj
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j

+ δ
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>
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b
(4)

where h is the strength (height) of the potential. The content of the first brack-
ets models the velocity dependence of the potential, a is the basewidth of the
potential orthogonal to the direction of motion, b is the baselength alongside the
direction of motion of agent j.

The values N = 12, h = 4.0, δ = 0.2, a = 2, b = rmax = 15, and kf =
0.8 have been established as a reasonable choice of parameters. Interestingly
the simulation results worsened not only, if one reduced N , but also as it was
increased. All simulations were done with vmax = 3. Due to larger fluctuations
the method works less well for speeds vmax ≥ 5.

3 Simulation Results

Figure 1 clearly shows, how lanes are formed and by that deadlocks are avoided
and figure 2 the effect on the fundamental diagram by variation of kf and NN i

is shown.
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Fig. 1. Lane formation in a corridor and on an area

Fig. 2. Fundamental diagrams in dependence of kf and NN i

4 Conclusions and Outlook

This contribution presented a model extension to the F.A.S.T.-model for the
simulation of counterflow. It was shown that lane formation was reproduced
and deadlocks were avoided for speeds up to 3 cells per round and at densities
well above the deadlock density of the earlier model. For even larger speeds
the model needs to be stabilized, i.e. fluctuations must be restricted to some
maximal value. An interesting empirical question would be to find the number
of maximally considered nearest neighbors for real pedestrians.
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Abstract. “Conflicts” occur generically in particle-hopping models with
parallel dynamics when multiple occupation of sites is forbidden. For
cellular automata models of pedestrian dynamics we argue that such
conflicts represent an important aspect of the real dynamics. Clogging
at bottlenecks is described more realistically if one introduces “friction”,
i.e. conflicts in which none of the involved agents is allowed to move.

Keywords: cellular automata, evacuation simulation, floor field model.

1 Introduction

Usually, cellular automata (CA) models are based on discrete time dynamics
which is realized in computer simulations through a synchronous (parallel) up-
dating scheme. In models with moving particles (particle-hopping models) [1,2],
this causes inherent problems if an exclusion principle has to be satisfied, i.e.
if a site can not be occupied by more than one particle. This leads to conflicts
when two or more particles try to move to the same destination cell within the
same timestep (Fig. 1). Since multiple occupations are not allowed a procedure
to resolve these conflicts has to be defined. Obviously this is a complication
of the dynamics which has a direct influence on the efficiency of simulations.
Therefore it is often tried to avoid conflicts by modifying the dynamics. How-
ever, such modifications might cause problems in identifying timescales needed
for the calibration of the models.

Here we investigate the problem of conflicts in more detail in the context
of the floor field model [3,4,5] of pedestrian dynamics which provides a rather
realistic description of crowd motion and the related collective effects [6,7,8].

2 The Floor Field Model

In CA models of pedestrian dynamics space is discretized into cells which can be
occupied by at most one pedestrian which leads to a typical cell size of 40∗40 cm2

[3]. The timestep is identified with the reaction time of a pedestrian. Models that
yield realistic crowd behaviour are based on stochastic rules where the motion
of particles is determined by transition probabilities to neighbour cells.

The dynamics of the floor field model [3,4,5] takes inspiration from the pro-
cess of chemotaxis used by ants for communication [9]. This translates effects of
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t t + 1

μ

Fig. 1. Left: Typical conflict in a particle-hopping model: Two or more particles try to
move to the same destination cell within the same timestep. Right: Refused movement
due to the friction parameter μ for a conflict involving four particles.

longer-ranged interactions into purely local ones by introducing a kind of mem-
ory. The transition probabilities are determined by three contributions: (i) the
preferred walking direction of each pedestrian, (ii) interactions with other pedes-
trians, and (iii) interactions with the infrastructure (walls, doors etc.). The last
two contributions are incorporated via floor fields. These act like virtual chemo-
taxis by enhancing transitions in the direction of stronger fields.

The dynamic floor field Dij = 0, 1, 2, . . . at site (i, j) represents a virtual trace
left by moving pedestrians. Similar to chemotaxis this trace has its own dynam-
ics (diffusion and decay), leading to its broadening and dilution. The static floor
field Sij = 0, 1, 2, . . . does not change in time. It reflects the surrounding infras-
tructure. For evacuation processes, Sij describes the shortest distance to an exit
door and increases in the direction of the exit. The relative influence of the two
fields is determined by sensitivity parameters ks and kd. kd controls the tendency
to follow in the footsteps of others, sometimes called herding, and ks determines
the effective velocity of a single agent in the direction of its destination.

3 Conflicts and Friction

In the original model variant [3] conflicts are resolved by chosing one particle
randomly which is allowed to move whereas the others stay at their positions.
The details of this choice have only weak influence on the overall dynamics [3].

Conflicts might appear to be undesirable effects that should be avoided by
using a different update scheme. However, it turns out that they are important
for a correct description of crowd dynamics [5]. Although conflicts are local
phenomena they can have a strong influence on global quantities like evacuation
times, especially in clogging situations near intersections and bottlenecks. In real
life this often leads to dangerous situations and injuries. We will show that the
inclusion of conflicts in the model is important for a correct reproduction of the
dynamics observed empirically.

For a more realistic description of clogging effects the resolution of conflicts
has to be considered in more detail [5]. In real life, conflict situations often lead
to a moment of hesitation before a conflict is resolved which reduces the effective
velocities of all involved pedestrians. This can be incorporated in the model in a
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simple way: With some probability μ the movement of all involved pedestrians
is denied, i.e. all remain at their site (Fig. 1). Thus with probability 1 − μ one
of the individuals moves to the desired cell. Usually the moving pedestrian is
chosen randomly. We call this effect friction and μ friction parameter since it
has similar consequences as contact friction, e.g. in granular materials.

The use of a parallel update is essential as any sequential update will disguise
the number of conflicts in the system. In any model with continuous time these
effects have to be implemented in a different way, e.g. through contact friction.

4 Evacuation Simulations

The influence of friction effects has been tested in simple evacuation scenarios
[4,5]. Generically evacuation times will increase with increasing μ due to the
conflicts near the exit which have a direct influence on the outflow [5,10]. Even at
high densities the outflow shows an intermittent behaviour which is well-known
from granular flow and is typical for clogging situations [11].

However, friction also leads to counterintuitive effects. Fig. 2 shows the influ-
ence of the coupling strength kS for fixed μ. For kS → 0 pedestrians perform
random walks and evacuation times are almost independent of μ since conflicts
are not very important for the dynamics. In contrast, for kS → ∞ the shortest
way to the exit is chosen. Then evacuation times should decrease with increasing
kS since also the effective velocity in the direction of the door is increased. This
is only true for small friction μ, but for μ→ 1 the number of unsolved conflicts
increases due to strong jamming at the exit. Then one finds a minimal evacua-
tion time for an intermediate coupling (kS ≈ 1) (μ = 0.9 in Fig. 2). This means
that a larger kS , which implies a larger average velocity of freely moving pedes-
trians, leads to larger evacuation times. This collective phenomenon is known as
faster-is-slower effect [7,12].

Experiments have shown [13] that the motivation level of passengers has a sig-
nificant influence on the egress time from an aircraft. Egress times were measured
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Fig. 2. Evacuation time as function of kS for different values of μ and kD = 0, ρ = 0.3
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for various exit widths w in two different situations: (i) competitive, and (ii) coop-
erative (non-competitive). In the competitive case a bonus was paid for the first
passengers to reach the exit. The main result is that tcomp > tnon−comp forw < wc,
whereas tcomp < tnon−comp for w > wc, where wc ≈ 70 cm. Thus competition is
beneficial for wide exits, but harmful for narrow ones.

This surprising result is reproduced by the floor field model. Competition is
described by increased assertiveness (large kS) and strong hindrance in conflicts
(large μ) whereas cooperation is represented by small kS and μ = 0 [14].

5 Conclusions

We have shown that conflicts in particle-hopping models with discrete time up-
date and particles obeying an exclusion principle be considered as an essential
part of the dynamics. Their occurance is important for an accurate description
of several aspects, e.g. for clogging at bottlenecks. Close to exits, conflicts are
most harmful because they have a direct influence on evacuation times.

To further improve the realism of CA models of pedestrian dynamics the
concept of “friction” has been introduced, i.e. with probability μ none of the
particles involved in a conflict is allowed to move. This leads to effects like
formation of arches near exits and has an important influence on quantities like
the evacuation time. It also leads to counterintuitive phenomena like the faster-
is-slower effect and an unusual dependence of egress times on the exit width and
motivation level.
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8. Schadschneider, A., Klingsch, W., Klüpfel, H., Kretz, T., Rogsch, C., Seyfried, A.:

In: Meyers, R.A. (ed.) Encyclopedia of Complexity and System Science. Springer,
Heidelberg (2009), http://arxiv.org/abs/0802.1620

9. Hölldobler, B., Wilson, E.O.: The Ants, Belknap (1990)
10. Yanagisawa, D., Nishinari, K.: Phys. Rev. E 76, 061117 (2007)
11. Wolf, D.E., Grassberger, P. (eds.): Friction, Arching, Contact Dynamics. World

Scientific, Singapore (1996)
12. Helbing, D., Farkas, I., Vicsek, T.: Nature 407, 487 (2000)
13. Muir, H.C., Bottomley, D.M., Marrison, C.: Intern. J. Aviat. Psych. 6, 57 (1996)
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Abstract. In recent years, several approaches for crowd modeling have
been proposed. However, so far not much attention has been paid to
their quantitative validation. The fundamental diagram , i.e. the density-
dependence of the flow or velocity, is probably the most important re-
lation as it connects the basic parameter to describe the dynamic of
crowds. But specifications in different handbooks as well as experimen-
tal measurements for the fundamental diagram differ considerably. We
give a review of the experimental data base and the causes for the dis-
crepancies discussed in the literature. Up to now it was neglected that
the way of measurement can cause variations between the results of dif-
ferent studies. To shed some light on this problem we studied by means
of experimental trajectories of the single file movement how different
measurement methods influence the resulting fundamental diagram.

Keywords: empirical data, model validation, fundamental diagram.

1 Introduction

The number of models for pedestrian dynamics has grown in the past years, but
the experimental data to test them and to discriminate between these models is
still to a large extent uncertain and contradictory (see e.g. [1]). In most models,
pedestrians are considered to be autonomous mobile agents, hopping particles
in a cellular automaton or self-driven particles in a continuous space. However,
if one wants to make quantitative predictions (e.g. evacuation or travel times)
the model has to be calibrated with empirical data, independent from the model
type. One of the most important characteristics of pedestrian dynamics is the
fundamental diagram giving the relation between pedestrian flow and density.
Beside its importance for the dimensioning of pedestrian facilities it is associ-
ated with every qualitative self-organization phenomenon, like the formation of
lanes or the occurrence of jams. However, specifications of different experimental
studies, guidelines and handbooks, display non negligible differences concerning
maximal flow values, the assigned density and the density where the flow is ex-
pected to become zero due to overcrowding. Although a large variety of models
for pedestrian dynamics has been proposed, so far there have been only lim-
ited attempts to calibrate and validate these approaches with the fundamental
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diagram. In part, one reason is the unclear situation of the empirical data, as
described above. This situation is very unsatisfactory and poses serious limita-
tions to the use of such models e.g. in the area of safety planning. To improve
the current state of affairs it is necessary to have more reliable data that can
be used as basis for validation and calibration which then would allow to make
even quantitative predictions based on computer simulations.

2 Specifications and Measurements

The fundamental diagram describes the empirical relation between density ρ
and flow J (or specific flow per unit width Js = J/b). Due to the hydrodynamic
relation J = ρvb there are three equivalent forms: Js(ρ), v(ρ) and v(Js). In ap-
plications the relation is a basic input for engineering methods developed for
the design and dimensioning of pedestrian facilities [2,3,4]. For various facilities
like floors, stairs or ramps the shape of the diagrams differ, but in general it
is assumed that the fundamental diagrams for the same type of facilities but
different widths merge into one diagram for the specific flow Js. In this contri-
bution we will concentrate on planar facilities like sidewalks, corridors or halls.
The comparison in Fig. 1 reveals that specifications and measurements disagree
considerably. In particular the maximum of the function giving the capacity
Js,max ranges from 1.2 (ms)−1 to 1.8 (ms)−1, the density value where the max-
imum flow is reached ρc ranges from 1.75 m−2 to 7 m−2 and, most notably,
the density ρ0 where the velocity approaches zero due to overcrowding ranges
from 3.8 m−2 to 10 m−2. Several explanations for these deviations have been
suggested, including cultural and population differences [7], differences between
uni- and multidirectional flow [10,8], short-ranged fluctuations [8], influence of
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Fig. 1. Fundamental diagrams for pedestrian movement in planar facilities. The lines
refer to specifications according to planing guidelines (SFPE Handbook [4] [SFPE],
Predtechenskii and Milinskii [2] [PM], Weidmann [5] [WM]). Data points give the
range of experimental measurements (Older [6] and Helbing et al., [7]).
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psychological factors given by the incentive of the movement [2] and, partially
related to the latter, the type of traffic (commuters, shoppers) [9].

The most elaborate fundamental diagram has been given by Weidmann who
collected 25 data sets. An examination of the data which were included in
Weidmann’s analysis shows that most measurements with densities larger then
ρ = 1.8 m−2 are performed on multidirectional streams. Weidmann neglected
differences between uni- and multidirectional flow in accordance with Fruin, who
states in his often cited book [3] that the fundamental diagrams of multidirec-
tional and unidirectional flow differ only slightly. This disagrees with results
of Navin and Wheeler [10] who found a reduction of the flow in dependence
of directional imbalances. But bidirectional pedestrian flow includes unordered
streams as well as lane-separated and thus quasi-unidirectional streams in op-
posite directions. Another explanation is given by Helbing et al. [7] who argue
that cultural and population differences are responsible for the deviations be-
tween Weidmann and their data. In contrast to this interpretation the data of
Hanking and Wright [11] gained by measurements in the London subway (UK)
are in good agreement with the data of Mori and Tsukaguchi [12] measured in
the central business district of Osaka (Japan), both on strictly uni-directional
streams. This brief discussion clearly shows that up to now there is no consensus
about the origin of the discrepancies between different fundamental diagrams
and how one can explain the shape of the function.

3 Influence of the Measurement Method

Partially the discussion outlined in the previous section loose it’s importance due
to two reasons. First it is important to notice that in the majority of cases the
data come without fluctuations and error margins and thus, strictly speaking,
there is no contradiction between the data. Second it is well known in vehic-
ular traffic that different measurement methods can lead to deviations for the
resulting relations [13,14]. The deviations depend on the fact that the velocity
distributions measured at a certain location and averaged over time do not nec-
essarily conform with velocity distributions measured at a certain point of time
averaged over space. For pedestrian traffic it was never analyzed whether there
exits or how large the deviations due to different measurement methods are.

Fig. 2 shows a comparison of fundamental diagrams for the single file move-
ment. In our experiment [15] we performed 12 runs with varying number of
pedestrians, N = 17 to N = 70. It is important to note that the different mea-
surements shown in Fig. 2 are basing on the same set of trajectories determined
automaticaly from video recordings of the measurement area with high accuracy
(xerr ± 0.02m). The data analysis is restricted to the stationary state. More
details will be given in [16]. Even at this very simple and regular system of
pedestrians moving along a line it is astounding how large the deviations are.
Thus it is important to consider the measurement method for the validation of
models as well as for the comparison of different experimental studies.
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Fig. 2. Left: Sketch of the experimental setup to determine the fundamental diagram
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dashed. Right: Fundamental diagram determined by different measurement methods.
Method A: Measurement of the density ρ and velocity v at a certain point of time t
averaging over space Δx. The flow is given by J = ρv. Method B: Measurement of the
flow J = N/Δt and velocity v at a certain location x averaging over a time interval
Δt. The density is given by ρ = J/v.

References

1. Schadschneider, A. et. al.: Evacuation dynamics: Empirical results, modeling and
applications. In Meyers, R.A. (editor), Encyclopedia of Complexity and System
Science. Springer (2008)

2. Predtechenskii, V. M., Milinskii, A. I.: Planing for foot traffic flow in buildings.
Amerind Publishing, New Dehli (1978)

3. Fruin, J. J: Pedestrian Planning and Design. Metropolitan Association of Urban
Designers and Environmental Planners, New York (1971)

4. Nelson H. E., Mowrer, F. W.: Emergency movement. In DiNenno, P. J. (editor),
SFPE Handbook of Fire Protection Engineering. Third edition (2002)

5. Weidmann, U.: Transporttechnik der Fussgänger. Schriftenreihe des IVT Nr. 90,
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Abstract. The article focuses on a multi-agent frame of Social Distances
model. It introduces characteristics of active and passive pedestrian be-
havior. It also presents possibility of using Social Distances model for
complex modeling of pedestrian traffic. The presented model also in-
cludes a concept of familiar groups.

1 Introduction

Over the last years, a lot scientists and practitioners are looking for new realistic
and effective models of pedestrian dynamics, for instance [1,2,3,5,9,8].

Social Distances model presented in [10] is an attempt at building realistic
model which would take into consideration the principles of proxemics. The
model applies the sociological theory of Social Distances introduced by E. T.
Hall [6,7].

The model is based on nonhomogeneous CA and simultaneously it is also a
multi-agent system. The principles of movement in this model depend on an
actual state of pedestrian.

The aim of the article is twofold: to present generalization and extensions of
Social Distances model and to highlight Multi-agent frame of the model.

1.1 Short Description of Social Distances Model

A pedestrian in the model is represented by an ellipse, whose center coincides
with the center of the cell occupied by that person. A movement in the model
is realized in Moore neighborhood of radius 1 per one time-step.

A person occupying the cell can take one out of four allowed positions: H , R,
V and L which correspond to the turning of turning the ellipsis around by: ±0,
±45, ±90 and ±135 degrees respectively. The crucial issue is to establish the set
of forbidden and allowed positions for all cells in Moore neighborhood of radius
1, each cell being occupied by one person [10].

Social areas are also represented as ellipses, but the eccentricities of both
ellipses (pedestrian and social) area can differ, because ”social configuration”
in front of the person has much more influence on them behavior than the
configuration behind them. Thus, geometrical centers of both the ellipses are
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Fig. 1. Pedestrian O–observer, social area – grey ellipse and other pedestrians – ”in-
truders”

different. The ellipse representing the social area is shifted forward along line of
vision of the considered pedestrian by some distance t (see Fig. 1) [10].

The method of calculating the distance between the ”observer” O and ”intrud-
ers”: A, B, C and D is presented on fig 1. If the intruder enters the social area of
the observer (on Fig. 1 only A, B and C) the normalized distance r within the
social area is calculated as a ratio of the distance between the centers of persons
(e.g. |OA|) to the distance between the observer and the point of projection of
the intruder’s center on the boundary of the social area (respectively |OA′|). The
normalized distance belongs to the interval [0, 1].

The interaction between the observer and a single intruder is described by
”social distance force” Fs. The absolute value of Fs depends only on the nor-
malized distance between them, Fs = Fi(r) where Fi is one of some assumed
models for social distance force. Fs has reverse sense than the vector observer-
intruder. The total social force affecting the observer is calculated simply as a
vector sum of social forces calculated for each intruder (in the presented case:
Fs = FA + FB + FC) [10].

2 Adaptation of Social Distances for Complex Modeling
of Pedestrians Traffic

Social Distances model was dedicated to pedestrian dynamics within a certain
limited area (for instance passenger behavior in a tram). The model could be
adapted for pedestrian traffic modeling in streets, shopping centers, restaurants
and other facilities.

There are three possible states of each pedestrian in the model: Go to, Wait in
intermediate aim and Wait. The only state when social distances have a direct
influence on pedestrians is the Wait state. Every pedestrian in this state is under
the influence of all other pedestrians.
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When a pedestrian heads to an aim, we deal with the active state. In this
case, the most important thing for the pedestrian is to reach the aim. This is
confirmed by a simple observation: when we head to an exit on a crowded tram,
we generally do not have a problem of violating our intimate area for a moment,
because we would like to reach the aim (simply to leave a vehicle). An important
issue in the model is choosing the aim (door, seat, table in restaurant) from a
set of available aims using rules of proxemics.

Wait in intermediate aim is also classified as an active state. Why? Because we
perform a specific activity (validating a ticket, eating a meal in a restaurant, sit-
ting on a seat). Thus, in the model, the influence of social distances is not possible
in this state, rules of proxemics are anticipated during process of choosing the aim.

Wait state is the passive state. It is observed when we stand on a tram, go
up or go do down in a lift. The situations of talking with somebody in a street
is also classified as passive. It is confirmed by an observation, that during longer
period of ”inactivity” we tend to situate (allocate) ourselves in the possibly most
comfortable way, because we are under influence of social distances.

2.1 Rules of Movement

Rules of movement in the model depend on an actual state of pedestrian. In
active state it is based on cellular automata (concept of intermediate aims and
potential fields [10]).

In passive state a particular pedestrian could be under influence of others. It
is a influence of a force (Social Distance force), but movement in this case is still
realized in cellular automata lattice.

3 Familiarities in Social Distances Model

The previous version of the model took into consideration only repulsive forces.
But according to the theory of proxemics, there is a need of introducing attractive
forces for modeling ”familiar” behaviors for instance for couples, parents and
children or group of friends.

In the initial part of the simulation there is a need of point a leader of a
familiar group. Because it is a frame of asynchronous CA. In the process of
implementation the leader of a group is always placed in the list before other
members. Thus, the leader makes movement as the first in the group. The mem-
bers follow her/him maintaining a possibly short distance (including allowed
configurations![10]). Group behavior is shown in each state: jointly reaching and
profiting aims (neighbor seats, tables etc.) and jointly waiting in Wait state. If
the group was divided during Wait state, attractive forces operate in the next
time step in order to connect members.

4 Concluding Remarks

The distinction of two main states in pedestrian dynamics: active and passive
make it possible to apply the rules of proxemics. During active state pedestrians
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anticipate reaching resources (seats) or they use these resources. In passive state
pedestrians are under influence of Social Distances.

In the previous version of the model, only repulsive forces were applied. The
current version brings a definition of familiar groups including a concept ”follow
a leader” with attractive forces.

A multi-agent frame of pedestrian dynamics simulation makes it more realistic
and easier for interpretation.
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Abstract. The article focuses on a multi-agent frame of Social Distances
model. It introduces characteristics of active and passive pedestrian be-
havior. It also presents possibility of using Social Distances model for
complex modeling of pedestrian traffic. The presented model also in-
cludes a concept of familiar groups.

1 Introduction

Over the last years, a lot scientists and practitioners are looking for new realistic
and effective models of pedestrian dynamics, for instance [1,2,3,5,9,8].

Social Distances model presented in [10] is an attempt at building realistic
model which would take into consideration the principles of proxemics. The
model applies the sociological theory of Social Distances introduced by E. T.
Hall [6,7].

The model is based on nonhomogeneous CA and simultaneously it is also a
multi-agent system. The principles of movement in this model depend on an
actual state of pedestrian.

The aim of the article is twofold: to present generalization and extensions of
Social Distances model and to highlight Multi-agent frame of the model.

1.1 Short Description of Social Distances Model

A pedestrian in the model is represented by an ellipse, whose center coincides
with the center of the cell occupied by that person. A movement in the model
is realized in Moore neighborhood of radius 1 per one time-step.

A person occupying the cell can take one out of four allowed positions: H , R,
V and L which correspond to the turning of turning the ellipsis around by: ±0,
±45, ±90 and ±135 degrees respectively. The crucial issue is to establish the set
of forbidden and allowed positions for all cells in Moore neighborhood of radius
1, each cell being occupied by one person [10].

Social areas are also represented as ellipses, but the eccentricities of both
ellipses (pedestrian and social) area can differ, because ”social configuration”
in front of the person has much more influence on them behavior than the
configuration behind them. Thus, geometrical centers of both the ellipses are

H. Umeo et al. (Eds): ACRI 2008, LNCS 5191, pp. 571–574, 2008.
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Fig. 1. Pedestrian O–observer, social area – grey ellipse and other pedestrians – ”in-
truders”

different. The ellipse representing the social area is shifted forward along line of
vision of the considered pedestrian by some distance t (see Fig. 1) [10].

The method of calculating the distance between the ”observer” O and ”intrud-
ers”: A, B, C and D is presented on fig 1. If the intruder enters the social area of
the observer (on Fig. 1 only A, B and C) the normalized distance r within the
social area is calculated as a ratio of the distance between the centers of persons
(e.g. |OA|) to the distance between the observer and the point of projection of
the intruder’s center on the boundary of the social area (respectively |OA′|). The
normalized distance belongs to the interval [0, 1].

The interaction between the observer and a single intruder is described by
”social distance force” Fs. The absolute value of Fs depends only on the nor-
malized distance between them, Fs = Fi(r) where Fi is one of some assumed
models for social distance force. Fs has reverse sense than the vector observer-
intruder. The total social force affecting the observer is calculated simply as a
vector sum of social forces calculated for each intruder (in the presented case:
Fs = FA + FB + FC) [10].

2 Adaptation of Social Distances for Complex Modeling
of Pedestrians Traffic

Social Distances model was dedicated to pedestrian dynamics within a certain
limited area (for instance passenger behavior in a tram). The model could be
adapted for pedestrian traffic modeling in streets, shopping centers, restaurants
and other facilities.

There are three possible states of each pedestrian in the model: Go to, Wait in
intermediate aim and Wait. The only state when social distances have a direct
influence on pedestrians is the Wait state. Every pedestrian in this state is under
the influence of all other pedestrians.
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When a pedestrian heads to an aim, we deal with the active state. In this
case, the most important thing for the pedestrian is to reach the aim. This is
confirmed by a simple observation: when we head to an exit on a crowded tram,
we generally do not have a problem of violating our intimate area for a moment,
because we would like to reach the aim (simply to leave a vehicle). An important
issue in the model is choosing the aim (door, seat, table in restaurant) from a
set of available aims using rules of proxemics.

Wait in intermediate aim is also classified as an active state. Why? Because we
perform a specific activity (validating a ticket, eating a meal in a restaurant, sit-
ting on a seat). Thus, in the model, the influence of social distances is not possible
in this state, rules of proxemics are anticipated during process of choosing the aim.

Wait state is the passive state. It is observed when we stand on a tram, go
up or go do down in a lift. The situations of talking with somebody in a street
is also classified as passive. It is confirmed by an observation, that during longer
period of ”inactivity” we tend to situate (allocate) ourselves in the possibly most
comfortable way, because we are under influence of social distances.

2.1 Rules of Movement

Rules of movement in the model depend on an actual state of pedestrian. In
active state it is based on cellular automata (concept of intermediate aims and
potential fields [10]).

In passive state a particular pedestrian could be under influence of others. It
is a influence of a force (Social Distance force), but movement in this case is still
realized in cellular automata lattice.

3 Familiarities in Social Distances Model

The previous version of the model took into consideration only repulsive forces.
But according to the theory of proxemics, there is a need of introducing attractive
forces for modeling ”familiar” behaviors for instance for couples, parents and
children or group of friends.

In the initial part of the simulation there is a need of point a leader of a
familiar group. Because it is a frame of asynchronous CA. In the process of
implementation the leader of a group is always placed in the list before other
members. Thus, the leader makes movement as the first in the group. The mem-
bers follow her/him maintaining a possibly short distance (including allowed
configurations![10]). Group behavior is shown in each state: jointly reaching and
profiting aims (neighbor seats, tables etc.) and jointly waiting in Wait state. If
the group was divided during Wait state, attractive forces operate in the next
time step in order to connect members.

4 Concluding Remarks

The distinction of two main states in pedestrian dynamics: active and passive
make it possible to apply the rules of proxemics. During active state pedestrians
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anticipate reaching resources (seats) or they use these resources. In passive state
pedestrians are under influence of Social Distances.

In the previous version of the model, only repulsive forces were applied. The
current version brings a definition of familiar groups including a concept ”follow
a leader” with attractive forces.

A multi-agent frame of pedestrian dynamics simulation makes it more realistic
and easier for interpretation.
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